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Abstract. In this paper, we investigate well-posedness of time-harmonic scattering of elastic
waves by unbounded rigid rough surfaces in three dimensions. Both deterministic and random
surfaces are investigated through the variational approach. In a deterministic setting, the rough
surface is assumed to be a Lipschitz profile, which lies within a finite distance of a flat plane. The
elastic scattering is caused by a source term with a compact support above the rough surface. A
stability estimate is derived at an arbitrary frequency, with explicit dependance of the bound on
the excitation frequency and geometry of rough surfaces. Based on the a priori dependence on
the frequency together with the measurability and P-essentially separability of the randomness, we
obtain a similar bound for the time-harmonic elastic scattering by random surfaces.
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1. Introduction. This paper is concerned with the mathematical analysis of
time-harmonic elastic scattering from unbounded deterministic and random rough
surfaces in three dimensions. The phrase rough surface means a (usually nonlocal)
perturbation of an infinite plane such that the whole surface lies within a finite distance
of the original plane. Rough surface scattering problems have important applications
in diverse scientific areas such as remote sensing, geophysics, outdoor sound propaga-
tion, and radar techniques (see e.g.,[1, 2] and the references cited therein). In linear
elasticity, most well-posedness results are confined to two-dimensional settings and pe-
riodic structures. Existence and uniqueness of solutions were studied via the boundary
integral equation method [3, 4, 5] based on the upward propagation radiation condi-
tion. The variational approach was proposed in [9, 11] to treat well-posedenss of the
scattering problems in periodic structures by using the Rayleigh expansion condition
and in [10, 12] for rigid rough surfaces by using the angular spectrum representation
(ASR).

Recently, the ASR of solutions to the homogeneous Navier equation in a half-space
was presented in three dimensions in [13]. Based on a Rellich-type identity, uniqueness
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of weak solutions to the variational problem was verified provided the rigid scattering
surface was the graph of a uniformly Lipschitz continuous function. Note that the
uniqueness proof implies absence of surface waves propagating along the rough surface,
due to the geometric assumption on the scattering surface. The existence of solutions
was proved only for the case of locally perturbed scattering problems in [13]. However,
the well-posedness of elastic scattering by nonlocally perturbed and nonperiodic rough
surfaces remains unknown in three dimenions. Later, the authors in [16] further
derived an a priori bound for the two-dimensional problem, which depends explicitly
on the excitation frequency. The main goal of this paper is threefold. First, we present
a variational formulation of the elastic scattering problems with a Lipschitz-type rough
surface in three dimensions and prove its well-posedness if the source term is compactly
supported. Second, we derive an a priori bound with explicit dependence on the
excitation frequency. Third, we utilize this explicit bound to derive the well-posedness
of elastic scattering by random rough surfaces in three dimensions, motivated by the
analogous results in [6, 16] in two dimensions. As discussed in [7], we expect that the
variational formulation will be suitable for numerical approximations in nonsmooth
and inhomogeneous domains via the finite element discretization. Furthermore, the
explicit bounds obtained in this paper should be useful in establishing the dependence
of the constants in a priori error estimates for finite element schemes on the frequency
and the geometry of the domain.

This paper extends the existing variational method of [10, 16] to three-dimensional
settings and complements the well-posedness result in [13] for deterministic surfaces.
As was pointed out in [10], the elastic problem is more complicated than the acoustic
case due to the coexistence of compressional and shear waves. As a consequence, the
Dirichlet-to-Neumann map for the elastic wave equation is defined in the space of
vector-valued functions and the real part of this map is not positively definite. This
brings difficulties in deriving the a priori estimates of solutions via Rellich identities
for arbitrary frequencies. We prove that the variational problem is well-posed by the
theory of semi-Fredholm operators used in [10]. To this end, we first consider the
case of small frequencies in which the Lax—Milgram theorem can be applied. Then
we establish several a priori estimates. During this process, we carefully trace the
dependence of the coeflicients of these bounds on the frequency. In this way, we arrive
at an a priori bound for the solution to the variational problem which is explicitly
dependent on the frequency. Afterwords, inspired by the framework for scattering by
random meda in [15] and random surfaces in [6, 16], we can obtain the well-posedness
for a stochastic variation problem with an explicit a priori bound.

The rest of this paper is outlined as follows. In section 2 we present the variational
formulation for the elastic scattering problem. Section 3.3 is devoted to the well-
posedness of the variational problem for small frequencies. In section 4 we derive a
priori bounds and trace the explicit dependence on the frequency and on the geometry
of the domain. For random cases, a similar bound is derived in section 5. Conclusions
are presented in section 6.

2. Problem formulation. This section is devoted to the mathematical formu-
lation of the three-dimensional elastic wave scattering by unbounded rigid rough sur-
faces. Let D C R? be an unbounded connected open set such that, for some constants
m<M,

(2.1) UyCDCU,, Up={z=(" z3):x3>h}, 2 :=(z1,22).
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The region D is supposed to be filled with a homogeneous and isotropic elastic medium
with unit mass density. We assume that I' := 0D is an unbounded rough surface,
which is the graph of a uniformly Lipschitz continuous function f. More precisely, we
assume

F={zcR3:x3=f(2), 2’ = (z1,20) € R?},
and there exists a constant L > 0 such that
(2.2) If(z") = f(y)| < L|z' —/| forall 2/, € R%

Throughout the paper we fix some h > M. Let 'y, = {z € R® : 23 = h} and Sj, = D\U},.
Denote the unit normal vector on I' UT, by v := (v1,v2,v3) pointing into the region
of #3 > h on I';, and into the exterior of D on I'. Assume that g € L?(D)? is an
elastic source term with supp(g) C Sj. Consider the following Navier equation in
three dimensions,

(2.3) A'u+w?u=g inD,

where A* = A + (A4 u)VV-, u= (ur,us,uz) " is the elastic displacement, and w > 0
is the angular frequency. Here A and p denote the Lamé constants characterizing the
medium above T satisfying >0, A\+2u/3 > 0. Since I is physically rigid, there holds
the Dirichlet boundary condition

(2.4) u=0 onI.

As the domain D is unbounded, a proper radiation condition should be imposed
on u at infinity. In this paper we utilize the elastic upward ASR (UASR) at infinity
to ensure the well-posedness of the boundary value problem (2.3)-(2.4). Below we
briefly introduce this radiation condition and refer to [10, 13] for the details. We begin
with the decomposition of the wave fields into a sum of compressional and shear parts
(see [14]),

1
(2.5) uz;(V(p—i—wa), V-Y=0 in z3>h,

where the scalar function ¢ and the vector function v satisfy the homogeneous
Helmholtz equations

(2.6) Agp—!—kzgga:(), A+ k2p=0 in x3>h.

Here, ky, and ks are compressional and shear wave numbers, respectively, defined by

w w
2.7 by im0 =
( ) P />\+2,LL \//_7

Denote by ¢ the Fourier transform of v in R?, i.e.,

1

T o

(€)= Fo(€) - /sz(x/)e—iw"f Az, €= (61,6) € R2.

Taking the Fourier transform of (2.6) and assuming that ¢, fulfill the UASR of the
Helmholtz equation in Uy, (see [7]), we obtain for z3 > h that
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1 A i 72— iz
ol sag) = oo [ plemena e ag
R

21
23) b ws) = o= [ g W@ ag,
27T R2
where
(K2 —[e[2)!2, |€] < ks,
B):=5.7"
© {i(|§|2—kg)1/2, €] > Ky,
and

(12— )% 1¢l> k.

Denote the Fourier transform of ¢(x’,h) and ¢ (z’, h) by

wo:{(’fflf%”? €l <k

Ap(g) :¢(§ah)7 As(f):w(gah)v

respectively. Noting that divi) = 0, we have (&,7(€)) - Ay(€)T = 0. For notational
convenience we omit the dependence of 5 and « on £ in the subsequent context.
Substituting (2.8) into (2.5), we obtain for x3 > h that

1

(2.9) u(z) = o

/ [Ap (&) (6,8) TP 1+ A () e —M]eier’ g,
R2

where A = (A§1>,A§2),A(§))T(g) = (£,7)7 x Ag(€). Tt follows from (2.9) and the
orthogonality (&,7) -A;r =0 that

&L 1 000
wEh)| _|& 0 1 0f [AE)]| _5
0 & & 7
which gives
(2.10) a© =[] ©=-5"© |“$" ] -p@ aen.
Here D is a 4 x 3 matrix given by
& 3 ¥

_ 1 pv+E b v
By+ €2 | —61&  By+& G|’
—&B —&LB ¢

Using (2.9)—(2.10) yields the expression of u in Uy,

(2.11) D(¢)

(2.12)

_ 1 1 (' +B(zs—h)) (a4 (s —h)) Y 5
o) = 5 [ { G (e 5 @i, L
where

& L& &Ly By+& L& &
My(&)=:|&& & &v| and My(&) = | —&&  By+& —&
&8 LB By —&18 —&B €

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded Uo/14/26 10 202.115.19.215 . Redistribution subject to SIA M license or copyrignt; see nttps://epubs.slam.org/terms-privacy

1968 GUANGHUI HU, TIANJIAO WANG, XIANG XU, AND YUE ZHAO

The representation (2.12) will be referred to as the upward radiation condition for
rough surface scattering problems in linear elasticity.
Define the surface traction operator

(2.13) Tu:=2pd,u+ AV - w)v+ pv x (V X u),
where v = (v1,19,v3) stands for the normal vector on the surface. Plugging (2.12)

into (2.13) yields the Dirichlet-to-Neumann (DtN) operator on I'y, (cf. [13])

(2.14) Tu=Tu(@)i= - | M(E)a()e de,

2T R2

where M(€) is given by

ME)=

G
pl(y — B)ES + k24] —pé1&a(y — B) (2ulé|* — w? +2uB)6
(2.15)  x —pEr&2(7 — ) pl(y — B)ER + k2] (2ul€]? — w? +2uB7)E2
—(2ulE]? —w? +2uBy)ér —(2pl€]? — w? +2uBy)Ee Yw?

The boundary operator 7 is nonlocal and Tu = Tu is equivalent to the upward
radiation condition (2.12). It is also called the transparent boundary condition for
time-harmonic scattering problems in a half-space.
Based on the above DtN operator, the wave scattering problem (2.3)—(2.4) can
be reduced to a boundary value problem over Sp:
pAu+ AN+ p)VV-u+w?u=g inSp,
u=0 onl,
Tu=Tu only.
To introduce the variational formulation, we introduce the energy space V}, for
h > M as the closure of C§° (S, UT})3 := {u|s, :u € C§°(D)3} in the H! norm

lullvi, = (IVull 225,y + lullZags,)s)' -

Multiplying the Navier equation in (2.3) by the complex conjugate of the test function
v € V}, and using Betti’s formula yield

/S(u,ﬁ)fcﬁuﬁdxf/ 17~Tuds:f/ g-vde,
Sh Fh Sh,

where the bilinear form £(+,-) is defined by

3
E(u,v) :=2u Z Orujov; + AV -uV-v —uV xu-Vxuv Yu,veV.
j k=1

Define the sesquilinear form B:Vj, x V;, — C by

(2.16) B(u,v)= | &(u,v) —wQu-@dx—/ v-Tuds.
S;L Fh

Now we can formulate the variational problem as follows:
Variational problem 1: find u € V}, such that

(2.17) B(u,v):f/ g-vdx forallveV,.
Sh
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The variational problem is equivalent to the boundary value problem: given g €
L?(D)3, with supp(g) C Sy, for some h > M, find w € H} (D)3 such that ulg, €V}
for every h > M (implying v = 0 on T'), the Navier equation (A* + w?) u = g in
D holds in a distributional sense, and the radiation condition (2.12) is satisfied with
ulr, € HY/?(T',)? by the trace theorem.

The main theorem of this paper can now be stated as follows.

THEOREM 2.1. For any w > 0, the variational problem 1 (2.17) is uniquely solv-
able in V. Moreover, there exists a constant C independent of the frequency w, the
truncation height h, the Lipschitz constant L of f, and the constant m given in (2.1)
such that the solution satisfies the estimate

(2.18) [ullv;, < (h—m+2)(Calw, h) + C5(w, h)* + Cs(w, h, L)) ||g]lv;.,
where
Ci(w,h) =C(h+1—mw, Cs=CV1+w1Cs5w,h),
and
Co=C(w™ +1)Cy(w, h, L)Cy(w, h, L)>.
Here

Ci(w,h, L) =Cw®(1+ L)Y (h —m+1),
Cy(w,h, L) =C(A + LHY*Vh+1—m(1 +w(h+1-m)),
Cs(w,h)=C(h+1-m)(14+wh+1-m))*/ w.

The constants C1—Cg are derived from a priori bounds of the variational solution,
which exhibit explicit dependence on the frequency w and the geometry of the rough
surface. They lead to the explicit a priori bound of the solution of the elastic scattering
problem in three dimensions.

By the theory on semi-Fredholm operators in [10], the results of Theorem 2.1
follow from the well-posedness of the variational problem at small frequencies (cf.
Theorem 3.3) and an a priori bound of the solution to the variational problem at an
arbitrary frequency (cf. Theorem 4.3). Thus, in the subsequent two sections we shall
focus on mathematical analysis at small frequencies and an a priori estimate at an
arbitrary frequency.

3. Analysis of the variational problem for small frequency. We first in-
vestigate mapping properties of the DtN operator in three dimensions. For a matrix
M(€) € C3%3 depending on &, let ReM(€) = (M(&) + M(€)*)/2. We shall write
ReM(€) > 0 if ReM(€) is positive-definite. Here M*(€) is the adjoint of M with
respect to the scalar product (-,-)csxs in C3%3.

LEMMA 3.1. Let M(§) be defined in (2.15) and let h > M.
1. There exists a constant K independent of w such that R(—iM)(€) >0 for all
|€] > Kw, where

_ A2 1
AR

2. The DtN map T is a bounded operator from H'/*(T',)? to H=/2(T';,)3.
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3. For |{] < Kw there holds that
(3.1) MO < Cr w,

where

At

O =2+ 4K + (r+ 2 K +200+ 20 | 250 s

is a constant independent of w and & with the matriz norm defined by

M)l = max [Mi(6)]
Here K is the constant specified in item 1 and M;;(§),1<1,j <3, denote the
entries of M(§).

Remark 3.2. In comparison with properties of the matrix M in two dimensions,
we provide explicit constants K and Ck in terms of the Lamé coefficients.

Proof. Ttem 2 has been proved in [13, Lemma 3.2]. Thus we only need to prove
items 1 and 3.
(1) Since [£] > Kw > ks, we have 8 =1i|5| and vy =1i|y|, which imply

. » _1 abl(f) b(&) *Z:C(f)fl 1 M
with

a1(§) = ul& (| = 1B81) + k218l a2(8) = pl&3 (Iv] = |B) + K21B1),  as(€) =w?|yl,
b(&) = —n&r&a (vl = 1BI), (€)= 2pulg]* — w? — 2l Bl

Tt is obvious that a;(£), b(£), ¢(§) € R. Then from (3.2) we obtain

_ 1

Mi(§)

with p(¢) = |€]? + By. Hence it remains to prove that M, () is positive-definite if
|€] > Kw. To this end, we should verify

i)ai (&) >0, ii @l b(E) ‘>0, iii) det M1 (§) > 0.

b(§)  az(§)

(i) By direct calculation, it is obvious that

a1(§) = ul(| - 181)&3 + k218I]
(1> = 181°) + k281 + 1BlID)

v+ 18]
Gk + &k + K21 Bl|y| - Kok
v+ 18]
(1€ — k2)k2 + k28] 1]
3.3 > 4 > 0.
3:3) A+ 18]

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Here the condition |{| > Kw > ks is used in the last step.
(ii) Denote g(¢) = (|y| —|3])|€]? + k2|B|. Similarly to (3.3) we have g(£) > 0. Then

one arrives at

ai(§)  b(g) ‘
b(E) az2(§)
=ajag — b2

= 1®[(Iy| = 1BDI& 12 + E218][(7] = 1BD)|&l® + K2(8]] — 12E€5 (1] — |18])?
= 12k2|Blg(€) > 0.

(iii) Denote h(€) = 2616b(€) — a1 (€)E2 — ax(€)€2, then it can be verified that

() =as(©) | ) N |+ (0028 + 20l - an(©02)
(3.4) = 12k2|BlI71g(€)w? + ¢(€)*h ().

Direct calculation implies

h(€) = — 205 (Iv] — IB]) — n&E (€ (vl — 18]) + k2181]
— &3 (v = 18]) + £2181)
(3.5) = — pu(ly] = 1BNIE* — k2| BlIE)> = —plEPg(€).

Combining (3.4)—(3.5) gives
det(M(€)) = g () {KIBI1Y] = [EP1211 (7] = 18]) + k313

2 12 2
—fﬂ@{%wmwwm”@’kQ }

18]+ 11
=1’g(€) ( uld
d(&) = ks (V181 = 1P (] + 1812 + 4y | (k3 — k) (7[&5 + 181k2) 1€

v +181)?
Hence we only need to verify d(¢) >0 for [¢| > Kw. Taking |¢|*> = K'k? implies

+ k2

with

(&) =k[(V(K' = a)(K' = 1) = K)(VK' =1+ VK’ — a)?
+4(1-a)K'VK' —1(VK' = a+aVEK' —1)]
>E~(VK' —a+ VK —1)? +4(1 - a)K'VK' — 1la(VK' —a+ VK’ —1)]

with o :=k2/kZ = pn/(A+2p) < 1. In order to show d(£) >0, we will verify

2(1 —a)aK'VK' —1>VK' —a,

K’—1> 1
K'-a  2(1-a)a’

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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For |¢] > Kw = w(\ + 2p) /(u/ A + 1), we can verify that K’ = [£|?/k? has the lower
bound

4— 1 1 A+ 2u)2
K’>max{ a, } :( +2u) )
3 Ta(l—a) al—a)  pA+p)
Then we have
K-1 1 1
S [ —
K—a™ 2 a(l —a)

which guarantee (3.6). In summary, the assumption |¢| > Kw leads to d(£) > 0, which
gives det M (§) > 0.
(3) For p(€) = |€|* + B, direct calculation gives

k2 <ol < kyks, 0< €] <Ky,
(3.7 k2 <|pl<k2, kp<I[¢|<ks,
ckw? <|p| <k2, ko <[] < Kuw,

with

e = K2 = /(K2 = 1/p) (K2 = 1/(A + 21)) > 1/ (A + 2p).

Here to derive the inequality for ks < |¢| < Kw we have used the fact that the function

(&) =167 — \/I€? — k2 /[€]? — k2

is decreasing with respect to |£| for || > ks. We also compute v — 3 as

W~ 18l 0< g <k,
y— =R P -\ — g2 =1 hl—ilsl, Ky <l€[<ks,
i = 18]),  [€]> ..

Then we immediately obtain

Iy = Bl < k3 — k3, 0 <|¢] < kp or [§] > ks,

Y= Bl= VWP +I1B12 = \/kZ = k5, kp <[] <ks.

To prove the third result, it suffices to verify the inequality M;; < Cw for i,j =
1,2,3 and [¢| < Kw. For Mss, by (3.7) we have

(3.8)

(3.9)
) w?ks /by =w(X+20) / /1, 0<[¢] <k,

w
Ml =| 5| < {2\ R = E O by <l <R

W2 \/K2w? — k2 /cxw? =w\/K? —1/p/ck, ks<|€] < Kw.

Similarly, M3 and M3 can be estimated using (3.7) by

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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| M23| = [Ms32]

_ 2
(3.10) =‘M <4 2k wha /K2 = w2y Ti+ (4 20) [V hy < JE] < b,
p 2uKw + KUJS/CKwQ =w(2uK + K/ck), ks < €] < Kw.

{ 2pkp + w2 [kp =w2p/VATF 20+ VAT 20), 0<|E] <kp,
<

It is obvious that |My3| = |M3;| can also be estimated by the right-hand side of (3.10).
It remains to estimate M1, Mas, Mio, and Ms;. For convenience, we write

A+p

k2 k2 Cy,w with C _—
e MO 200

Combining (3.7)—(3.8) gives

IRBIEEE
N p
p(wCh p + k2 [kyp) = w(uCh . + VA +2p), 0 <[] < kp,
(3.11) < M(CA,uWkg/kg + wCA,u’ff/kf)) =2wC (A +2p), Ky <[] < ks,
W(HC\W I fexc + /KT =T\ + 290 fexc), ke < |€] < K.

Obviously, |Maz| can also be estimated by the right-hand side of (3.11). For |Mis|
and | Mo |, we combine (3.7)—(3.8) to obtain

[Myo| = [ M|
(3.12)
w,uCA 1wy 0<|f|<kp7
\s O 12 = 0O\ + 20 Ci ky < [€] < b,
pK2C) yw?/exw? =w(uK?Cy ) ek, ks < €] < Kw.

§162(y — B)

<K
P

Combining the above results (3.9)—(3.12), we have

Craw, 0<[€] <k,
||MH < CK,2wa kpg ‘E'Sksa
Cksw, ks<[|{|<Kuw,

with
A+2u 21
Cka :max{ , F VA 20, pCOx o+ A+ 20, nCh o s
VI VA 20 : a
A+ p)(A+2 A2
Cm:max{ (“)L“) (A 20)C 0, 2071+ 2 QCM(A+2M)},
VJE2-2 2 2 K2 — 1
K K=C K=C A2u
C’K73:max 7H,2/,LK+77IU )\,u’/J' )\,u+ +2
CK CK CK CK CK
It can be verified that
A2 A+2
Cg1<2 M7 Ckp2 < Ry 20 +2u)Cx p + 24/,
i
and
K K2C
O < — + B2 4 o)k
CK CK
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Recalling that cx > 1/(\ + 2u), we have

max{Cx 1, Cx.2, Cx3} <2\ +4p) K + (X + 2u) K2 4+ 2(A +2))Cy .

=2+ 4K + (p(A + 20) K* +2(0 + 2#”\/@.

The proof is completed. 0

Recall that there exists a constant Cy = Cy(h, L, m, M) > 0 independent of w such
that

(3.13) IVullZags,ys = 1/Collully;,,  ullie,) < Collull?,

for all u € V},. The well-posedness result for small frequencies is stated below.

THEOREM 3.3. Let K,Ck > 0 be given as in Lemma 3.1. Then there exists a
small frequency wy >0 such that the variational problem admits a unique solution in
Vi, for all w € (0,wp].

Proof. 1t is clear that ||V x ul[2(g,ys < [[Vul|72(s,ys- Now it follows from the
definition of B and Lemma 3.1 that

RB(u,u) = 20|Vl Fags, e + AV - ullTags,) = #lV X ullfz(s, s
—wQHuH%z(Sh)g f§R/ - Tuds
I'n
(3.14) = 2MHVUH%2(sh)3 + AV U\|i2(sh) —pl[V x U||2L2(sh)3 _W2||UH2L2(sh)3
+/ Re(fi/\/l(f))ﬂ-ﬁd€+/ Re(—iM(€))a - adé
[§I<Kw |€]>Kw

> [Vl 5,5 — w3l s, 0 + /m« Re(— IM(€))it- idé

(315) > ulVulas,y — wlulliss,y — Cx Cowllul?,

where the constant Cx >0 is given by Lemma 3.1.3 and the constant Cj is specified
in (3.13). By Lemma 3.4 in [7] we have the following Poincare’s inequality,

(3.16) [ullZ2(s,ys < (h=m)[|0sullZ2g,)s < (h—m)[Vulizs,)s, uE Vi

Using (3.14)—(3.16), we obtain the estimate

RB(u,u) > (pn/Co —wCy Cx —w?(h—m)) |[ull3,
> (1/Co = woCo Cx — wi(h—m)) |lullf,,

for all u € V}, and w € (0,wp]. Choose wy sufficiently small such that
/J/CO —woCy Ck —w%(h —m) > 0.

The proof is completed by applying the Lax—Milgram theorem. |

4. An a priori bound for smooth surfaces. In this section, we establish an
a priori bound for a smooth surface at any frequency. The attractive feature is that
all constants in the a priori estimates are bounded by explicit functions of w, h, m, M,
and L.
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LEMMA 4.1. Let u € V}, be a variational solution to (2.17) with g € Vj,. We have
IV - ullZoqrys IV X ullFarys <Ot llgllz(s,)s 18sullL2s,)e

where Cy = 4p~ (1 + L?)Y2(w/\/E (h —m) +1).
Proof. By [13, Lemma 4.1], we have the following Rellich identity:

2R [ (pAu+ (A +p)VV - u+w?u) - dsude
Sh

(4.1) = (—/F—&—/F >{2§R(Tu-83u)—1/35(u,u)—|—w2|u|2}d8.

Noticing that u|r =0 implies v x Vu,;|r =0 for j =1,2,3, by direct calculations (see
[11, Lemma 5]) we have

(4.2) Tu - 031 = v3& (u,u) = p|0yul?vs + v3(A+ )|V -ul> on T.

From [13, Lemma 4.2(ii)] we also have the following two identities:

(4.3) /F [2R(Tu-057) — £(u,m) +?[uf }ds

% /|£|<kpﬁ (6) Ap(6)[2de +2u / 22(6) [ As(€)[2 de

€1 <ks

:20)2 : AP 2d 2 As 2d ’
{/s<kf(f>' R GG 5}

o e — 2 2 (£)]?
\S/Fh Tu-uds /|5|<k,,w B(E)AL(E)] df‘*’/ 1y (&) As(§)[7d€

€<k s

(4.4) —w { /|g|<kp5<§)"4p(§)' a + /|£|<ksv(£)As(£)| ds}.

Here we have used the relation |A4(€)|? = k2| Ag(€)|2. Note that the identity (4.3)
corrects a mistake made in [13, formula (4.1)]. Hence, combining (4.1) and (4.2) gives

B / plovu)?vs + vs( A+ )|V - uf? ds
r

(4.5) :/ 2R(Tu - O31) — v3& (u,0) +w?|ul® ds — 2R [ gzt da.
Ty Sh

Using (4.3) and (4.4) and taking the imaginary part of (2.17), we get
/ {2?)%(Tu -030) — E(u, ) +w2|u|2}ds < QkS%/ Tu - uds
I'p

I'n

(4.6) < 2]4:5%/ g - uds.
Sh
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Combining (4.5) and (4.6) then gives the estimates
- / plopulPvs + vs( A+ p)|V - ul* ds
T

< 2k53/ g-udx — 2R g - Osudx
Sh Sh

w
<20l (Sl + 1ol
(4.7) < 2(w/vi(h=m) +1)llglZz(s, )2 105ullZa(s, o
where the last identity follows from (3.16). Since
1
(4.8) vs(x) = — <—-(14+L»Y?2<0 onT,

VI+IVe [
from (4.7) we obtain that
IV ullfzry + 10vullfe s
(4.9) <27 1+ L) (w/ i (B = m) + D)l|glFa s, o 105l 725, )0
Finally, using © =0 on I" and the identities in [11, (4.17)] we have
3|V x ul? = v3(|Vul|* = |V -ul?) = v3(|0,ul®* = |[V-ul|*) onT.

Thus, ||V X u|z2(r)s can also be bounded by the right-hand side of (4.9) multiplied
by two. 0

We next need to derive estimates for the L2?-norms of the scalar function V - u
and the vector function V x u on the artificial boundary I'; and also over the strip
Sy with H =h + 1. The derivation is based on the a priori bound for the Helmholtz
equation in [7]. By (2.5), we define

i

i
Y= 2 7.9
kp

5 VXu in 3> h.

V- u, w::k

Since both ¢ and % satisfy the Helmholtz equation (2.6) and the UASR (2.8), one
has the following DtN map on the artificial boundary I'g,
(4.10) Tw=F (inFw), weH*(y)?,

where d=1, n=0 if w= ¢ and d =3, n = if w =1. Moreover, T is a bounded
linear map of H'/2(T')? to H=/2(T'y)? by [7, Lemma 2.4]. From Lemma 4.1 we can
estimate the L2-norm of the trace w=V -u,V x v on I as

(4.11) [wl|72(rya < Crlw, by L)[|gll L2 (5503 1056l L2 (552

The following lemma provides estimates for w on Sy and the trace of w on I'gy.

LEMMA 4.2. Assume that w satisfies the Helmholtz equation
(4.12) Aw+Kk*w=gy in Sy, 83w=7~—w=.7:_1(i\/k2—§2]:w) onTx,
where go € L?(Sg). Then there holds the estimate

(4.13) w20 < lwllzz (s < ColLs ks h)[wll ey + Cs(ky h) I goll 2(su)
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with
Co(L,k,h)=C(1 4 L)Y*VH —m(1 + k(H —m))
and
Cs(k,h)=C(H —m)(1+ k(H —m))?/k,

where the constant C' is independent of L, K,m, and h.
Proof. Consider the boundary value problem of finding v € H'(Sg) such that

(4.14) (A+k)w=w in Sy, v=0 on I, dsw=Tv on Iy.

By [7, Lemma 4.6] the boundary value problem (4.14) is well-posed with the following
estimate:

(4.15) V0l 2(sa) + Ellvll L2 (say < CO+EH —m))*(H = m)w]| 2(sy)-

We first prove that ||(‘3,,v||2L2(F)3 < C||wH2L2(SH) for some constant C' > 0 depending
explicitly on w, H, and the Lipschitz constant L of I'. The Rellich identity for the
Helmholtz equation gives

2R 030(Av + k*v)dx
Su

(4.16) _ / + / (2R(Dy00s7) — vs| Vo[ + vsk?|v|2)ds,
r Jry
which can be proved in the same way as (4.1). From [7, (4.13)] it holds that

{2R(0, 0050 — v3|V|* + v3k?|v|*) }ds < 2/4;%/ oTvds

FH FH

(4.17) < %S / vidz.
Su

Moreover, using the identities in (4.17) of [11] on I" and the bound for v5 in (4.8) one
has

- / {2R(0,v030 — v3|Vv|* + v3k?|v|?)}ds = —/ v3|0,v|*ds
Tu r
(4.18) > (1+ L2) 720,020y

Plugging (4.17) and (4.18) into (4.16) and using (4.15) yield the estimate

ayu;(r)g(uﬂ)l/?{m wé)gvdeer%/S ﬁn‘)dx}
H

SH
<21+ L) ||w|| 2 sy kN0l 2(s00) + V0l £2(500))
(4.19) <CA+LHY*(H —m)(1+k(H — m))? w2,

where the constant C' is independent of w and L,m, h, k.
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Now we prove the second inequality in (4.13). Following the approach of [10,
Lemma 7], we obtain that

{wAv —vAw}dz = / {wd,v —vo,w}ds + / w0, ds
SH Ty r

= {wTv — vTw}ds + / wdyvds
Tu r

= / wd,vds.
r

Note that v =0 on I, and the DtN operator T defined in (4.10) is symmetric (see
Lemma 3.2 in [7]). Thus,

/ |w|2dfc:/ w(Av + k*v)dx
SH SH

:/ v(Aw—!—ka)dx—l—/w&,vds
S r

:/ vgodx—l—/w&jvds.
Su r

Noting (4.15) and (4.19) one has

||w||%2(sH) < HU||2L2(SH)||90||2L2(SH) + ”w”%2(1")”avv||2L2(F)
<OVE —m(1+ L)Y + k(H — m)l|w] 25 w2y
s —m) S ol
Then the following inequality is proved:
(4.20) [wllz2(s,) < ColLs ks W)l 2y + Ca (ks )llgoll 2 si)-

To estimate the first inequality in (4.13) we use

/ \w|2ds§/ lw|?ds forallc € (h, HJ,
'y e

which follows from the proof of [7, Lemma 2.2]. Then we have

(4.21) (H — h)/ |w|2d:c§/ |w|?ds §/ lw|?ds.
I'u Su\Sh Su
The estimate (4.13) is proved by combing (4.20) and (4.21). 0

Next we prove the estimates of the L? norms of V- v and V x v on Sy and I'g.
Using Lemma 4.2 for w=V-u and V x u with go = (A+24)V-g and pV x g in (4.12),
respectively, and (4.11), we obtain the estimate

IV ullZa s,y + IV X ullas,,0
(4.22) < Ca(w, h, L)*C1(w, b, L) gllv, 10sull 2(s,0)2 + Ca(w, 1) [lgI3,

where

Cy(w,h, L) =C(1 + LHYAVH —m(1 4+ w(H —m))
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and
Cs(w,h) =C(H —m)(1 4+ w(H —m))?*/w.
In a similar way, from the estimates (4.13) and (4.11) we have the bound

IV ullZoqr,y + IV X ullZar,,ys
(4.23) < Co(w, h, L)*C1(w, b, L) | gllv, |0sull 2(s )2 + Ca(w, h)? gl

The following theorem provides the a priori bound for the solution to variational
problem I dependent on the frequency and geometry of the rough surface.

THEOREM 4.3. Assume that T is given by the graph of a Lipschitz function f
satisfying (2.2), and that u € V3, is a solution to the variational problem (2.17). Then
there exist a constant C' independent of w,h, and the Lipschitz constant L of f such
that the following a priori bound holds,

Hu”Vh < (h —m+ 2)(04(Wﬂh) + C5(w7h> + CG(wﬂh7L))||gHVh,7
where

Ci(w,h)=C(h+1-—m)w, Cs(w,h)=CvV1+w 1C5(w,h),
Co(w,h) =C(w™ +1)C1(w,h, L)Cy(w, h, L)

Proof. We first assume that f is smooth. Multiplying both sides of the Navier
equation by (z3 —m)dsu, integrating over Sy, and using integration by parts yield

2R [ (A* +wu- (x5 —m)dsude
Su

3
:/ E(u,u) — 2R ZE(U, (z3 —m)e;)dst; p —w?|ul® p dx
Su =

(4.24) + (/FH +/F> [—v3E (u, @) 4+ 2R(Tu - O3) + v3w? |ul?](z3 — m)ds.

Letting v =u in the variational formulation (2.17) gives

[S (8w, @) — w?|ul}dz — R IM(E)ae, H) - (¢, H)de

l€1>Kw

(4.25) =R/[ gade+R IM(€)a(e, H) - a(€, H)dE.

Su [¢]<Kw

Taking the real part and using Lemma 3.1 we have

{E(u, 1) — w?|u|}dx
Su

(4.26) <-R[ g-adz+R iM(&a(¢ H) -a(é, H)dE.

Su |€|<Kw
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From (4.24) and using (4.26) and (4.2), we have

3
/ 2?)?{ Z m)e; )03 }dx
St 1

(:cs —m){u|d,ul® + N+ )|V - u*}rsds

\

/ {E(u,0) — w?|u|*}dx — 2§R/ (AN + w)u - (23 — m)Oszuda
Su

+(H —m) g {2R(Tu - 311) — E(u, @) + w?|ul*}ds

{=Rg-u—2R(g- Osu)(xs —m)}dz + R IM(E) g (€) - (§)dE

SH [§]|<Kw
(4.27)

+(H-m) g {2R(Tw - O31) — E(u, 1) + w?|u|*}ds.

As [M(E)]| < Cw for all |€] < Kw, one has
@) R MO in©i<cl [ Jan@a
€< Kw

[§|<Kw

Using (4.28), the Plancherel identity and (4.23) give

4 wk? 2 2
B[ MO (e Cuk [ (14O + A0

€| <Kw
< CWkE(HApHm(W) + | As 12 (r2))
< Owk(llelZ g2y + 191172 (z2s)
<CwTH IV - ullfaqr,) + IV < ullfa e
(4.29) < Cw™ " (Ca(w, h, L)*Cy(w, b, L)||gllvi, 105l 2(s,0)2 + Calw, h)[lgl3,) -
where ¢ and 1 are introduced by (2.5) which satisfy the Helmholtz equations (2.6).

From the estimates (4.6) and (3.16) we have the following estimate for the last
term in (4.27):

/{2§R(Tu~83ﬂ75(u,ﬂ)+w2|u|2)}ds§2k5%/ g-udzx
FH SH

< 2ksllgllvillull L2 (sp)s
(4.30) < C(H = m)ks|lgllvi,[105ull L2(s 2 -

Combining (4.29)-(4.30) and (4.27) and noting that the second term in (4.27) is
nonnegative, we have

/SH 2?)?{ Zc‘! e])agu]}dx

<C(H - m)W||9||L2<sH)3 [05ull r2(s )2 + Clw™ +1)
(4.31) x (Ca(w, h, L)*Cy(w, h, L)||gllv, 0sull L2(s)s + Cs(w, k) llgllF, ) ,

where the Poincaré inequality (3.16) is used in the last step.
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Direct calculations yield
S(U, (1‘3 — m)el)agﬂl = 2M|83U1‘2 — u(83u1 — 81U3) 83@1,
E(u, ($3 - m)eg)ag’ljg = 2,u|83u2\2 + ,u(@w;:, — 8311,2) O3z,
E(u, (x5 —m)e3)O3tz = (X + 2)|D5us|* + A(Orus + Oauz) O3s.

Hence,

3

/ Z .Z’g — e])83uj}dx
S =

= 2(A + 21)[|95us|7 25,y + 4110311 [ T2 (5,08 + |1B3u2]T2(5,005)
+ 2\ < Ohu103uzdr + R 82U283U3d$>
SH SH
(432) — 2M§R {/ (03’11,1 — (“)1u3)83ﬂ1 — (62u3 — 83U2)83’U,2d$} .
Su

Letting C, C >0 be two positive constants, we get

/ 28R ZE .133— 6])6317,j d.]?—FCHVu”%z(SH)+é||VXuH%2(SH)3
SH
(4.33)
=h+L+13+14
where

L= [C + 20+ 20)][|05us|72 (5,2 + Cll1u 725, )2 + Cllduzl|7a(s,,)s

+ (20 + 2)\) (% 81u183123dx + 3% 62U263’L_L3d1‘>
SH SH

+ 20(1 - 6)§R 81u182ﬁ2d:£
Su

:/ A[D1uy, Oaug, Dzuz) " - [Ori1, Oaliz, Ozi] " du,
Su

C C(l—e¢) A+C
A=1C(l—¢) C A+C ,
A+C A+C CH2(A+2p)

.[2 = 4:“’”83/“1“%2(5;1)3 + 5“631141 - 81u3||%2(SH) — 2,U,§R/ (83’[1,1 — 81u3)8361dm7
SH

I3 = 4N||83UQH%2(SH)3) + 6”82113 — 83u2||iz(5H) + 2/145}% / (3QU3 — 83u2)83ﬂ2doc,
Su

(4.34)
1= éHr%ug - (92U1||%2(SH) + 206%/ Ohu10xad.
Su

If 0 < e < 1, then the matrix A is strictly positive provided Det(A) > 0. A direct
calculation gives

Det(A) = C(—C?%e® + (8pe — 2(A 4+ 2u)€?)C — 2e)?).
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Let € be sufficiently small. Taking C' = 47“ — (A+2u) > 0, we have
Det(A) = C((4p — e(A+2u))? — 2eA?) >0

if € is chosen to be sufficiently small. Hence, the matrix A € R3*3 is strictly positive
for sufficiently small e >0 and C' = % — (A+2p). This gives

(4.35) I > Co ([|01ur 1725, + 102021725,y + 105us]|T2(s,09)s

where the constant Cy > 0 only depends on A and u. By arguing in the same manner
one has for C' > u?/4 that

(4.36) Iy > Co ([|03u1 (725, + 1051 = Drusll7z(s,,))s
(4.37) I3>C) (||83U2H%2(5H) + [|O3uz — 82u3||2L2(SH)).

By using integration by parts we have

ﬁlulagﬂgdm:/ I/lulagag dS-’-/VlulaQ’L_LQdS—/ UlalaQ’L_LQdCC

Su Ty r SH
= —/ ulalagﬂzdx
SH
= —/ l/gulalﬂg ds — / Vgulal’fLQdS + 62u181712dx
'y I SH
= O O uod,
Su

where we have used u1 =us=0on I' and 1 =9 =0 on I'y;. Then we have

Iy= B[0yu2,dous,]" - [O1iiz, otiy,] " da,
S

B Né’ —éj— eC
T\ —C+eC C ‘

It is easy to see that B is strictly positive, which gives
(4.38) Iy 2 Co(||0ruzll72 s, + 102ur]72(s,))

if Cl > eC = 4p — (A + 2p)e. Hence, it follows from (4.33)—(4.38) that there exist
C,C >0 such that

3
/s 2R ZS(u, (x5 —m)e;)3t; o dz + C||V - ull 25, + CIV X uf|F2(s,s
(4.39)
> Co [ Vull72(syys-
Using (4.22), (4.31), (4.39), and the Poincaré inequality (3.16) for u we obtain
[1ull¥, < (Calw, h)* + C5(w, h)* + Co(w, h, L)?)|lgll3;,-

Now the a priori bound for a smooth profile has been proved. It can be extended
to the case of a Lipschitz function by the method of approximation in [10]. Since
the approximation arguments are standard, we omit the details for brevity. This
completes the proof. O
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5. Well-posedness for random rough surfaces. In this section, we investi-
gate the well-posedness of elastic scattering by a random rough surface. Let (Q,.A,P)
be a complete probability space. Denote by S(7) a random surface

T(n):={reR3:x3=f(n;2'),n€Q,2' €R?}.

Similarly, D(n) and Sp(n) represent the random counterparts of D and S}, respec-
tively. Assume f(n;z’) is a Lipschitz continuous function with Lipschitz constant
L(n) for all n € Q and it also satisfies m < f(n;2’) < M. The random source g(n) is
assumed to satisfy g(n) € L*(D(n))3 with its support in Sy (n). Similarly as in the
deterministic case, we can give the following random boundary value problem:

A*u(n;-) +w?uln;-) =g(n;-) in Su(n),
u(n;:)=0 on TI(n),
Tu(n;-)=Tu(n;-) on TI}.

For simplicity, let V4, (1) = V4, (Sk(n)). Define a sesquilinear form B, on V3, (1) x Vi.(n)
by

(5.1) Bn(u,v):/ E(u,v) —wu-vdx — Tu-vds,
Sn(m) T

and an antilinear functional G, on V;, (1) by
(5.2) Gy(v):= —/ g(n) - vdx.
Sh ("7)

To define the stochastic variation problem directly is not suitable since Vj(n) is de-
pendent on 7. We take a transformation of variable to give a new sesquilinear form
defined on V;, x Vj,. Let fo = f(no) and go = g(no) for some fixed 1y € Q and write
D = D(no), Sh = Sn(no), and Vi, = Vi (no) for convenience. In addition, we assume
that g(n) € H*(D(n))? and

1f(n) = follioo <My YneQ
with some constant My > 0. Moreover, the truncation height h is chosen such that
(5:3) (M —m)/y<1,

where v = h — sup,, fo(«’). This condition ensures the invertiblity of the variable
transform H which will be introduced later. Since I'j, is artificial, choosing sufficiently
large h will be enough.

Denote by Lip(R?) the set of all Lipschitz continuous functions on R2. Then
define a topological product space

C=0C1 xCy,

where

Ci:={veLip(R*) :m<v<M,|v— foll1.co < Mo}
with constant My >0 and

CQ = H& (Sh)S.
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The topology of C; and Cs, respectively, are given by the norms |[|-[|1,00 and [|-[|z1(s,,)s-
Consider the transform H: Sy, — Sp(n) defined by

H(y) =y +alys — fo")(f(1;9') — fo(y'))es, € D,

where eg is the unit vector in the x5 direction and «(x) is a smooth cutoff function
which satisfies

0, t<o,
a(t):{ 1, t>7,

with sufficiently small § > 0. It is also required to satisfy
(5.4) lo’| < 1/(y —20).

The Jacobi matrix of H is

0 0 O
TJn =13+ 0 0 O ,
Ji Ja T3

where
Ji=a(ys — fo(y")(0if(n;y") = difo(y")) — ' (yz — fo(y' )i fo(yr) (f(m;9") — fo ('),
i=1,2,

and

Js=a'(y3 — fo(y")(f(mv') — fo(y'))-

We look for a sufficient condition for J to be nonsingular such that # is invertible.
According to (5.4), we let

M—-—m
J. .
| J3| < DY

Hence, by (5.3), we can choose ¢ sufficiently small such that

M—m
~—20

|J3| < <17

which implies that H is invertible. It is easy to verify H(I',) =T'. Set
A= (a1,02,a3), B = (B, B2, 83) € C¥*3,
then denote
A:B=tr(B"A)
and

ag B3 —as- B
A®B=| as-B1—a1-fs
ay - fBa— - By
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For w,v € Vj,(n), taking x = H(y) in (5.1) yields
(u,v) =24 ZVujo 1«77-1 1VUJ det Jy dy
S 21

+ A (Vi Ty—1) (Vo : Tpy—1) det Ty dy
Sh

- ,u/ (Jp—1 @ Vi) (Jy-1 @ V) det Ty dy
Sh

—wz/ @ - vdet Jy dy — Ti-vds(y),
Sh

T'n

where i =wuoH, o =voH. Similarly, for v € V,(n), let x =H(y) in (5.2),
Cow) == [ gn)-5det T,
Dp

Recall that we require g(n) € H*(D(n))? and the support of g(n) is in Sy (n). We have
G(n) € HE(Sp)? for all . So we can define the input map ¢: Q2 — C by

c(n) = (f(n),g(n))-

Note that 4,0 € V} for u,v € Vi(n). Thus we can define a continuous sesquilinear
form B, (u,v) on Vj, x V}, by

Bey)(u,v) =24 ) Zvujo 1 T2 VU; det Ty dy
hoj=1

+ A (Vu: «77-1 ) (Vo jH 1) det Ty dy

Sh
—p | (Jy-1 ®Vu)(Jy-1 @ Vo) det Ty dy
Sh
(5.5) w2/ u-vdet Jy dy — Tu-vds(y).
Sh Fh

It is easy to see

Bﬁ (u, U) = Bc(n) (’l], ’l~))
Similarly we can define an antilinear functional G, on V}, by
(5.6) Gy (V) 1= — / G(n) - B et Ty da.
Sh
Obviously, there holds the identity

Gc(n) (’f}) = éﬂ (’U)

Then the sesquilinear form B on L2(Q;V;,) x L2(€; V3,) can be defined by

B(u,v) ::/QBC(W)(u,v)dIP’(n)
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and the antilinear functional G is defined on L?(2;V},) by

G(v) = /Q Goty () AP ().

For convenience, we regard the sesquilinear form Bg,): V x V}, — C as the operator
in B(V4, V') generated by it. Here V}* is the dual space of V}, and B(X,Y) denotes
the space including all bounded linear operators X — Y. Similarly to (5.5)—(5.6),
we can define the sesquilinear form By ) and the antilinear functional G4 ) for all
(¢,1) € C. Then we can define the map %: C — B(V;,, V") by

B((0,0)) = B(y,p)
and the map ¢4: C — V;* by

G((0,9)) =G o)

Now we can define the stochastic variation problem as follows.
Variational problem 11: find u € L?(Q2;V},) such that

(5.7) B(u,v) =G(v), YveL*(QV3,).

We will consider the well-posedness of the stochastic variation problem (5.7). First
we show both the sesquilinear form B and the antilinear functional G are well-defined
which is based on measurability and P-essentially separability of ¢. For measurability
and P-essentially separability of ¢, the following condition is necessary.

CONDITION 5.1. The map c¢1: Q — Cy defined by

ci(n) = f(n)
satisfies ¢, € LQ(Q;Cl) and the map c3: QL — Co defined by

c2(n) = g(n)
satisfies co € L?(%;C2).
We refer to [8] for the definitions of measurability and P-essential separability.
Then we give the following lemma (see Lemma 4.1 in [16]).

LEMMA 5.1. Under Condition 5.1, the map ¢ is measurable and P-essentially
separable.

Then we can prove that the sesquilinear form B is well-defined by the continuity
of # and the regularity of %o c.

LEMMA 5.2
(i) The map B: C — B(V},, V) is continuous.
(ii) The map ZBoce L>(Q;B(Va, V).
(iii) The sesquilinear form B is well-defined on L?(Q;V},) x L2(Q;V},).

Proof. We only prove (i), since (ii), (iii) can be verified similarly to the two-
dimensions case in [16]. For convenience, we only prove the continuity at the point
(fo,90) € C since for other points the proof is similar. Consider the sequence {(fm,gm)}
C C such that (fim,9m) = (fo,90) in C when m — oo. Denote the transform by

Hm(y) =y +alys — fo(y)(fm(¥') — fo(y'))es, y € Dp.
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For any u,v € Vj,,
Bs,..9m) (1, v) — B(u,v)

2
=—2u ) > V(s = Tpyor Ty -1 det Fi, ) VO, da
h j=1

_ )\/ (V- u)(V ) — (Vit: Tyt (V5 T ) det Ty, da
S}L "
- ,u/ (-1 @ V) (Jy 1 @ Vo) det Jy,, — (V xu) - (V x0)dz
S ’
- wz/ u-v(det Ty, —1)da.
Sh

By direct calculations, we have

det T, =14 O(|[fm = folli.oo), Tyt =13+ Ol fin = foll1,00),
which imply that

1B (f1n,9m) (1, 0) = B, 0)| < Cllull g ()2 vl (50 [ fm = foll1,c0-

For m — oo, it turns out that

IB(frrgm) — BllBvi,vir) < Cllfm = foll1,00 = 0.

This completes the proof. 0
Next we give a similar lemma for the antilinear functional G.

LEMMA 5.3.
(i) The map 4: C — V" is continuous.
(ii) The map 4 oce L2($; V).
(ili) The antilinear functional G is well-defined on L*(2;V},).

The proof is similar to Lemma 4.3 in [16]. For any given sampling 7, we consider
the following deterministic variational problem III.
Find u(n) € V}, such that

(5.8) Bc(n) (u(n),v) = Gc(n) (’U) Yo € V.

The existence and uniqueness of solutions of the problem (5.8) has been given in
Theorem 2.1. The a priori bound in Theorem 4.3 can also be used for (5.8). Notice
that for any 1 we have the upper bound

L(n) <L+ M,.

LEMMA 5.4. For any given 1, the variational problem (5.8) admits a unique so-
lution u(n) € Vi,. Moreover, the a priori bound

[ (M ar (s1,m2 < (B =m+2)(Ca(w, h) + Cs(w, h) + Cs(w, b, Lo)) l9(m) || 111 (51 (m))»

holds for u*(n) =wu(n) o H™' with Lo = My + L.
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Proof. If u(n) is a solution to variational problem III (5.8), then u* (1) = u(n)oH ~*
is solution to variational problem I (2.17) corresponding to f(n) and g(n). Conversely,
if u(n) is solution to variational problem I (2.17) corresponding to f(n) and g(n),
then @(n) = u(n) o H is a solution to variational Problem IIT (5.8). So Theorem 2.1
implies existence and uniqueness of solutions to the variational problem (5.7), and
Theorem 4.3 implies the a priori bound. 0

Lemma 5.4 shows the existence of a solution u(n) to (5.8) for given n. In fact,
the following lemma shows u(n) € L?(Q; V},).

LEMMA 5.5. For the solution u(n) to variational problem 111 (5.8), we have u(n) €
L2 (Q, Vh) .

The proof is omitted here since it is similar to the two-dimensions case in Lemma
4.4 in [16]. Based on Lemmas 5.2-5.5, we can conclude the well-posedness of (5.7)
in the framework of [15, 6, 16] and extend the a priori bound to the random case as
follows.

THEOREM 5.6.

(i) wvariational problem 11 (5.7) admits a unique solution u € L*(Q,V},).

(ii) Let u € Vi(n) be a solution to the variational problem 1 (2.17) corresponding
to f(n) and g(n) with n € Q, and let u(n) € L*(Q; Vi) be the solution to
variational problem 11 (5.7). Then u and @, respectively, satisfy the bound

2
| 1l e P
< (h—m+ 2)*(Calw.h) + C(w,h) + Colw, b, Lo))? / -
Q

and

/ 2 s, o d P
Q

§(hfm+2)2(04(w,h)+05(w,h)+C’6(w,h,Lo))2/ HgHip(Sh)sdP,
Q

where Cy(w, h),Cs(w, h), and Cs(w, h, Lg) are given in Theorem 4.3.

6. Conclusion. We establish the well-posedness of the time-harmonic elastic
scattering from general unbounded rough surfaces in three dimensions at an arbitrary
frequency. A priori bounds which are explicitly dependent on the frequency and on the
geometry of the rough surface are derived both for deterministic and random cases.
A possible continuation of this work is to study the elastic scattering by incident
plane, spherical, or cylindrical waves. We hope to report the progress on these results
in subsequent publications.

REFERENCES

[1] I. ABUBAKAR, Scattering of plane elastic waves at rough surface I, Math. Proc. Cambridge
Philos. Soc., 58 (1962), pp. 136157, https://doi.org/10.1017/S030500410003629X.

[2] J. D. ACHENBACH, Wave Propagation in Elastic Solids, North Holland, Amsterdam, 1973.

[3] T. ARENS, The scattering of plane elastic waves by a one-dimensional periodic sur-
face, Math. Methods Appl. Sci., 22 (1999), pp. 55-72, https://doi.org/10.1002/(SICI)
1099-1476(19990110)22:1(55::AID-MMA20)3.0.CO;2-T.

[4] T. ARENS, Uniqueness for elastic wave scattering by rough surfaces, SIAM J. Math. Anal., 33
(2001), pp. 461-476, https://doi.org/10.1137/S0036141099359470.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1017/S030500410003629X
https://doi.org/10.1002/(SICI)1099-1476(19990110)22:1<55::AID-MMA20>3.0.CO;2-T
https://doi.org/10.1002/(SICI)1099-1476(19990110)22:1<55::AID-MMA20>3.0.CO;2-T
https://doi.org/10.1137/S0036141099359470

Downloaded Uo/14/26 10 202.115.19.215 . Redistribution subject to SIA M license or copyrignt; see nttps://epubs.slam.org/terms-privacy

(5]

[6]

[7]

8

[9]

(10]

(11]

(12]

(13]
(14]

(15]

[16]

ELASTIC SCATTERING BY UNBOUNDED SURFACES 1989

T. ARENS, Ezistence of solution in elastic wave scattering by unbounded rough surfaces, Math.
Methods Appl. Sci., 25 (2002), pp. 507-528, https://doi.org/10.1002/mma.304.

G. Bao, Y. LiN, anD X. Xu, Stability for the Helmholtz equation in deterministic
and random periodic structures, J. Math. Pures Appl. (9), 187 (2024), pp. 207-232,
https://doi.org/10.1016/j.matpur.2024.05.014.

S. N. CHANDLER-WILDE AND P. MONK, FEzistence, uniqueness, and variational methods for
scattering by unbounded rough surfaces, SIAM J. Math. Anal., 37 (2005), pp. 598-618,
https://doi.org/10.1137/040615523.

J. DIESTEL AND B. FAIRES, On vector measures, Trans. Amer. Math. Soc., 198 (1974), pp.
253-271, https://doi.org/10.1090/S0002-9947-1974-0350420-8.

J. ELSCHNER AND G. Hu, Variational approach to scattering of plane elastic waves by
diffraction gratings, Math. Methods Appl. Sci.,, 33 (2010), pp. 1924-1941, https://
doi.org/10.1002/mma.1305.

J. ELSCHNER AND G. Hu, FElastic scattering by unbounded rough surfaces, STAM J. Math. Anal.,
44 (2012), pp. 4101-4127, https://doi.org/10.1137/12086203X.

J. ELSCHNER AND G. Hu, Scattering of plane elastic waves by three-dimensional diffrac-
tion gratings, Math. Models Methods Appl. Sci., 22 (2012), 1150019, https://doi.org/
10.1142/50218202511500199.

J. ELSCHNER AND G. Hu, Elastic scattering by wunbounded rough surfaces: Solvability
in weighted Sobolev spaces, Appl. Anal., 94 (2015), pp. 251-278, https://doi.org/
10.1080,/00036811.2014.887695.

G. Hu, P. L1, AND Y. ZHAO, Elastic scattering from rough surfaces in three dimensions, J. Dif-
ferential Equations, 269 (2020), pp. 4045-4407, https://doi.org/10.1016/j.jde.2020.03.022.

V. D. KUPRADZE, ET AL., Three-Dimensional Problems of the Mathematical Theory of Flas-
ticity and Thermoelasticity, North-Holland, Amsterdam, 1979.

O. R. PEMBERY AND E. A. SPENCE, The Helmholtz equation in random media: Well-
posedness and a priori bounds, STAM/ASA J. Uncertain. Quantif., 8 (2020), pp. 58-87,
https://doi.org/10.1137/18M119327X.

T. WANG, Y. LIN, aAND X. XU, A priori bounds for elastic scattering by deterministic and
random unbounded rough surfaces, CSIAM Trans. Appl. Math., 4 (2023), pp. 696-720,
https://doi.org/10.4208 /csiam-am.SO-2023-0001.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1002/mma.304
https://doi.org/10.1016/j.matpur.2024.05.014
https://doi.org/10.1137/040615523
https://doi.org/10.1090/S0002-9947-1974-0350420-8
https://doi.org/10.1002/mma.1305
https://doi.org/10.1002/mma.1305
https://doi.org/10.1137/12086203X
https://doi.org/10.1142/S0218202511500199
https://doi.org/10.1142/S0218202511500199
https://doi.org/10.1080/00036811.2014.887695
https://doi.org/10.1080/00036811.2014.887695
https://doi.org/10.1016/j.jde.2020.03.022
https://doi.org/10.1137/18M119327X
https://doi.org/10.4208/csiam-am.SO-2023-0001

	Introduction
	Problem formulation
	Analysis of the variational problem for small frequency
	An a priori bound for smooth surfaces
	Well-posedness for random rough surfaces
	Conclusion
	References

