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Abstract

We propose a new radiation condition for an infinite inhomogeneous two-dimensional
medium which is periodic in the vertical direction and remains invariant in the hori-
zontal direction. The classical Rayleigh-expansion radiation condition does not apply
to our case, because this would require the medium to be inhomogeneous in a half
plane. We utilize the Floquet theory to derive upward/downward wave modes and
define radiation conditions by expansions w.r.t.these modes. The downward radia-
tion conditions leads to a downward Dirichlet-to-Neumann map which can be used
to truncate the infinite inhomogeneous domain in the vertical direction. So we prove
mapping properties of the upward/downward Dirichlet-to-Neumann maps based on
the asymptotic behavior of high-order wave modes. Finally, we verify the strong ellip-
ticity of the sesquilinear form corresponding to the new scattering problem and show
the unique solvability for all wavenumbers with the exception of a countable set of
numbers bounded below by a small positive constant.

Keywords: radiation condition; Helmholtz equation; inhomogeneous medium; unique-
ness and existence.

1 Introduction

Time-harmonic scattering problems for periodic gratings have attracted considerable at-
tention in the mathematical community (cf. e.g. [1, 2, 4, 10]). A key issue for the scattering
problems in unbounded domains is how to characterize an outgoing radiation condition at
infinity. A physical-meaningful radiation condition should guarantee well-posedness of the
mathematical model. Another motivation for studying radiation conditions is the design
of efficient numerical schemes and the convergence analysis. With the help of radiation
conditions, one can construct an appropriate Dirichlet-to-Neumann map to reduce the
unbounded physical domain to a bounded computational domain. In periodic structures,
the classical Rayleigh-expansion radiation condition applies to scattering of plane waves
in homogeneous media. However, inhomogeneous media play an important role in practi-
cal applications, such as photonic crystals [9] and periodic waveguides, etc. The purpose
of this work is to derive radiation conditions in an open periodic waveguide lying above
an infinitely inhomogeneous medium and to prove solvability results for the scattering of
plane waves by such kind of periodic media.

We consider the time-harmonic scattering of plane waves by a two-dimensional and
horizontally periodic grating structure between a homogeneous cover and a substrate,
which is periodically inhomogeneous w.r.t.the vertical direction (see Figure 1). Plane
wave incidence together with the periodicity of the medium in horizontal direction gives
rise to the quasi-periodicity of the wave fields. A challenging problem is to handle the
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infinity of the inhomogeneous medium in the substrate. Similarly to the generalized plane-
wave modes in the derivation of the classical Rayleigh expansion, we can obtain wave
modes by solving an ordinary differential equation with periodic coefficients. Then we
can define the upward and downward radiation conditions by choosing outgoing bounded
wave modes. Using these radiation conditions, we construct a downward Dirichlet-to-
Neumann (DtN) map and formulate the boundary value problem in a periodic cell. We
show some mapping properties of the DtN map and prove that the sesquilinear form
in the variational formulation, corresponding to our boundary value problem, is strongly
elliptic. Furthermore, uniqueness and existence of weak solutions are proved for all incident
angles if the positive wavenumber is sufficiently small or if it is not in a countable set of
exceptional wavenumbers with the only accumulating point at infinity. If the refractive
index in the substrate depends only on the horizontal coordinate, upward and downward
radiating modes can be derived by solving a one-dimensional Sturm-Liouville eigenvalue
problem for an ODE in matrix form (see the authors’ previous work [8]). This current work
together with [8] provides a first insight into the well-posedness of scattering problems in
an infinitely bi-periodic inhomogeneous medium.

In closed periodic waveguides [7], Fliss and Joly use the Floquet-Bloch theory and
dispersion relations to classify the wave modes propagating into two different directions,
under the assumption of non-vanishing group velocity for dispersion curves. Then out-
going radiation conditions are obtained by applying the Limiting Absorption Principle
(LAP). Comparing [7] with the current work, we can define an explicit DtN operator
without using LAP and with more mapping properties in Sobolve spaces. One reason
for this lies in the fact that, due to plane-wave incidence, the solution modes depend ex-
plicitly on the the horizontal coordinate. In a series of works by Kirsch and coauthors
[12, 11, 13], radiation conditions for open periodic waveguides with local perturbations are
derived mostly motivated by the LAP arguments of [7]. However, these are confined to
homogeneous background media. Further, uniqueness and existence of solutions caused
by a compactly supported source term are verified in those papers. In contrast, here we
consider open periodic waveguides, but restrict our attention to scattering problems for
plane-wave incidence into an infinite and inhomogeneous medium, without using LAP ar-
guments. The mathematical setting of this work is close to that of Lamacz and Schweizer
[14], who derive a radiation condition for photonic crystals in a bi-periodic medium. Based
on Bloch expansions and the Poynting vector, they construct an outgoing wave condition
which only contains outgoing Bloch waves. Altogether, all of the above works extend
the Rayleigh-expansion radiation condition from infinite homogeneous periodic settings to
more complicated periodic materials. The advantage of our research methodology lies in
its ability to obtain explicit wave modes and prove stronger solvability results by the DtN
method.

This paper is organized as follows. In Section 2, we introduce the medium, which is
2m-periodic in vertical direction. We use the Floquet theory to get the wave modes and
then define the radiation condition in Section 3. In Section 4, we construct the Dirichlet-
to-Neumann map based on the new radiation condition. Then a boundary value problem
for a grating between a homogeneous and an inhomogeneous periodic medium is formu-
lated. We apply the variational method to discuss the solvability of the problem. Under
a few technical conditions, we show the existence of a unique solution for the boundary
value problem for any wavenumber k£ not contained in an at most countable set of excep-
tional wavenumbers. In other words, consider a horizontically periodic grating structure
above a substrate, the refractive index of which is periodic in vertical and constant in hor-
izontal direction. Then we prove that (cf. Theorem 4.4), with the exception of countable
wavenumbers, the problem of plane waves scattered by the grating has a unique solution.



2 Quasiperiodic boundary value problem in an inhomoge-
neous half space

We first introduce the geometry of the problem, as shown in Figure 1. Choose real numbers
b and d with d > b and the two lines, I'y := {z = (z1,72)" € R?: 29 = d} and T, := {x =
(z1,22)T € R?: 29 = b}, which divide R? into the three regions

QF = {(z1,22)" € R?%: 2 > d},

Q = {(z1,z2)" € R%: b < x5 < d},

Q, = {(z1,22)" € R?*: 29 < b}.

The medium in R? is characterized by the refraction index §(z1,r2) € L>(R?) such that

1, in QF,
q(r1,22) = § qo(z1,22), inQ,
q(z2), in Q.

Here the first function # = (z1,22)" + qo(z1,72) is supposed to be p-periodic w.r.t. z
(p > 0) and bounded w.r.t. zo in . The second function xs — g(x2) is real-valued and
bounded w.r.t. zo € (—00,b]. Furthermore, we assume Im qo(z1,22) > 0, Rego(x1,22) >0
for all € Q and q(x2) >0 for all x5 < b. Let u™(z1, x2) := €'%*17%9%2 he the field incident
from the region QF, where & = ksinf, 8 = kcos#, k is the positive wavenumber, and
0 € (—m/2,m/2) the angle of incidence. Since the medium in QF is homogeneous, u™
satisfies the Helmholtz equation

Au™ + E*u™ = 0 in Qg

The infinite region 2, is supposed to be filled by an infinitely periodic medium charac-
terized by the 2m-periodic refractive index ¢(z2). Then the total field u can be written
as .

u™ + 4% in Q;,

U= u in €,

ut® in Q,
where u¢ is the scattered and u* the transmitted field. The time-harmonic acoustic wave
propagation in R? is governed by the Helmholtz equation

Au(xy,x2) + kzrj(xl, zo)u(r1,x2) =0, (a:l,xg)T € R?,

where u denotes the pressure of an acoustic wave or a transverse field component of a
polarized electromagnetic wave.

Remark 2.1. A radiation condition needs to be imposed at infinity to ensure the well-
posedness of the diffraction problem. We recall that, in the case q(x2) = 1 in €, , the
solution u satisfies the downward radiating (outgoing) classical Rayleigh-expansion radia-
tion condition if u admits a Rayleigh expansion

u(x) = Zunei(anxlfﬂn(mfb)), up € C, 29 < b, (2.1)
nez

where 7 = v/—1 and

an =&+ —mn, B, = no=
p

iva2 —k? if a2 > k2.
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Figure 1: Geometry of the diffraction problem.

For ", we shall define generalized upward and downward propagating radiation condi-
tions later. These new radiation conditions will generalize the above Rayleigh-expansion
radiation condition from the infinite homogeneous medium to an infinite medium, the re-
fractive index g of which is periodic in the vertical direction but remains invariant in the
horizontal direction.

Definition 2.1. The wave function u is called &-quasi-periodic in x7 with the parameter
& = ksind, 0 € (—7/2,7/2), if 11 — u(xy, z2)e "1 is p-periodic for any fixed xs.

Define the quasi-periodic Sobolev spaces on Q:{, ", and R by

{u € HL.(QF) : u is G-quasi-periodic in x1},

Hy (9
( b
(IR{

1/2(]R

{ue H..(Q p ) :u is G-quasi-periodic in 1},

={fe Hl/Q(R) : €711 £ (1) is p-periodic in 1},

loc

):
)
)
) ={feH, 1/2(]R) : e~ 141 f (1) is p-periodic in z1}.

Consider the Dirichlet boundary value problem in an inhomogeneous half space: For given
Dirichlet data f € H1/2(]R) seek a solution u € H}(Q; ) such that

{Au(xl, r2) + k2q(z2)u(x1, 12) = 0, (z1,22)T € Q. (2.3)

u(ry,b) = f(x1), =1 €R.

To ensure the well-posedness of (2.3), u is required to satisfy an appropriate downward
propagating radiation condition to be discussed within this paper.
We may expand the Dirichlet data u|Fb = f into the Fourier series

n) = 3 e,
neL

where the coefficients f,, € C satisfy > (1 + 1n|2)Y2|f,]? < oo. Indeed, since u is
a-quasi-periodic, it admits the Fourier expansion

—idx1,, i2nay
e u(ry,2) E up(z2)e » ", w9 < b,
nez
or equivalently,
u(z1,2) = E Up (x2)e" 1 xg < b. (2.4)
nez



Inserting (2.4) into the Helmholtz equation, we find that

Z [ull (22) + (K*q(z2) — a2)un(z2)] "t = 0. (2.5)
nez

Below we shall confine our studies to a real-valued index function ¢(x2) for zo < b. By
(2.5), we need to look for solutions u,, to the Hill’s equations

"

ul (x9) + (K2q(29) — &2 )up(22) =0, 12 < b, n € Z,

for which the functions (z1, 22) > up(22)e’®1 with n € Z physically represent downward
and upward wave modes. We will use the Floquet theory (cf. Appendix A) to find an
outgoing solution to the above Hill’s equation in xy < b for every fixed n € Z, which
represents the downward propagating wave mode as xo2 — 0.

3 Downward radiation condition for ¢ = ¢ (z3) in x9 < b.

3.1 Downward and upward radiation conditions in R?.

In this section we extend g(x2) from 25 < b to o € R by the 27m-periodicity extension.
Consider the one-dimensional ordinary differential equations

ul(xg) + (qu(acg) — ai)un(:nz) =0, 20 €R, neZ. (3.1)

We need to find two linearly independent solutions to (3.1), in order to classify the down-
ward and upward wave modes for each n € Z. Let w,, ; and wy, 2 be the linearly indepen-
dent solutions of (3.1), which satisfy the “initial” value conditions

wn1(0) =1, w!, (0) =0;
a(0) =1, w0 52
wa(0) = 0, ), 5(0) = 1
Consider the matrix (2m) (
Wn 1 2 Wn,.2 27T)> 2%2
W, = ’ ’ e C="~.
! <w§L,1(27T) wy, 2(2)
Using Liouville’s formula for the Wronskian [16, Lemma 3.11], we have
det W,, = 1. (3.3)

Definition 3.1. The eigenvalues A, 1, A2 of W, are called the characteristic multipliers
of (3.1). The numbers fi,1, fin2 satisfying —1/2 < Imp, ; < 1/2 and e2mhng = Anjs
j = 1,2, are called the characteristic exponents of (3.1).

It follows from (3.3) that
Ar =M +1=0, =12 nez,
M = Wn,1(27) + wy, o(27) € C.
Consequently, we have
Lemma 3.1. The characteristic multipliers and exponents of (3.1) satisfy the relations
AiAdn2 =1, pin1+ pn2 € {0,i}, for all n € Z.

Without loss of generality we suppose that |\, 1] > |A,2|. Applying the Floquet theory
we shall derive two linearly independent solutions of (3.1).
Now suppose ¢(z2) is real-valued. Then the w, ; and n, are all real-valued.



Lemma 3.2. There are two linearly independent solutions &, j, j = 1,2 of (3.1) expressed
with the help of two 2m-periodic functions vy ;, j = 1,2, where these expressions depend
on the number 7,, as follows.

(a) If g, > 2, then

Ena(m2) = e ™2 1 (22), Ena2(T2) = e H 1 20, 2(22),
where 1,1 is a positive real number such that e2mhn,1 — An,1-

(b) If g, < —2, then

Ent(a2) = e(ﬁ’L’lJr%)”vn,l(xg), Enal@s) = 6(7'&"’14»%)372@”72(.’1}2),
where fi,, 1 is a positive real number such that e™#n.1 = |\, 4.
(c) If |nn| < 2, then

—10, 2 eienxz

Eni(z2) =€ Vn1(72), &n2(T2) = Vn,2(72),
where 6, = ji,1 is a real number and 6, € (0,1/2) such that e2™n = ), ;.
(d) If n, = 2, then there are two sub-cases as follows:

case (i): For rank(W,, — I') = 0, we have
En1(w2) = vn1(22), &n2(w2) = vn2(22),
case (ii): For rank(W,, —I) # 0, we have
En,1(w2) = vp,1(22), &na(w2) = Tovn,1(22) + vy 2(22).
(e) If n, = —2, then there are two sub-cases:
case (i): For rank(W,, + I) = 0, we have
En1(2) = € F 01 (), €na(2) = € F vy a(2),

case (ii): For rank(W,, + I) # 0, we have

En1(2) = €7 0,1 (22), Ena(wa) = €7 (2ovn1(22) + vpa(22)).

Proof. (a) Since n, > 2and A\, 1M 2 =1, A\ 1 and A, 2 are distinct positive real numbers
and 0 < A\, 2 < 1 < Ay 1. By Definition 3.1, there exists a positive real number ji, 1
such that

627run,1 =\ —27fin,1 )\n,2~

n,1, €

Thus, by part (1) of Theorem A.2,

Eni(xa) = ™1 20, 1(22), &no(x2) = e H™ 120, o(22),

where v, 1 and v, 2 are 2m-periodic functions.



(b) Since 7, < —2 and A\, 1An2 = 1, Ay1 and Ay, 2 are both negative real numbers and
A1 < —1 < Ay 2 < 0. There exists a positive real number fi,, 1 such that

e?wﬂn,l — ‘)\ —27fin,1 |)\

n,l’a € n,2‘-

By part (1) of Theorem A.2; we get

Enilz2) = e(ﬁn,ﬂ-%)azz,uml(m)7 Ena(ze) = e(_ﬁ”’ﬁ%)mvn,g(xg),
where v, 1 and v, 2 are 2m-periodic functions.

(c) If |nn] < 2, then A\, 1 and A,2 are complex conjugates. Additionally, A\p1Ap2 =
\)\n,1]2 = 1. We assume that A, 1 lies in the upper half plane. There is a real number
0y, € (0,1/2) such that

62'27r«9n — )\n,la e*i2m9n — >\n,2-

Therefore, by part (1) of Theorem A.2,

—10n 2 eienx2

Eni(z2) =e Un,1(22), &no(x2) = Un2(2),
where v, 1 and vy, 2 are 2m-periodic functions.

(d) If n, = 2, then we have A\, ; = A\, 2 = 1. Under this condition, we need to compute
the rank of W,, — I € C%*? to decide which part of Theorem A.2 is applicable.

case (i): wn2(27m) = w;, ;(27) = 0.
Then

det <wn,1(27r) &,1(%)) ~ det <wn,1(0; w;,1(0)> _ 1

w
wn,2(27)  wy, 5(27)

We have wy, 1(2m)w;, 5(27) = 1 and

e = w1 (27) + ) (27) = 2.

Hence wy,1(2m) = wj, o(27) = 1, which implies rank (W,, —I) = 0, i.e.,
there are two linearly independent solutions of (3.1). Now we may apply
part (1) of Theorem A.2. Since A\, 1 = A2 = 1, we get p1n1 = pin,2 = 0 and

Eni(z2) = vp1(x2), Ena(x2) = vna(x2),

where v, 1 and v, 2 are 2m-periodic functions.

case (ii): wy2(27), wy, ;(27) not both zero
In this case rank(W,, — I) # 0. Applying part (2) of Theorem A.2 gives
Hn1 = pn2 = 0 and

En1(22) = vn1(22), &n2(w2) = 22vn,1(22) + vn2(22),
where v, 1 and v, 2 are 2mw-periodic functions.
(e) Similar to the assertion (d), we consider the following two cases.

case (i): wn2(27m) = wy, ;(27) = 0.
We have that rank(W,, + I) = 0. By part (1) of Theorem A.2, one obtains
fn,1 = Hn2 =1/2 and

;X2 ;T2
Eni(xe) = €' 2 up1(x2), &na(T2) = €2 vy 2(T2),

where v, 1 and v, 2 are 2m-periodic functions.
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case (ii): wy,2(27),wy, 1(27) not both zero.
Here rank(W,, + I) # 0. Again using part (2) of Theorem A.2, we get
Hn1l = fn2 = i/2 and

) )
§n1(z2) = €2 v 1(22), &na(22) = €2 (z2un1(22) + vn2(T2)),
where v, 1 and v, 2 are 2m-periodic functions.
O

Remark 3.1. In Lemma 3.2, the functions &, ; are periodic in cases (d) (i) and anti-
periodic in cases (e) (i).

According to Lemma 3.2, we can now define the upward modes u, (z2)e?®®! (that
is, modes decaying for xo — +00 or modes propagating upwards) and downward modes

uy, (z2)e’® ™ (modes decaying for 2 — —oo or modes propagating downwards), where

u (z2) are defined as follows.

Definition 3.2. (a) If n, > 2, then

u:(l‘g) = e M2, 5(x2), u, (x2) = e!'™1 "2y, 1(z2),

where vy, 1 and vy, 2 are the 2m-periodic functions of Lemma 3.2 (a).
(b) If n, < —2, then
ul (x9) = e(_ﬂ"’ﬁ%)mvn’g(m), u, (xg) = e(ﬂ"*ﬁ%)”vn,l(m),
where v, 1 and vy, 2 are the 2m-periodic functions of Lemma 3.2 (b).

(c) If |nn| < 2, then

+

ut (5132) — —iln T2

eianQ

Un2(x2), u, (x2) =e Un,1(2),

where vy, 1 and vy, 2 are the 2m-periodic functions of Lemma 3.2 (c).
(d) If n, = 2, then
case (i):
uf (22) = up (22) = (vn,1(22), vnp(22))T

case (ii):
up (22) = uy, (v2) = vn1(22),
where vy, 1 and vy, 2 are the 2m-periodic functions of Lemma 3.2 (d).
(e) If n, = —2, then

case (i):
+ — — R T
Uy (2) =y (22) = €% (vn,1(22), vn2(72)) "
case (ii):
_ ;22
uyy (22) = Uy, (22) = €2 vn1 (),
where vy, 1 and vy, 2 are the 2m-periodic functions of Lemma 3.2 (e).
Note that u;f are vectorial functions in cases (d) (i) and (e) (i).



With the help of Definition 3.2, we can define the upward and downward radiation
conditions by a possible representation as a superposition of upward and downward modes,
respectively.

Definition 3.3 (Radiation Conditions). Consider 4-quasiperiodic solutions to the Helmholtz
equation Au(x1,z2) + k%q(z2)u(z1,72) = 0. The solution u is called an upward radiating
solution if there exist an a™ € R and coefficients C;I such that

u(zy, x2) Z Cl.u et in g9 > a™, (URC)
nez

where C;F € C? in case (d) (i) or (e) (i) and C;F € C otherwise.
The solution u is called an downward radiating solution if there exist an a~ € R and
coefficients C; such that

u(z1,x2) Z C, T i g9 < a”, (DRC)
neZ

where C,; € C? in case (d) (i) or (e) (i) and C,; € C otherwise.

3.2 Special instance: ¢(z;) =1

It is natural to ask how do the new radiation conditions of Definition 3.3 generalize the clas-
sical Rayleigh-expansion radiation conditions. Below we show that the Rayleigh-expansion
condition in the homogeneous case that g(z2) = 1 is a special instance of Definition 3.3.
Consider u” (x2) + (k* — a2)uy(x2) = 0. Here, o, and (3, have been defined in (2.2).

(1) If k2 > a2, then there are two linearly independent solutions
€1(xg) = VI TR gy (3y) = eIV TOR

This corresponds to part (1) of Theorem A.2 with my = i\/k? — a2, mo = —i\/k? — a2
and v; = vy = 1, that is, case (c¢) in Lemma 3.2.

(2) If k? < a2, then there are two linearly independent solutions

€1(x2) = eVORTRe2 gy (3y) = e VoR ke,
This corresponds to part (1) of Theorem A.2 with my; = /a2 — k2, ms = —y/«

and v; = vy = 1, that is, case (a) in Lemma 3.2.
(3) If k? = o2, then there are two linearly independent solutions
&1(xg) = a, &a(x2) = axg + b, for some a,b € C.

This corresponds to part (2) of Theorem A.2 with m = 0, v; = a and v9 = b, that is,
case (ii) in Lemma 3.2 (d).

Furthermore, we can also compute 7, for each case above. Solving two initial value
problems for the ODE

{w;{,l(m) + B2wp 1 (z2) = 0, {wZ’Q(xQ) + B2wy a(12) = 0, (3.6)

wy1(0) =1, wy, 1(0) =0, wy,2(0) = 0, wy, 5(0) =1,



we get solutions for (3.6) as below:

1/ . A
wn71(x2) — 5 (elﬁnl‘z + e_lﬁnxQ) ,

w1 (22) = Z’% (e’ﬂ"“ — e_wnm) ,
w. 2($2) = 1 (eiﬁnZ? _ e—iﬂnmg) — ;w/ (x2)
n, 2@'5” (Zﬁn)2 n,1l 5

1/ . )
Wna(w2) = 2 (em}m + e_lﬁnxz) = wn,1(72)-
Then we can compute 7, as
T = wn71(277) + w;72(27r) = €i27rﬂn + e—i27r,8n‘

(1) If k2 > o2, then n, = 2cos(273,) and |n,| < 2. This corresponds to case (c) in
Lemma 3.2. We can define the upward mode u,} (x2)e?®*1 and the downward mode
u,, (12)e!n 1 where

U/Z(Z'Q) = eiﬁnIQ and U/;(xQ) — e_iﬁnCCQ'

(2) If k2 < a2, then B, = i|B,| and 5, = e~ 2™l 4 27l8| > 2 This corresponds to case
(a) in Lemma 3.2. We can define the upward mode u;} (z2)e‘®»*1 and the downward
mode u,, (r2)e'* ™1, where

U;’;(lﬁ) = e_|ﬂn|a€2 and U,; ($2) — e|5n|1’2'

(3) If k2 = a2, then B, = 0 and 7,, = 2. Check the two initial value problems

wg 1 =0, wg 2 =0,
wy1(0) =1, wy, 1(0) =0, wy,2(0) = 0, wy, 5(0) = 1.
We have wy,,1 = 1, wy2 = x2, and

W= (rtom) wiiom) = (on 1)

n,2
rank(W,, — I) = 1. This corresponds to part (ii) of case (d) in Lemma 3.2 with
vp1(z2) = 1. We can only define the outgoing bounded wave mode u (x) = ef@n21,

3.3 Asymptotics of 1, and p, as |n| — +oo.

The purpose of this subsection is to prove the asymptotic behavior of n,, and pu,, as |n| — oo
through the comparison theorem for initial value problems of an ordinary differential
equation, which is stated as below.

Lemma 3.3 (Comparison Theorem). Consider the initial value problem

{wl(t) = [t uu'), t € [to, 1] (3.7)

u(to) = up, u'(to) = uy.

Suppose that
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(1) There exist a subsolution ug,p(¢) and a supersolution ug,p(t) such that

(4) Usub (t) < usup(?), U;ub(t) < u;up(t)7 t € [to, t1l;
(i) usub (to) < tsup(to), uluy(to) < gy (to);
(#i) For any t € [to,t1]) and u € [usyn(t), Usup(t)], we have
U (8) < (6w, ud, (1)), ugup(t) 2> f (8w, ugyp (1))
(2) The function f on the right-hand side of the ODE in (3.7) is continuous on the domain
D = {(t,u,v): to <t < 11, Usub(t) < u < Usup(t), uly, (1) < v < ugy, ()}

Then the solution u(t) of the initial value problem (3.7) satisfies u(t) € C?[tg,t1] and
Usub (1) < u(l) < usup(t), uly, (1) < U/ (1) < ugy,(t) for any ¢ € [to, t1].

To define subsolutions and supersolutions of the ODE (3.1), we introduce the upper
and lower bound of ¢(z2) by

(max = sSup ¢q(z2), gmin = inf gq(x2),
z2€[0,2n] z2€[0,27]

respectively. Recalling the definition of 7, in (3.5), we estimate 7, for large |n| as follows.

Lemma 3.4. We have 1, > 2 if a2 > k%guax and 1, = O(e*™") as |n| — oo.

Proof. Using Lemma 3.3, we can estimate 7, by constructing subsolutions and superso-
lutions for the ODEs (3.1). The subsolution and supersolution with the initial conditions
wp,1(0) = 1,w!, 1(0) = 0 are given by

n,l

1
usub(l'Q) = 5 (eﬁ;{xz + e-ﬁ:{:@) )
+
(z) = T2 (P — ¢piea)

1 - -
usup(xQ) = 5 (eﬁn T2 + e_ﬁn xQ) ,

yupla2) = T (5702 — =eea)

where 87 = (/a2 — k2qmax and B, = /a2 — k2quin. Similarly, the subsolution and

supersolution with the initial condition wy2(0) = 0,w;, 5(0) = 1 are
1 (eﬁr’fm _ e—ﬁim) ’
261

1
uéub(xQ) = 9 (66;_%2 + 6—574{522) )

1 _ _
'U/sup(xQ) = 28, (eﬁn 72— e hn :1:2) )
n

1/ . _
ugup(xQ) = 5 (eﬁn ¥2 4 6_6" x2> .

Usub (:172) =

By Lemma 3.3, we have that

1
. (eﬁixz + 6*5312) < wp,1(x2) <
1
5 (e/BrerCUQ + e_ﬁrtitQ) < w;72(x2) g

(eﬁm 4 e—ﬁ;m) ,

(eﬁ;xz 4 e—ﬁ;xz) _

N =N =
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For oz% > k2@max, the number B, is real-valued. Hence

> eQﬂ’,Bf{ _’_67271',8;
> 2.

Furthermore, it follows from Lemma 3.3 with the above subsolutions and supersolutions
that n, = O(e*™") as |n| — +oc. O

Lemma 3.5. Recall the definition of ji,, 1 in Definition 3.1. The sequences i, 1 and pi—p 1
are monotonically increasing as |n| goes to co. Moreover, |u, 1| = O(|n|).

Proof. We first prove that p, 1 is monotonically increasing as n tends to infinity. By
(3.4), it suffices to prove that 7, is monotonically increasing as n tends to infinity. We
use the same argument as in the proof of Lemma 3.4 to get the upper bound for 7, and
the lower bound for 7,11, i.e., 7, < €™ 4+ 720 and n,q > 2 Bns1 + e~ 2B If
2Bt is greater than e2™Pn i.e., n is greater than (k2 (¢max — Gmin) — 20 — 1) /2, then n,
is monotonically increasing. With the help of Definition 3.1 and (3.4), we can show that
fn,1 is monotonically increasing. Similarly, if n approaches the negative infinity, then we
may have the upper bound for 7, and the lower bound for 7,_1, i.e., 7, < €™ 4 =2 n
and 7,1 > 2B + e~ 2By Hence, if n is less than (k%(qmin — Gmax) — 20 + 1)/2,
then fi,, 1 is monotonically decreasing. By equation (3.4) and e2mhn1 = An,1, we know that
|bn,1| = O(In]). O

More precise estimates of 7,, and ;1 will be shown in the proof of Lemma 4.1 below.
These asymptotics enable us to justify the pointwise convergence of the proposed upward
and downward radiation conditions.

L .(R?), then the infinite series on the
right-hand side of (URC) (resp. (DRC)) in Definition 3.3 is pointwisely convergent.

Theorem 3.1 (Pointwise Convergence). If u € H}

Proof. Without loss of generality, we only prove the theorem for the upward radiation
condition. It suffices to prove that the radiation condition converges pointwisely in xo > d
for n sufficiently large.

For any fixed (z1,22)T € QF, there is a real number o € (0,2n] such that vy, 2(z2) =
vp2(d+0o) for any n € Z. If x9 > d+ o, then we can decompose the upward mode into two
parts. Namely, applying Young’s inequality and Parseval’s equality yields the estimate

)T

2 Z C;[G_“"“Qvn,z(azg)em““
Nn>2

< Z 2‘C?i_e_un’l(d+a)vn72(1‘2)eia”x16_ﬂn,1(ﬁvz—d—a)

Nn>2

2 2

< Z CTTe_HnJ(d+a)vn72($2)eianz1 + Z e—ﬂn,l(m—d—a)

Nn>2 e’

2 2

= Z Cﬁe_“n,l(d—i-o)vnz(d_’_ O-)eianxl + Z o—tn1(z2—d—0)

Nn>2 o

1 /P 9
S / lu(z1,d + o) [*dzy + Z o—Hn1(@2—d—0)

P M >2
< 00,

12



where the second term of the last inequality is convergent since pi, 1 is monotonically
increasing and |uy 1| = O(|n|) (cf. the proof of Lemma 3.5).

If 5 € (d,d+ o], then we choose an appropriate € such that d < € < z3 and vy, 2(€) # 0
(see Remark 4.1). Using Parseval’s equality and the asymptotic behavior of v, 2(z2) in
Lemma 4.1 yields that

2] Y Cle iy, o(wp)e’®n
Nn>2
< Z 2 C’Je_“"’levnyg(xg)em"wle_“"vl(m_e)
7]n>2
2| o (@) |2 ero 2
+ _—Hn,1€ 10 T1 n, —Mn,1(T2—€
< Z C,e vp2(€)e a0 + Z e :
Nn>2 e T >2
Indeed, in view of the subsequent (4.16), we get |vg’22(é2)) |2 < C for |n| > n, with sufficiently
large n,. ’
2 Z C;e_“"vlmvmg(xg)em”ml
n|>nq
C (P 2
< / lu(zy, €)|*dzy + Z e M@=l o oo,
P Jo In|>naq
This completes the proof. ]

4 Uniqueness and existence results

The aim of this section is to prove well-posedness of the diffraction problem described
in Section 2 complemented with the classical upward Rayleigh expansion in z2 > d and
the new downward radiation condition (DRC) defined in Definition 3.3 in 2 < b. In
Subsection 4.1 we carefully define the DtN maps on I'y and 'y, allowing us to truncate
the physical domain to a bounded periodic cell. In Subsection 4.2 we prove the Fredholm
property of the resulting sesquilinear form and then in Subsection 4.3 the uniqueness
and existence of our diffraction problem. The solvability results depend on a well-defined
downward DtN mapping for the infinite inhomogeneous medium ¢(z2) and the mapping
properties for its real and imaginary parts.

4.1 Dirichlet-to-Neumann (DtN) maps
We first recall the classical &-quasiperiodic (upward) DtN map 7T for g = 1.

Definition 4.1 (Classical upward DtN map). Given a quasi-periodic function f over I'y,
which has a Fourier series expansion

fla) =S e g [ e nida, (4.1

nez

The classical upward DtN map 7" in a homogeneous medium (that is, ¢(x2) = 1) is defined
as

(Tf)(xl) = Z iBnfn eianml, (4.2)

nez

13



such that the relation 0,,u = Twu is equivalent with the classical upward Rayleigh-
expansion condition for u in z9 > d. Note that this classical upward Rayleigh-expansion
condition is (2.1) with —23, replaced by +/3, if the domain is €2, instead of Q;.

Next we define the upward DtN map 7" for the inhomogeneous periodic medium
q(x2). The downward DtN map T~ can be treated similarly. In the remaining part of this
paper we make the following assumption on g(z2):

Assumption A: If there holds 7, = 2 for 1, in (3.5) and some n € Z, then the condition
of Case (d) (ii) in Lemma 3.2 is fulfilled. Similarly, if there holds 7,, = —2 for some
n € Z, then the condition of Case (e) (ii) is fulfilled. In other words, Case (d) (i) for
1, = 2 and Case (e) (i) for n, = —2 are excluded.

Note that Assumption A is always satisfied if ¢(z2) = 1.
Consider the Dirichlet boundary value problem

Au(w1, x2) + k*q(w2)u(z1, 2) = 0 in QF,
u=f€ Hé/Q(R) on Iy, (4.3)
u satisfies the (URC) in Definition 3.3.

The DtN map 7" maps the Dirichlet value f to the Neumann value of the solution u of
(4.3), i.e.,

T : fr— 7au($1’x2) .

0xo r,

Since u satisfies the (URC) and f € H;/Q(]R), we have that (cf. (4.1))

u(zy1,d) = Z Crut(d)e ™ = f(xy) = Z foe? @ for all 2; € R.
nez nez

If u(d) # 0 for all n, then we can compute C;} = f,/u(d) and formally rewrite the
unique solution u(x1,x2) as

u(zy, ) = Z = ul (z9)e™ L, (4.4)
Taking the derivative of (4.4) w.r.t. x2 on I'y, we get

+/
Unp d T
:Z +( )fne L

Ly neL Un (d>

ou(x1,x2)
83}2

Remark 4.1. (i) It is possible to choose d € R such that u;}(d) # 0 for all n € N. For
this purpose we need to consider the zeros of solutions of equation (3.1). Property
4.1.2 in [5, Section 4.1] asserts that any solution of (3.1) has a finite number of zeros
only in any bounded closed interval. Furthermore, Theorem 4.23 in [5, Section 4.2]
shows that if n is sufficiently large such that k?g(z2) — a2 < 0, then no solutions of
(3.1) has more than one zero. Let Z denote the set of all zeros of solutions to (3.1)
for all n € N. Then Z is a countable set. Hence, we can always find an appropriate
d € R\Z such that u,}(d) # 0 for all n € Z. Below we shall assume that u; (d) # 0
u:{/(dJrs)

for all n € Z. If u; (d) = 0 but if there exists the finite limit lim g<._0 e e), then
+/ .
Z%((;)) in (4.5) can be replaced by limg<c—0 Z%((;i:;)‘

14



(i) If case (d) (i) or case (e) (i) occurs, then the DtN map T is not well-defined,
because solutions to the Dirichlet problem (4.3) are not unique. For example, if
flx1) = fre'® with n, = 2 for some n € N, then any function of the form
uw(z) = (c10p,1(72) + cavp 2(wa))e'® ™1 with coefficients ¢; € C satistying civp,1(d) +
coUp 2(d) = fp, is a solution of the Dirichlet problem (4.3).

(iii) The assumption wu;}(d) # 0 implies that v, 2(d) # 0 for the case |n,| > 2 (cf.
Definition 3.2). If ¢(z2) = 1, then we have u;h (z2) = €22 and u(d) # 0 for all n
and d.

The upward and downward DtN maps TF for an inhomogeneous medium g(x2) are

defined as follows.

Definition 4.2 (DtN maps for g(z2)). Choose d € R such that ! (d) # 0 for all n € Z.
For quasi-periodic functions f € HO}/ 2(Fd), we define the DtN map 7'F: H;/ 2(Fd) —
H*(Tg) by

ut'(d)
u (d)
where f|r, has the Fourier series expansion (4.1).

Choosing b € R such that u,, (b) # 0 for all n € Z, we define the downward Dirichlet-
to-Neumann map T~ on I, by

fr €iom® (4.5)

(T f)a1) =

nel

_ u,’ (b)
(T f)(w) = -
' ZZ ur (b)

fu €OnT1 (4.6)

where f, € C denotes the Fourier coefficients of f on I'.

To get the boundedness of the DtN maps TF we need to investigate the asymptotic
behavior of v, ; (j = 1,2) as [n| — oo. Below we shall only focus on the upward DtN
mapping T". By Lemma 3.4, we have i, > 2 if |n| is sufficiently large.

Lemma 4.1 (Boundedness). Let v, 2 be defined as in Lemma 3.2. There exists M > 0

such that ’ Ziigg

’<Mforallnn>2.

Proof. The proof consists of three steps:
1. Get the solutions of (3.1) with the initial conditions (3.2).

2. Derive the asymptotic behavior of the characteristic exponents defined in Definition
3.1.

3. Derive the asymptotic behavior of v, ;, 7 = 1,2, according to the modes defined in
Definition 3.2.

For simplicity, we abuse notation by dropping the subscript n of a,, 1, u, and A, ; in
the following steps.
Step 1: Fundamental solutions. Let v be the solutions of u”(t) — a?u(t) = 0 which
satisfy the initial conditions
u(0) =1, u/(0) =0, (4.7)

or

u(0) =0, «/(0) = 1. (4.8)

15



Hence we have that

(e + e with condition (4.7),
(e — e~ with condition (4.8).

BO[—

-

We look for solutions to (3.1) of the form u(t) = ¥ (t)p(t). Therefore, ¢(t) should satisfy
the equation

&=

() + H(t)e'(t) + K2a(t)e(t) = 0,

where

H(t) = Y'(t) _ {2a tanh(at)  with condition (4.7),

(1) 2accosh(at)  with condition (4.8).

The initial conditions (4.7) and (4.8) for u are satisfied if and only if ¢ satisfies the initial
conditions ¢(0) = 1 and ¢’(0) = 0. We get H(t) = 2V'(t)/V(t), where

V() = cosh(at)  with condition (4.7),
" |sinh(at)  with condition (4.8).
By straightforward computation, we have that
[VE6) ()] = VE()(" (1) + H(t)e' () = =V ()R a(t)e(1).

Integrating both sides w.r.t.t from 0 to ¢, we get

(1) = —K2V (1) /0 V2(r)q(r)p(r) dr.

Integrating ¢'(t) again w.r.t.t from 0 to ¢, we obtain

:1—k2/[)tv /v2 (0)dodr
—1-# oo ([ v ()dT>s0(U)d0

e [dl Vo) F ) - ()] (o) do
where

) = 1 Jtanh(at)  with condition (4.7),
o coth(at)  with condition (4.8).

From the discussions above, we have an integral operator K with kernel k(¢, s) defined
by

(Ke)O) = [ kt.0)e(0) do
where k(t,0) = q(o)V?(o)(H(t) — H(c)). We note that the expression of the kernel k(t, o)

relies on the initial conditions (4.7) and (4.8). Now we can formulate (4.9) as the operator
equation

o(t) + K2 Kp(t) = 1. (4.10)

An expansion of the solution ¢ can be established by the Neumann series. Firstly, We
need to estimate the norm of the operator K restricted to a finite interval [0,T], T > 2.

16



We observe that |k(t,0)| < |g(0)|/a. Indeed, with the condition (4.7), we have that

eOéO' + e—ao

1 Qo ,—ao
k(t, o) < L lg(0)|(e + 272 (1 - )
4oy
1
1
<= .
Yoo

With the condition (4.8), we have that

4o

1 o —Qo\ ,—ao 1
< g la(@)l(e” = e™*7)e™* < 5 —la(o)],

2a
eat + efat
O\ ————
eat —e—at
2

< lq(o)|

eCl{O' _ e*CMO’

k(t,0)] < ~—Jq(0)[(e° — = )2( . 1)

1 - 2
< ao _ —ao
|0kt 0)I< o~ la(0)|(e*7 —e77)

eQ0 _ o—ao

< g(o)| P ——

for 0 < s <t < T. Hence,
1
K[l < Csup |k(t, o) < C—
«

and, for the case (4.8), we get |0, K| < C.
For sufficiently large o, (I + k*K)~! exists and then

o(t) = i (—K*K)™1)(t) = 1 — K*(K1)(t) + O<;2> , 0<t<T. (4.11)

m=0

Similarly, in case of (4.8), we get

N

¢ (t) = —k*(0:K1)(t) + k'O K (K1)(t) + O< ! ) , 0<t<T.

a2

Step 2: Characteristic exponents. Using the fundamental solutions in Step 1 and
(3.5), we have that (ignoring higher order terms)

1= e (1-0(2)) e 1-0(2)) - of )
= 2@ (1 — 0<;)> ,

Then by (3.4) we can get

—

1
_ - —2T« 1 - .
=y = <+0<a>>

It follows from Definition 3.1 that the asymptotic behavior of characteristic exponents
is

1 1 1
,ulzlog)\l:oH—O() andugz—m:—a—i—O().
27 @ o
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Furthermore, we know that

(6 (07

12— 0? = (u — o)y +a) = O (1> 0 <2a+0 <1>> — 0(1), for j = 1,2.

Step 3: Asymptotics of Hill’s equation. According to the case (a) in Defini-
tion 3.2, we assume that u(x2) = e #*2u(x39), where v(0) = v(27) and v/(0) = v'(2n).
Substituting this representation of u into equation (3.1), we obtain

e M (V' (t) — 2u0' (t) + (K?q(t) + p* — a®)u(t)) = 0.
Then we have that (e=2#0/(t)) = —e~2#(k2q(t) + p? — a®)v(t). Hence
E_QHtU,(t) ='(0) — / 6_2’”(k‘2q(7') + pu? - 042)’[)(7') dr, (4.12)
0
2w
6_47W’UI(27T) = E_QMtU,(t) - /t 6_2’”(%2(](7‘) +pu? - 042)12(7') dr. (4.13)

Multiplying (4.12) by e *#™ and substituting v’(27) = v/(0) in (4.13), respectively, we get
the two identities

¢
e ey (1) = e~ 4y (0) — 6_4”“/ e (K2 q(1) 4 1 — o*)o(r) dT (4.14)
0

and
27
e 2y () = e~ 1™ (0) + / e 2T (K2q(7) + p* — oJu(T) dr. (4.15)
t

Subtracting (4.14) from (4.15) gives

2
V) = o [Tl + = oot dr
b [ ) + 2 ety an
1— 6_47r'u 0
_ el o eZ}L(t—T)(k2 ( 2 2 d
_6477“—1/t q(1) + p* —a)v(r)dr
¢
b [ MO0+ - 0l

There are two cases to consider. We first suppose that v(0) # 0. Without loss of
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generality, we suppose v(0) = 1. Then
t
v(t) =1 —I-/ V(o) do
0
e47r,u t p2m
+ T / / 62“(0_7)(k2q(7) + pu? - 042)1;(7) drdo
64““—1/ / =) (K2q(1) + p? — &®)v(r) dr do
2 min(¢,7)
=1+ 7@‘”“ 7 / / 62M(077) da(k2q(7') +pu? - a2)v(7') dr

e4w_1/ / @) do(K?q(1) + 4 — o*)u(r) dr

2m
_ 1 2,um1n(t 7,0) 72,u7' 2 2 2
_1+€4w_1/0 2u( )(k2q(T) + pu* — a®)v(r)dr

1 1o,
- o (o2p(t-T) _ 2 2 2

1 2 ) 2u(t—7) _ 2u(2m—T1)
=1+ (62“““@_7’0) + £ I ‘ | (k*q(1) + p? — a®)v(r) dr.
ermH —

We define an integral operator L by

2
(Lo)(t) = /0 It 7)o(r) dr,

where the kernel [(¢, 7) is defined by

1 — e2u(t=7) _ e2,u(27r—7)
it.r) =5 (8# (t=m0) 4 g (K*q(7) + p* = ®).

Then we obtain the integral equation

1
v(t) — —(Lo)(t) = 1.
u
We observe that |I(¢,7)| < C. By the Neumann series, we can show that
o(t) i(lL)ml 1+1/%Z(t )d +0<1) (4.16)
= — = - ,T7)dr — ). .
= \m i Jo %

In the second case, if v(0) = 0, then the integral equation becomes v(t) — i(Lv)(t) =0.
Taking the norm of both sides of the equation pwv(t) = (Lv)(t), we find that u < ||L]]| < C
This implies that there are only finitely many p = p, 1 with v(0) =0 (cf. Lemma 3.5).
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It remains to estimate the derivative v/(t). We first compute @%(Lv)(t) by

1 1 27
(L)1) = at; /0 It 7)o(r) dr

- atf / (K2q(r) + 1% — o®)u(7) dr

24
2
oy [N UR(r) 4~ a?)olr) dr
B Jt
1 27 eQ,u(th) _ 62;1(2#77')
+ 375? / T— (k*q(1) + p? — a®)v(7) dr

2T
= / 62“(t_7)(k2q(7) + ,u2 — oz2)v(7) dr
t
2w L 2u(t—T)
+ [ S W)+ = ()

It follows that

do(t)  O(Lv)(t) 1

o(t) (1) ot
1 2m 2u(t—) L ) 4
o [ S £ = et ar
Hence, for sufficiently large p (cf. (4.16)),
’ 8ﬂ)(t> <C
v(t) |1 h

Recalling the upward modes u;} (z3) = e #1724, 9(z2) for 1, > 2 defined in Definition
3.2, we need to estimate v, 2 and v;ﬂ. Similarly to the discussions in Step 2, we know
that ,u?l’l — a2 = O(1) as n tends to infinity. Since v, 2 is a periodic function, we have
Un2(0) = vn2(27), v;,9(0) = ©v;,9(2m). Thus we can apply the methods in Step 3 to

estimate vy, 2 and v, 5. Hence we have that for sufficiently large n there exists a constant

M such that , ,
Un,Z(d) ' < Un,Z(t)

Un,Q(d) UH,Q(t)

Lo©

O

Theorem 4.1. The DtN map T : 1/2(R) — H(;l/Z(]R) is continuous, i.e., there exists
a positive constant C' such that

IT* Fll 12y < ClFl g1y forall f € HY?(R). (4.17)

Proof. For any f € Hl/z(]R), we obtain that

(d)
%11y =2 0 oSO
neZ n
+/
_ 211/2 1/2|un (d) } 2
N s P
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By Lemma 3.4, it suffices to prove that (4.17) holds for T with a summation running
over all n with n, > 2, i.e., with |n| sufficiently large. If follows from |, 1| = O(|n|) (cf.

Lemma 3.5) and the boundedness of Zi;g; (cf. Lemma 4.1) that

p,2(d)
oy 1/2| st (d) ‘ ~Hn1t L@
(1+ay) i (d) = 7o)z < C for all n, > 2.
1/2

Hence, we have that for any f € H. " (R) there exists a constant C' > 0 such that
HT+fHH;1/2(R) < CHf”HO}/Q(R)’

which completes the proof. O

Remark 4.2. Lemma 4.1 and Theorem 4.1 also hold for the downward DtN map 7.

4.2 Variational formulation

To truncate the computational domain for the scattering problem to a bounded periodic
cell (see Figure 2), we introduce the bounded domain

C = {($1,1‘2)T eER?2:0<z1<p, b<ap < d},
and the boundaries

Ty:= {(xl,xg)T ER?:0<m < p, T2 =d},
Ty = {(z1,22)T €R?:0 < 21 <p, z2 =b}.

Tq

| |
| |
| |
| |
! !
| !
| !
L 1
| I
| I
| I
| I
! J
I I
| !
| I
| !
[ I
I 1
I !

Figure 2: Illustration of a periodic cell C' = (0,p) x (b, d), which is covered by a homoge-
neous medium in xo > d and sits above an inhomogeneous half plane xo < b.

We consider the downward DtN map 7~ (cf. Definition 4.2) on 'y and the standard
upward DtN map 7" on I'q (cf. (4.2)). Formulating the radiation conditions over I'y and
I'y, with the help of the DtN maps, we consider the boundary value problem

Au(zy, 22) + k2G(x1, 22)u(r1, 22) = 0 (z1,22)T € C,
Tul.d) @) = 24| gigesnist onf,

[T u(-,b)] (z) = — Qulrsra)

O on Fb.

ro=b
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Multiply both sides of the Helmholtz equation in C' by the complex conjugate of
v € H}(C) and then integrate over C. Due to the Green’s formula and the DtN maps, we
obtain the variational formulation: Find u € H}(C) such that

a(u,v) = F(v) for any v € HL(C), (4.18)
where

a(u,v) = / Vu(zy, zo) - Vo(x1, x2) — k2G(x1, 22)u(xr, 22)0(x1, 22) dzy das (4.19)
C

—/ Tuvds—/ T uvds,
Iy Iy

F(v) = / —2iBeld1=ibdy 4 g, (4.20)
Ty

Theorem 4.2. The sesquilinear form a(-,-) : H(C) x H(C) — C defined in (4.19) is
strongly elliptic over H}(C).

Proof. By the mapping properties of T~, we can choose an N € N such that, for any
|n| > N (cf. Lemma 4.1),

u;,' (b) B Up,1()
un®) T o)

< —pn1 + O(M) < 0. (4.21)

For any quasi-periodic function f € HO}/ 2 (R), defining

iy - ®) f cionsr and T f = Yy ©) . cionrs, (4.22)

oy U (®) ey Un ()

we have T~ f =T, f + T, f. Then we can decompose a(u,v) into two parts such that
a(u,v) = B(u,v) — Q(u,v),

where
B(u,v)—/Vu~Vv+uvdx—/ Tuvds—/ Ty uvds,
c Ty Ty

Q(u,v) = / (k‘2q~($1, x9) + 1) u(xy, x2)v(x1, 22) day dag —I—/ T, uvds.
C

'y
Taking v = u in B(u,v) gives
_/ b
B(u,u) :/ IVl + |u!2dx—ﬁ Tuuds + p Z u"_( )]un]2
¢ La o e (P)

It follows from the definition of T that, for the Fourier expansion u(z,d) =, upe®®®,

—Re ( /F d Tuu ds) = —Re ( /F d (Z z‘ﬂnunemnml> <Z uneiaM) ds>

neN neN

= —Re (p Z zﬁn\unP)

neN

=P zg: |ﬁn”un¢2

|on | >k
= 0.
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By the inequality (4.21), we have that Re B(u,u) > ||u||§1,1 ©)" Hence, B(u,v) is coercive.
Next, we claim that Re Q(u,v) is a compact form. To see this, we note that the Riesz
representation asserts the existence of two bounded linear operators Ky: H.(C) — H}(C)

and Ko: H(C) — H}(C) such that

(K1u,v) g1 oy = Re/ (K*q(w1, m2) + Vu(z1, 22)0 (21, x2) dzy day,
@ c

(Kou,v) g1y = Re/ T, uvds.
& ',

Let v = Kqu, we have that
HKWva{é(c) < Cllullpzo) 1Kl 2oy < Cllullzz o) 1K 1ull g1 o) (4.23)

Suppose that {u,};>] is a bounded sequence in H}(C). Then by the Rellich-Kondrachov
theorem, there exists a subsequnce {uy, };-% such that {u,,} is (strongly) convergent in
L*(C). By the estimate (4.23), { Kqup, } is a Cauchy sequence in H}(C) and hence { K7 uy, }
is convergent in H}(C). This implies that K; is compact. Since there are only finitely
many terms in the summation of 7, u (cf. (4.22))), it follows that K3 is compact.

Hence, Rea(u,v) is the sum of a coercive form and a compact form, implying the

strong ellipticity of the sesquilinear form a(u,v) over H}(C). O

4.3 Well-posedness results

In this section we shall prove that our scattering problem admits a unique solution for
all wavenumbers k > 0 except for a discrete set. The exceptional wavenumbers in this
discrete set can accumulate only at infinity and are bounded below by a positive constant.

First, we study the unique solvability at small wavenumbers. Lemma 3.4 shows the
asymptotic behavior of 7, as n tends to infinity at a fixed wavenumber k. Motivated by
the arguments in the proof of Lemma 3.4, we derive the behavior of n, for fixed n and k
tending to 0. Some technical proofs will be presented in the Appendix.

Lemma 4.2. Suppose that k > 0 is sufficiently small. Then:
(i) nn > 2 for all n # 0.
(ii) For n = 0, we have |no| < 2 if g(z2) > sin? 6 in x5 < b.

The proof of the first assertion is given by Lemma C.1 in Appendix C and that of the
second one in Appendix B. By Lemma 4.2, we can compute the coefficients in the downward
DtN map T~ explicitly. Recall from (DRC) and (4.6) that u,, (z2)e‘®"*! denotes the n-th
downward wave mode. Using Definition 3.2 and Lemma 3.2 (a) and (c), we obtain for
small wavenumbers that

U%,l(b)

_U;/(b) _ —Hn,1 7 Ug,l(b) for n 7é O) (424)
un (D) 10 — Zgigb; for n = 0.

where p,1 > 0if n % 0 and 6y € (0,1/2). Note that w,, vp1, tn,1 and 6y all depend on
the wavenumber. Their asymptotic properties as £k — 40 are shown below.

Lemma 4.3. Suppose that k£ > 0 is sufficiently small.
.1 (0)

(i) For n # 0, the term O real-valued and
U1 (D) ‘
Sl =0(k*) as k— 0.
Un71(b) ( )
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(ii) For n = 0 and g(x2) > sin? @ for x5 < b. Then it holds that

Ué,l(b) ‘
7)0’1 (b)

0o = O(k), o(l) as k — +0.

iii) For n # 0, we have (1,1 > |n| — 5= In2 > 0 as k — +0.
> 2T

Proof. For the proof of the asymptotic results in (i), (ii) and (iii) we refer to Lemmas
C.1, C.2 and C.3 in the Appendix C (Note that, for similarity reasons, we prove the results
for the upper radiation condition instead of the analogous results for the lower radiation

Ziig; is real-valued for n # 0 if & > 0 is sufficiently

small. We retain the notation used in Section 3. Recall from Lemma 3.2 that v, is a
linear combination of the fundamental solutions of (3.1), that is,

condition). It remains to prove that

Un,1(z2) = e 172 (crwp, 1 (22) + cown 2(22)),

where (cq, 02)T is an eigenvector associated to the eigenvalue A, 1 of the matrix W,,. Since
q(z2) is real-valued, the fundamental solutions wy, 1(x2) and wy, 2(x2) are real-valued. Due
to my, > 2 (cf. Lemma 4.2), uy, 1 and (c1,c)t are also real-valued. Hence vy, 1(z2) is real-
valued, which completes the proof. ]

Theorem 4.3 (Solvability at small wavenumbers). Assume that, for any b—27 < x9 < b,
we have g(x) > sin?#. Then the variational formulation (4.18) admits a unique solution
u € HL(C) for all k € (0,ko) and all directions of incidence.

Proof. By Theorem 4.2 and the Fredholm alternative, it is sufficient to prove that the
solution of the variational formulation (4.18) is unique if & > 0 is sufficiently small. Taking
v = u in the variational formulation (4.18) with u'® = 0, we see

=alu,u) = w(@)? — K2 q(z)|u(z)]? dz — uuas — Tuuds. .
0=atuwn) = [ IVu@) ~ i@l [ Tuds— [ Tunds @25)

For k € (0, ko) with ko > 0 sufficiently small, the upward and downward DtN maps 7" and
T~ can be rephrased as

ﬁ Tutids = pik cos Oluo(d)2 — p 3 |Bullun(d)[2.
Lq n#0

_ . Ué,l(b) Uiz,l(b)
/f T uuds =p <z¢90 — 'UO,I(b)> |u0(b)|2 — pnz#o (Mn,l + v;hl(b)) |un(b)|2’

where uy(d) and uy, (b) are the Fourier coefficients of e ~©®14(x1, z3) on I'q and Ty, respec-
tively. The real and imaginary parts can be written as

Re/ Tuuds = —pz |Balun(d)|* <0,
Ly

n#0
Im | Tuads = pkcosf|ug(d)* > 0,
Tq
- U(l]l(b) 2 U;zl(b) 2
Re/ T uuds = —p— up(b)|* —p fn,1 + =7 un(b)|%,
T, UO,l(b)‘ | ,; vy, 1(0) fun ()

Im | T uads = pbo|ug(b)|* > 0.
Ty
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Taking the real part of (4.25) and using the asymptotic behavior of p,; and Lemma
4.3 (ii), we arrive at

0 = Re[a(u,u)]
= HVuH%Q(C) - kz/CRe(j(x)u( z) |2 dx —Re/f Tuuds —Re/F T uuds
b
> [IVulf2(c) — Cok®llull 2oy + Z [ (B) + —|u0( )| - 7‘%( )+ o(1)|uo(b)
n7$0
p
> CillulFn oy — 50|U0(b)\2,

(4.26)
where the constants Cpy, C'; > 0 do not depend on the direction of incidence. Taking the
imaginary part of (4.25) and letting k tend to zero give that

0 =Im[a(u,u)]

_ g2 / Im §(z)|u(z)?de —Tm [ Tuads—Im | T uads (4.27)
c I Ty

—pk cos 9”&0(d>‘2 - P90|U0(b)‘2-

Since cosf and 6y are positive, we have that |ug(d)| = |ug(b)] = 0. Combining this
and (4.26) implies that |u|[z1(c) = 0, which completes the uniqueness proof for small
wavenumbers. O

Theorem 4.4. Fix the angle of incidence 6 € (—m/2,7/2). Then the variational problem
(4.18) has a unique solution for all wavenumbers k > 0 not contained in a discrete subset
of the positive reals. The only possible accumulating point of this discrete set is infinity.

Proof. Wlthout loss of generality we may assume that, for any b — 27 < z9 < b, we have
q(w2) > sin?@. Otherwise we could replace ¢ by qc = C?q and k by k¢ == k/C with a
big constant C' > 0. Then our assumption is fulfilled with g and k¢, and the resulting
theorem for go and k¢ implies the theorem for ¢ and k.

We shall carry out the proof by applying the analytic Fredholm theory [3, Theorem
8.26] to our wavenumber-dependent variational formulation. For this purpose we need
to transfer the dependence of the a-quasiperodic Sobolev space on k to an equivalent
variational formulation, for which the underlying function space is independent of the
wavenumber. Setting a(u,v) = a(i,d) for u,v € HJ,.(C) with @ = e~*"1y as well as

D = "1y, we obtain a new sesquilinear form a(-,-) defined on H;GT(C)'

a(u,v) / Vu(z) - Vo(z) — 8{7;( )T)(x) + zdu(a:)ag(m) — (K*G(2) — &*)u(z)v(z) da
1 X1

—ﬁ Tuﬁds—ﬂ T~ uv ds.
I Iy
(4.28)

Here the operators T and T~ are periodic DtN maps defined over the space H;e/,? (fd) and

H;e/f (T'y), respectively. Using the decomposition of T~ in (4.22), we can rewrite a(u,v) as
ay(u,v) — az(u,v), where

ay (u,v) ::/ Vu-Vz_}Jru@dJ:/ Tu@ds/ Ty uods,
C Iy T,

as(u,v) = /Ciézag;:f)v(a;) — zdu(w)aga(j) + (K*§(x) — &* + Du(z)v(z) do + /fb Ty ut ds.
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By the Riesz representation theorem, the sesquilinear forms a;(-,-) and as(-,-) give rise
to the wavenumber-dependent operators A(k) and K(k), respectively, where A(k) is a
bounded invertible operator on H;QT(C) and K (k) : H.,,.(C) — HL,,.(C) is compact (cf. the

per per

proof of Theorem 4.2 and [17, Section 4]). It follows from [10, Lemma 6] and the analytic
dependence of the wave modes on k that both, A(k) and K (k), are analytic operators with
respect to the wavenumber k. Combining the uniqueness result (cf. Theorem 4.3) and the
argument in [2, Theorem 2.1], we can show that (A(k) — K (k))~! exists for all k except
those in a discrete set. By the analytic Fredholm theory, the only possible accumulating
point of this discrete set is at infinity. This concludes the proof. ]

Appendices

A Floquet theory

This appendix is mainly based on [6, Chapter 1] and [15, Chapter 9]. Consider the general
second-order ODE
ap(2)y" (z) + ar(2)y'(x) + az(x)y(z) = 0, (A.1)

where the coefficients ag(x), a1(z) and ag(x) are complex-valued, piecewise continuous
and periodic with the period p.

Theorem A.1. There are a non-zero constant p and a non-trival solution v (z) of (A.1)
such that

Y(x +p) = p(z). (A.2)
Proof. Let ¢1(x) and ¢o(z) be the linearly independent solutions of (A.1) which satisfy
the initial conditions ,

$2(0) =0, ¢5(0) = 1.
Since ¢1(x + p) and ¢o(x + p) are also linearly independent solution of (A.1), there are
constants A;;(1 < 4,7 < 2) such that

¢1(z +p) = Anngi(x) + Aaga(x),
2(z +p) = A21¢1(x) + Asa¢a(x),

where the matrix A = (A4;;) is non-singular. Every solution v (z) of (A.1) has the form

() = c1¢1(2) + c2¢2(), (A.5)
where ¢; and ¢y are constant. By (A.4), we have that (A.2) holds if

(A.3)

(A4)

(A11 = p)er + Agrea = 0,
Aiocy + (AQQ — ,O)CQ =0.

The function v of (A.5) is non-trival if ¢; and ¢z are not both zero. Hence, a non-trival ¢

exists if and only if
det <A11 -p An ) -0,

Az Asx—p
ie.,
p2 — (A1 + Ag)p +det A = 0. (A.6)
This is a quadratic equation for p. Since A is non-singular, (A.6) has at least one non-trival
solution. This completes the proof. ]
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An alternative form of (A.6) can be obtained as follows. It follows from (A.3) and
(A.4) that

A = ¢1(p), A1z = ¢1(p), Ao = da(p), Az = ¢h(p).

Hence using Liouville’s formula for the Wronskian

¢1() ¢2($)>
¢1(x)  @h(z)

[16, Lemma 3.11] and the fact that W (1, ¢2)(0) = 1, we get

W61, ) (&) = det (

(_ p a1 () dz)
det A =W (o1, ¢2)(p) = e\ 70 @0 .

Thus (A.6) can be rewritten as

_ [P ay(x) d
p2 —np+ e( 0 ag(z) a?) =0, (A7)

n = ¢1(p) + P5(p).

In particular, all of the zeros p of (A.7) or equivalently of (A.6) are different from zero.
Theorem A.1 leads to the existence of two linearly independent solutions of (A.1)
having the special form given in Theorem A.2 below.

Theorem A.2. There are linearly independent solutions 1 (z) and 2(z) of (A.1) such
that either

(1) (A.7) has two distinct roots or only one root p with rank(AT — pI) = 0.
P1(x) = e™Pvi(x), Ya(x) = ™ vy(x),

where m1, mgo are constant, not necessarily distinct, and vy, v9 are periodic functions
with period p, or

(2) (A.7) has only one root p with rank(A™ — pI) = 1.
Y1(x) = ™y (x), Po(x) = ™ (2vi(x) + v2(2)),
where m is constant, and vy, ve are periodic with period p.
Proof. Consider two cases as follows.

(1) Suppose that (A.6) has distinct solutions p; and pa. Then by the proof of Theorem
A.1, there are non-trival solutions ¢ and 5 of (A.1) such that

Yr(x +p) = ppr(x), k=1,2. (A.8)

It is easy to show that 1 and vy are linearly independent. Since p; and p2 are
non-zero, we can define my and my so that

el = pr. k=1,2. (A.9)
We can construct a new function vg(z),
() = e " Yy (). (A.10)
By (A.8) and (A.9),
(@ +p) = e "R oy (2) = vy ().

Thus,
Yp(x) = e oy (),

where vg(z), k = 1,2 are periodic functions.
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(2) Suppose that (A.6) has a repeated solution p. We define m so that

eP™ = p.

By Theorem A.1, there is a non-trival solution ¥ of (A.1) such that
Uy (z+p) = p¥i(z). (A.11)

Let Wy be any solution of (A.1) which is linearly independent of ¥;. Since ¥y also
satisfies (A.1), there are constants d; and dg such that

\IJQ(ZE —I—p) = dl\ljl(l') + dQ\I’Q({L‘) (A.12)
Next we calculate da. With the help of (A.11) and (A.12), we obtain
W (W1, Ua)(z + p) = pdo W (V1, ¥2) ().

Hence by Liouville’s formula for the Wronskian,

_ rz+p ay(t) _pa1(®)
270 sm 4t — o= S0 aorm A

pdo = e

since the integrand has period p. Futhermore the right-hand side in the above equation
is equal to p? since p is the repeated solution of (A.7). Hence ds = p. From (A.12) we
now have

Uy(z 4+ p) = d1V1(z) + pPa(x). (A.13)
Now, there are two possibilities to consider:
Possibility 1: d; =0
In this case (A.13) implies

Us(z +p) = p¥a(x).

This together with (A.11) indicates that we have the same situation as in (A.8) but
with p1 = p2 = p. In other words, (AT — pI)x = 0 has two linearly independent
solutions, i.e., rank(AT — pI) = 0. Consequently, this case is covered by part (1) of
the theorem.

Possibility 2: dy # 0

In this case we define
vi(z) = e MU (),

va() = eIy () — (Z;) 201 (x).

Then due to (A.11) and (A.13) v; and v have period p. In this case, (AT — pI)x =0
has only one non-trival solution, i.e., rank(AT — pI) = 1. Therefore, since

Uy (x) = e™ v (x),

tafe) = (L) a0 + (o).

part (2) is covered with ¢ (z) == ¥y (x) and ¢o(z) = (pp/d1) Ve (z).
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B Proof of Lemma 4.2 (ii)

In this section, we mainly follow [6, Section 2.1 and 2.2]. For simplicity, we omit the proofs
presented in this reference paper. Here we consider the second-order equation

(p(x)y'(2))" + (As(z) — q(2))y(x) =0, (B.1)

where A is a real parameter. The coefficient functions p(z), s(z) and g(x) are real-valued
and periodic with period p. Furthermore, we assume the existence of a constant s > 0
such that s(z) > s.

To show the dependence of the solutions on A\, we denote the fundamental solutions of
(B.1) by ¢1(z, A) and ¢2(x, A). Then corresponding to (A.7), we define

N(A) = ¢1(p, A) + do(p, A).

Whether A is real or complex, ¢1(x,\) and ¢2(x, A) and their derivatives are analytic
functions of A for fixed x, see [5, Section 1.7]. Hence, n()\) is an analytic function of A.
Now we introduce two eigenvalue problems associated to (B.1) on the interval [0, p],
where )\ is regarded as a parameter. These two problems will be used in the investigation
of n(A).
The periodic eigenvalue problem: Consider (B.1) in [0, p] and periodic boundary

conditions:
(p(@)y (@) + (As(z) — g(x))y(x) = 0 in [0, p],
y(0) = y(p), ¥'(0) =y'(p).

It is a self-adjoint problem and has a countable set of eigenvalues A\. We shall denote the
eigenfunctions throughout by 1, (x) and the eigenvalues by A, (n =0,1,...), where

(B.2)

Mo <A <A<+, and \, — 00 as n — o0.

The 9, (z) can be chosen to be real-valued and to form an orthonormal basis over [0, p]
with weight function s(x). Thus

1 (m = TL),

/0 U (2)Yn(x)s(z) do = {O (m # ),

The semi-periodic eigenvalue problem: Consider (B.1) in [0, p] and semi-periodic
boundary conditions:

—~

p(x)y () + (As(z) — q(x))y(z) = 0 in [0,p],
y(0) = —y(p), ¥'(0) = =y (p).

It is also a self-adjoint problem and we shall denote the eigenfunctions by &,(x) and the
eigenvalues A by p, (n=0,1,---), where

(B.3)

o <y S pe < ---, and py, — 00 as n — 0.

Now we use the existence of the eigenvalues A\, and pu, in the eigenvalue problems
(B.2) and (B.3) to study the behavior of n(A). We refer to Figure 3 for a rough idea of
the function n(\).

Theorem B.1. (1) The numbers A, and p, occur in the order

Ao <poSpr <A <A <ppSpuz3<A3< A<
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(2) n(\) decreases from 2 to —2 in the intervals [Agm, fom].
(3) m(A) increases from —2 to 2 in the intervals [om+1, A2m+1]-
(4) n(A\) > 2 in the intervals (—oo, A\g) and (Aapm+1, A2m+2)-
(5) n(\) < —2 in the intervals (pom, tom+1)-
n(A)
3 Mo M1 3 3
)\0 i i >\1 >\2

Figure 3: An illustration of dependence of n on A.

Proof of Lemma 4.2 (ii).
For n = 0, the ordinary differential equation (3.1) takes the form

ug (z2) + k*(q(x2) — sin? O)ug(x2) = 0.
Then we consider the periodic eigenvalue problem

uf (z2) + Mq(22) — sin? @)ug(z2) = 0 in (0, 27),
up(0) = ug(27), uy(0) = ug(2n).

(B.4)

(B.5)

Integrating by parts and using ¢(z2) > sin?#, one can show that the periodic eigenvalue
problem (B.5) has nonnegative eigenvalues. Furthermore, A = 0 is the first eigenvalue of
(B.5). Applying Theorem B.1 with A\ = k2, it follows that the constant 7y associated to
(B.4) (i.e., my, defined by (3.5) with n = 0) must lie in (—2,2) if £ > 0 is sufficiently small.

C Asymptotic behavior of Z;"igg for £—+0

Lemma C.1. If the positive wavenumber k is sufficiently small and if n # 0, then

1
M > 2, un71>\n\—2—ln2>0 if n#0.
T

Proof. With the same method as in the proof of Lemma 3.4, we can estimate 7, by

constructing subsolutions and supersolutions for ODEs. Consequently,

Nn = wn,1(27) + w;, (27)

1 1 1 1
> 56271’,8;{ + 56*271'5;{ + §€2ﬂﬁ,f + 567271',3;
> 2.

Furthermore, 7, — 2™l + =27l a5 k& — 40. From

A= ndng +1=0, j=1,2,
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we know A, > ( 27inl 4 e=27Inl) > 1 and 0 < A, 2 <1ask — +0. Then it follows that

1 1
e2mhn1 — )‘ml > §(627r\n| + e—27r|n|) > 5627r|n\

as k — +0. Hence, one obtains y, 1 > |n| — % In2 > 0 for any n # 0 as k — +0. O

In what follows, for simplicity of notation, we drop the subscript n in ay,, u, and gy, ;,
An,j for simplicity.

Lemma C.2. For fixed n # 0, the term Z:igg;‘ = O(k?) as k — +0.

Proof. By using arguments similar to the proof of Lemma 4.1, we investigate the asymp-

totic behavior of - IE d; as k — +0 for fixed n # 0. The proof consists of three steps.

Step 1: Fundamental solutions. We look for solutions to the differential equation
u”(t) + (K%q(t) — a®)u(t) = 0 in the form u(t) = 9 (t)¢(t). Here the 1 are the solutions of
u”(t) — o?u(t) = 0 with initial conditions (4.7) or (4.8). Clearly, we find that ((¢) should
satisfy the equation

o) = 1= [ [al0)V*(0)(1T(1) ~ (o)) o) do (©1)
0
where
() = 1 Jtanh(at) with condition (4.7),
o coth(at)  with condition (4.8),
and

V() = cosh(at)  with condition (4.7),
sinh(at)  with condition (4.8).

We can reformulate (C.1) as the operator equation
p(t) + K Ke(t) =1, j = 1,2, (C.2)

where (Kp)(t fo o)do and k(t,0) = q(o)V?(o)(H(t) — H(c)). We note that
the kernels k:(t o) are of dlﬁerent form under the different initial conditions (4.7) and
(4.8). With the estimates of k(t, o), we have that

Ck? k?

K2 K| < = = O(k).
I I « Ck:sin@—l—n O(k)

Since sufficiently small k guarantees that ||k?K| < 1, by a Neumann series argument,
(I +k?K)~! exists and
p(t) =1 —E*(K1)(t) + O(k?). (C.3)

We also need to estimate ¢'(t). By (C.2) and (C.3) we have that
o(t) =1 - kKX (K1)(t) + K*K(K1)(t) +-- -,
¢'(t) = —[0k*K]{1 + O(k*)}.
It remains to estimate ||0;k?K||. From the definition of K,

t VQ (0_)
o V2(t)

Ok (K ) ()] = K q(o)p(0) do.
This implies that ||0;k*K|| < Ck?.
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Step 2: Characteristic exponents. Using the fundamental solutions in Step 1, the
definition (3.5), and k& — 0, we have that

1 —27Ta 1 TQ —21
n= 5(62”% + e 2y (1 — O(k)) + 5(62 n 4 e 2oy (1 — O(k))
1
+ 5(627ran o 672#0[")0(]{32),

which implies limg_, 01 = €2™ + e~ 2™ for |n| # 0. Then by (3.4),

2
im A = lim |24/ 1
kE—+0 k—+0 | 2 4
_ 1 2mn —2mn \/647m + 2 —+ 6_47m
=3 (e“™ +e )+ 1
—_ e27rn_

It follows from the Definition 3.1 that

1
lim p; = lim 2—111)\1 = lim a,

k—+0 k—+0 27 k—-+0
li =— 1l =— 1l .
w0l ppo ! e
Furthermore, we know for |n| # 0 that
lim —al=0, lim al = 0. C4
k—lH-O[Ml ] k—>+0[u2 * ] ( )

Step 3: Asymptotics of Hill’s equation. According to the downward modes in case
(a) of Definition 3.2, we assume that u = e#tv(t), where v(0) = v(27) and v'(0) = v/(27).
Substituting the product presentation of u into u” () + (k%q(t) — a?)u(t) = 0, we have that
e (V" (t) + 2! (1) + (K2q(t) + p? — o®)u(t)) = 0.
Then (e (t)) = —e?*(k%q(t) + u% — a?)v(t). Hence
t
et/ (1) = ' (0) — / 2T (K2q(1) + p? — o®)o(r) dr.
0
By straightforward computation, we get the two identities

t
64”“62‘”1/@) = 64’”‘1/(0) — 64’”‘/ AT (K2q(t) + p? — o®)o(r) dr (C.5)
0

and
27
ety (1) = ™ (0) + / e (K2q(1) + p? — o®)v(r) dr. (C.6)
t

Subtracting (C.5) from (C.6) gives

1 27 B
V(t) = i / 2T t)(k2q(7') + 12 — aP)v(r)dr
¢
etmh ! 2 2 2 2
+ 1—€47W/0 2T (K2q(7) + p? — a®)u(7) dr.

32



There are two cases to consider. We first suppose that v(0) # 0. Without loss of
generality, let v(0) = 1. Then

t
v(t) =1 +/ V(o) do
0
1 t 27
e R /0 / 207=0) (12g(7) + 12 — ®)u(r) dr do
647ru t UO
+ 147ru/ / 62“(77‘7)(/%2(1(7') + 1?2 — a®)v(r)drdo
—€ 0 Jo
1 2w pmin(¢,T
=1+ T i / / 2= Ao (k2q() + p? — o®)u(r) dr

S [ [ W) 4 ot

2w 1
-1 2T _ 2umax(7' t,0)\ /1.2 2
e AT K2a(r) + * — @)o(r) dr
e [ ) () + 2 — Pt ar
1—etm |y 2u
— 1 1 /27T i(ehu— _ 62p,max(7——t,0))(k,2q(7_) + NQ _ 042)’0(7') dr
1—etm Jo 2u

et 1 2 max (7 —t,0) 2u(T—t) (1,2 2 2
+ 5o (e = e (Kq(T) + 7 — af)u(T)dr
0

1 — etmn 24
27 _ pAmp 2p(r—t)
1 e Hest 9
-1 - _2pmax(7—t,0) 2 2 2 dr.
s (Ka(r) + 1 — a?)o(r) dr

We define an integral operator L by

27
(Lo)(t) = /0 It 7)o(r) dr,

where

lt,7) =< [

1 <62;rr _ e2u(27r—t+7')
2

o eQ,umax(Tt,O)) (k2q(7) + /1'2 - a2).

Then we obtain the operator equation

1
o(t) = (L)1) = 1.

We observe that |I(t,7)| < Ck?. By the Neumann series, we can show that
oo 1 m 1 27 A
v(t) =Y (=L) =14—[ It,7)dr+OK").
m—o \M K Jo

In the second case, if v(d) = 0, then the operator equation becomes v(t)— 1 (Lv)(t) = 0.
Taking the norm of both sides of the equation pv(t) = (Lv)(t), we find that p < [|L]] <
Ck?. Sufficiently small k guarantees that this case can not happen.
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It remains to estimate the derivative v/(t). We first compute 8,5%([/1))(25).

0 (Lu)(t) = - e (Pa(r) + 2 — ?)u(r) dr

% 2p

1 t
—&%AG%M+M—JMﬂ&

1 /27r 2T _ 62}1,(271'*7&4’T)
0

1 2w
- (9t@ /t D (k2q(7) 4 p? — a?)o(r) dr

2 eQu(?ﬂ'—t+7—) , ) 2

2
+ / T (2q(7) + 12 — o®)v(r) dr.
t

It follows that

o(t) 3ti(Lv)(t) 1 /27r o21(2m—t+7)
0 1 — edmu

v(t) (1) ()
27
+ L / 62“(T*t)(k2q(7) +u? - 042)1)(7') dr.

(k*q(r) + p* — a®)o(r) dr

u(t) Ji
Hence
‘ I g
vu(t) |
We can use the argument in Step 3 to estimate v, 1(d) and v}, ;(d). We have that
all) 0] g
on 1 (d) | (| vn1 (8) [] oo
Hence ‘Z"igg | tends to 0 as k — +0 for fixed n # 0. O

Now we study the asymptotic behavior for n = 0.

Zéigg‘ =o(1) as k — +0.

Lemma C.3. It holds that 8y = O(k) and

Proof. (i) It follows from Lemma 4.2 that

)\1:770+\/77(2)—4 )\2_770—\/773—4
2 T '

2

are mutually conjugate. From Theorem B.1 and the analyticity of ny(k), we know that
no — 2 as k — 40 and 6y ~ k where 2™ = ).

(ii) For notational convenience we write v = wp; to drop the dependence on the
subscripts. We shall present a sketch of the proof, following the argument in Step 3 of
Lemma C.2.

According to the downward modes in case (c) in Definition 3.2, we assume that u =
e~ Woty(t), where v(0) = v(27) and v'(0) = v/(27). Substituting the product presentation
of u into u” (t) + k?(q(t) — sin® §)u(t) = 0, we have that

V" (t) — 2i0pv' (t) 4 (K*(q(t) — sin® 0) — 63)v(t) = 0.

Then (e=200ty/ (1)) = —e2%t(k2(q(t) — sin? 0) — 62)v(t). Hence

(1) = (0) — [ e HT(2(g(r) —sin6) — B)o(r) dr.
0
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By straightforward computation, we get

2w
S p— / e 200D (12 (q(7) — sin® 0) — 03)v(7) dr

— 4716
1 —e4m00 J,

6—471'1'90

t
A p—rn /0 e 200 (k2 (g(r) — sin® 0) — 03)v(r) dr.

Then we have

o(t) =1+ /Ot V(o) do

2160 (t—7) _ e2ibo (2m—1)

L (27 iy min(t—r0 2 .2 2
=1+ %00 o (6 omin(t—0) . e — (k*(q(1) —sin“0) — 6;)v(T) dr.

We define the integral operator L by

27
(Lo)(t) == /0 It 7)o(r) dr,

where

e2ibo(t—7) _ ,2i00(2m—7)

1 400 min(t—7 i
I(t,T) = % <62 0o min(t—7,0) | e ) (K*(q(t) — sin® 0) — 62).

Then we obtain the operator equation
1
v(t) — —(Lv)(t) = 1.
to

We observe that |I(t,7)] < Ck?. By a Neumann series argument, we have that

ot) = f: <910L>m 14 010 /OQWZ(t,T) dr + O(k?).

m=0

By arguments similar to Step 3 of the proof of Lemma C.2, We can estimate v'(t) and

obtain that Zéigg ‘ tends to 0 as k — +0. O
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