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This paper is concerned with an inverse wave-number-/frequency-dependent
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unknown source term is supposed to be compactly supported in spatial vari-
ables but independent on one spatial variable. The dependence of the source
function on wave-number/frequency is supposed to be unknown. Based on the
Fourier-transform and Dirichlet-Laplacian methods, we develop two efficient
non-iterative numerical algorithms to recover the wave-number-dependent
source. Uniqueness proof and increasing stability analysis are carried out if
the boundary measurement data of Dirichlet kind are available. Numerical
experiments are conducted to illustrate the effectiveness and efficiency of the
proposed methods.
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1. Introduction and motivations

1.1. Statement of the problem

Consider a time-dependent acoustic wave radiating problem in R? (d = 2,3) with the homo-
geneous initial conditions

MU (x,0) — AU (x,t) = =S (x,1), xR >0, (W
U(x,0)=8,U(x,00=0, xeR? '
where x = (X,x4), ¥ = (x1,%2, -+ ,x4—1) € R¥~! and U(x, ) represents the wave field. To state

the motivation of our problem, we suppose that the source term S(x, ) is excited by a moving
point source along the trajectory a(z) : Ry — R? for t € [0, 7], where R, := {t € R: ¢ > 0}.
More precisely, we suppose that the source function takes the form (see e.g. [22])

S(x,t)=0(x—a(t)x (1), x ER 1€ R,. (1.2)

Here the symbol § is the Dirac delta function and y is the characteristic function over the
interval [0, 7], given by

(1, t€10,7],
X@—{o, +¢[0.7]

Assume further that the point source moves smoothly on the hyperplane x; =/ for some
h >0, so that the trajectory function can be rewritten as a(t) = (a(¢),h), where a(t) : Ry —
R4 is some smooth function. By (1.2), the source function can be rewritten as S(x,t) =
0(x—a(r)) x(t) 6(xy — h). Physically, the Delta function can be approximated by functions
with a compact support in the distributional sense. Hence the source term S(x,f) can be
physically approximated by F(X,7)g(x,), where F and g have compact supports. Below we
shall identify S(x,7) with F(X,)g(x,) for the convenience of mathematical analysis, that is,
S(x,t) = F(x,1)g(x4). The solution of problem (1.1) is given explicitly as

_/]R+ /Rde(x_y”_T)S(y,T)dydT
7/]R+ /Rde(X7y;th)F(J~’vt)g(Xd) dydr

U(x,1)

for all x € R? and 7 > 0, where
H(t—|x])

Vi d=2, |x|#t,
Gy(x;1) = ?{VTBMZ xeRY >0
r—|x
_— d=3 t 0
47T|.x| ) ? |X|¢ ? |'x|7_é I

is the fundamental solution to the wave equation in R¢ and H is the Heaviside function

I, if >0,
H(T){o, if 7<0.
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The n-dimensional (n = 1,2) Fourier and inverse Fourier transforms in this paper are defined
respectively by

(Fep)(r) = / p(€)eEdE, TR,

_ 1
(277)"/2
(F7'q) () = (%TI)H/Z/RWC](T)eindT, £cR”,

where the subscript denotes the variable to be Fourier or inverse Fourier transformed. The
inverse Fourier transform of the source term can be expressed as

(F'F) (%,k) g (xa) == f(%,k) g (xa) -
It is obvious that the spatial function ¥ — f(X, k) is compactly supported for all £ > 0. The
temporal inverse Fourier transform of U(x,-) is given by

u(x,k) == (F'U) (x,k) = By (x—y;k)f(3,k) g (va) dy, xe€R k>0, (1.3)

\/ 2m /Rd
where ®4(x; k) is the fundamental solution to the Helmholtz equation (A + k?)u =0 in R,
given by

SH (x—yl), d=2,
g (x—yik) = (F'Ga) (x=yik) = ikge xy R, x#y.

A 1. d:37
Amlx—y|

Here H(()l) is the first kind Hankel function of order zero. Applying the inverse Fourier transform
with respect to the time variable to the wave equation (1.1), one obtains

Au(x, k) + Ku(x, k) =f(%, k) g (xa),  x=Fx5) ER! k>0. (1.4)
Moreover, the radiated field u(-, k) satisfies the Sommerfeld radiation condition at infinity
lim rT (Ou—iku) = 0,r = x|, (1.5)

which holds uniformly in all directions % = x/|x| € S9~! ;= {x e R?: |x| = 1}.

Denote by Bz C R the sphere centered at the origin with the radius R > 0 and by 9B :=
{x € R?: |x| = R} the boundary of Bg. The unit normal vector v at the boundary 9By is sup-
posed to direct into the exterior of Bg.

We make the following assumptions on the source functions f(X, k) and g(x,):

Assumption 1.1. (a) There exist a subdomain D C R4 and a subinterval H C R such that

supp g = H, supp f{(-, k) = D, (D x H) CC Bg.
(b) f(-,k) € L*(Bg), where Bg := {x € R%"!: |3| <R} and g € L*(—R,R).
(¢) The source function f(x, k) is analytic W1th respect to k, g is a priori known and g # 0.

In this paper, we are interested in the following inverse problem:
(IP): Determine the source function ¥ — f(x, k) € L?(Bg) for all k >0 from knowledge of the
multi-frequency near-field measurement

{u(x,k) : x € OBg, k € [kmin,kmax] } (1.6)
where [kmin, kmax] denotes an interval of available wave-numbers with 0 < kyin < kax-

3
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1.2. Literature review

Inverse source problems in wave propagation are of great importance in various scientific and
engineering fields such as antenna design and synthesis, medical imaging and photo-acoustic
tomography [3, 18, 21, 31]. Consequently, a great deal of mathematical and numerical res-
ults are available, especially for wave-number-independent source problems of the Helmholtz
equation. In general, there is an obstruction to uniqueness for inverse source problems with
single-frequency data due to the existence of non-radiating sources [10, 26]. Computationally,
a more serious issue is the stability analysis, i.e. to quantify how does a small variation of
the data lead to a huge error in the reconstruction. Hence it is crucial to study the stability of
inverse source problems. Recently, it has been realized that the use of multi-frequency data is
an effective approach to overcome the difficulties of non-uniqueness and instability which are
encountered at a single frequency. In [5], Bao et al initialized the mathematical study on the
stability of inverse wave-number-independent source problems for the Helmholtz equation
by using multi-frequency data. In the recent works [4, 5, 11, 15, 23], uniqueness and sta-
bility results have been proved for recovering source terms from multi-frequency boundary
measurements. In [5], the authors treated an interior inverse source problem for the Helmholtz
equation from boundary Cauchy data at multiple wave-numbers and showed an increasing
stability estimate. A uniqueness result and numerical algorithm for recovering the location
and shape of a supported acoustic source function from boundary measurements at many fre-
quencies were shown in [11]. The approach of [15] also provides inspirations for establishing
uniqueness result. It was shown that an acoustic source of the form S(x,k) = f(x)g(k) can
be identified uniquely by boundary measurements of the acoustic field. The proof relies on
complete sets of solutions to the homogeneous Helmholtz equation. An error estimate and a
numerical algorithm for the solution are presented. Several numerical methods for solving the
multi-frequency inverse source problem have been proposed. We refer the reader to [6, 32] for
the Fourier method and recursive algorithm. In addition, there are other uniqueness, increas-
ing stability and algorithm results; see also [1, 2, 7, 8, 9, 12, 16, 17, 24, 25, 27-29] and the
references therein.

To the best of our knowledge, there are only few works on inverse wave-number-dependent
source problems. Even using multi-frequency data, there is no uniqueness in recovering gen-
eral wave-number-dependent (or frequency-dependent) source functions. Difficulties arise
from the fact that the far-field measurement data are no longer the Fourier transform form
of the source function. The wave-number-dependent source functions are closely connected
to time-dependent source functions in the time domain [19, 22, 23]. We refer to [19, 20] for
sampling methods to image the support of a special class of wave-number-dependent source
functions with known radiating periods. In this paper, we consider acoustic source functions of
the form f{(x,k)g(x,) in the frequency regime. The unknown wave-number-dependent source
function f is independent of one spatial variable and the source term g(x,), x; € R is supposed
to be a priori known. Motivated by existing results for wave-number-independent sources [5,
11, 15, 25, 28], we prove uniqueness and increasing stability in covering the source function
¥+ f(%,k), X € R4 from the Dirichlet boundary data (1.6) at a fixed wave-number/frequency
k > 0. This implies that the multi-wave-number/frequency data can be used to uniquely identify
the function f by the analytic continuation w.r.t. k. Inspired by the idea of [15], we choose a
complete orthonormal set to prove that the source function f can be identified uniquely by
the Dirichlet data measured on the boundary; see the uniqueness result shown in theorem 2.2.
The uniqueness proof and inversion algorithms are based on two methods: Fourier-transform
method and Dirichlet-Laplacian method. The increasing stability estimates are derived from
the Fourier-transform method and the technique of [11].
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The remaining part of the paper is organized as follows. In section 2, we show that the
source term f{%,k) can be identified uniquely by the multi-frequency near-field data. Section 3
is devoted to the increasing stability analysis. Numerical experiments are presented in section 4
to verify the effectiveness of the proposed two methods.

2. Uniqueness

This section is concerned with uniqueness of the inverse wave-number-dependent source prob-
lem by measuring the near-field acoustic field at many frequencies. In subsection 2.1 we prove
uniqueness by applying the Fourier-transform method with test functions, while subsection 2.2
shows an alternative proof based on the Dirichlet-Laplacian method.

2.1 Uniqueness via Fourier-transform method

In this subsection, we aim to prove uniqueness by applying the Fourier-transform method. The
uniqueness result is stated as follows.

Theorem 2.1. Suppose that the source functions f and g satisfy the assumption 1.1 and
that u(-,k) € H*(Bg) for all k>0 is the unique solution to the inhomogeneous Helmholtz
equation (1.4) with the Sommerfeld radiation condition (1.5). Then the source term X —
f(x,k) € L*(Bg) for all k> 0 can be uniquely determined by the Dirichlet data {u(x,k) : x €
OBR, k € [kmin, kmax] }-

Proof. Since the inverse source problem is linear and g is a priori known, we shall prove f = 0
by assuming u(x,k) =0 on OB for all k € [kyin, kmax]- Recalling uniqueness of the exterior
boundary value problem of the Helmholtz equation [30, theorems 9.10 and 9.11], one can
conclude that u(-,k) = 0 in R?Bg and thus 9, u(x,k) = 0 on OB, for k € [kmin, kmax|. Define the
wave-number-dependent test functions

Y(xk) =e e = (£.6) €RYJgl = k. @7

It is easy to verify Aw(x,k) +k*)(x,k) = 0 in R, Multiplying v (-, k) on both sides of (1.4)
and integrating over Bg, we obtain

F(x,k) g (xa) ¥ (x, k) dx = (Au (x, k) + Ku (ka» ¥ (x, k) dx,

Br Br

_ Ouxk) o e SEERT (2.8)
‘/aBR { T IR w1 }d ®)

=0.

By our a priori information on f, we obtain

([f(i,k) e_ié.}dj> </ g(xd> e_ifdxddxd> = 07 ke [kminakmax] .
D H

Below we fix some k € [kin, kmax). Noting that supp g(x;) = H and g # 0 by assumption
1.1, one can always find some 0 <7 < k such that (Fg)(£s) # 0 for all §; € (0,7). Define
Sp:={€ e R €2 = k* — €3} for some fixed & € (0,n). Then it follows from the previ-
ous relation that

/ fx ke €% dx =0 forall &€ S (2.9)

D
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From (2.9), we deduce that (Ff)(&,k) =0 for all £ € Sy with every fixed k € [Kiin, Kimax)-
Consequently, one obtains (Fzf) (£, k) = 0 for all £ € R™!, since Fxfis analytic in R’~! and
Sy is a non-empty open subset of R?~!. Taking the inverse Fourier transform on (Fxf)(£,k)
yields F 5_ Y(Ff) =f(%,k) = 0 forall X € R~ with an arbitrarily fixed k € [kmin, kmax ). Finally,

we conclude that f(x,k) = 0 with X € R?~! for all k > 0 by applying the analyticity of f(%, k)
with respect to k. O

2.2. Uniqueness via Dirichlet-Laplacian method

The proof presented in section 2.1 cannot be directly applied to inhomogeneous background
media, due to the difficulties in constructing test functions. Here we explore an alternative
method based on the completeness of Dirichlet eigenfunctions for the negative Laplacian. Let
v € H! (BR) be an eigenfunction of the Dirichlet Laplacian in Bg, i.e. a non-trivial solution to

the Dirichlet problem of the homogeneous Helmholtz equation in Bg,

—Aw () =A(X), Xe€Bg, v(%) =0, XcdBg.
Here A2 is known as the Dirichlet eigenvalue over the subdomain Bg in R, Denote the
sequence of eigenvalues as {)\,2,, }m en+ counted with their multiplicity and the Dirichlet eigen-

- We renumber all eigenfunctions as
{Vn}jnjen+ for simplicity. Since the Dirichlet Laplacian operator is positive and self-adjoint

functions as {v](m) }jlf;l with [,, € Nt associated with A2,

over the space L? (ER), the set of eigenfunctions {v,},en+ forms a complete orthonormal
basis in L2(Bg). Thus for all i € L*(Bg) we have the convergent expansion

= > hw(y), yEBg (2.10)
|n|eN+

where the coefficients 4, are given by
b= [ hO)T O dy, Il €N,
Br

We remark that the only possible accumulating point of A2 is at infinity.

Lemma 2.1. Let {)\2} be the sequence of Dirichlet eigenvalues over Bg. Then there exists
an open subinterval K C [kmm,kmax] such that \, ¢ K and the relation

/g(t)ew%*k”dryéo forall kek
H

holds for all n € Nt

Proof. Suppose on the contrary that for any subinterval K C [kmin, kmax] Which satisfies \, ¢ K
for all n € NT, one can always find an eigenvalue )\, , [ € NT such that

/g(t)evA?*k”dtzo, VkeK. 2.11)
H

For the aforementioned / € NT, we introduce two subsets of K
Ki:={keK: <X}, Ky={keK:Ik>)N}.
It is obvious that K| and K, cannot be both empty. We consider the following two cases.

6
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Case (i): K| C K is non-empty. Introducing the variable s := 4 /AIZ — k2 for k € K;, one obtains

s € (c,d) for some 0 < ¢ < d < oo. Observing that the function s — [, g(r)e*" dt is analytic
with respect to s € R and applying the Taylor expansion for the exponential function, we obtain

1
Oz/g(t)e”dl:ZAns", A, =— g(t)t”dt, neN
H weN n Jy

for all s € R, and hence A, = 0. This together with the completeness of polynomials in L?(H)
implies g =0, which is a contradiction to our assumption g # 0.

Case (ii): K, C K is non-empty. In this case one obtains

/g(t)e\/AILkz’dtz/g(t)ei\/kL)‘lz’dt: (F'g) (w/kZ—A,Z) =0, kek,.
H

H
Again using the analyticity of the inverse Fourier transform of g, we conclude that (F, 'g) =0
in R. Therefore, we get Fi(F; 'g) = g = 0 in R, which contradicts the assumption g % 0.

O

Below we present the second uniqueness proof, which differs from the proof of theorem
2.1 in the choice of test functions.

Theorem 2.2. Under the assumption of theorem 2.1, the source function X —f(x,k) € L? (ER)
for all k>0 can be uniquely determined by the Dirichlet data {u(x,k):x € OBg, k€
[kmimkmax]} .

Proof. Define the k-dependent test functions
©n (X,k) = v, () eVNK¥ pe Nt

where )2 are the Dirichlet eigenvalues and v, is chosen as any Dirichlet eigenfunction asso-
ciated with \2. Foralln € NT, the function ¢, satisfies the Helmholtz equation A, (x,k) +
K2, (x,k) = 0 in Bp.

Assuming u(x,k) = 0 on OB for k € [kmin, kmax|, We deduce that 9, u(x,k) = 0 on OB for
k € [kmin, kmax|. Multiplying ¢, (-, k) on both sides of (1.4) and integrating over Bg for all n €
N7, we obtain

i F(x,k) g (xq) on (x,k)dx = g (Au(x,k) + Ku (x,k)) @, (x, k) dx

_ Ouxk) e QP R 2.12)
- /83R ( v (x) QOn( 7k) ( 7k) v (x) ) d ( )
=0,

which leads to the relation
(Lromm@ar) ([ etme™ ) o
D H

forall n € NT, k € [Kmin, kmax]- By lemma 2.1, there exists an open subinterval K C [kmin, kmax]
such that

/ g(xg)eVNFudx, £0, VkeK
H

7
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holds for all n € NT. This implies the relation

| f&K) v, (¥)dx =0, keK (2.13)

Bg

for all n € NT. Recalling the completeness of the orthonormal basis {v, },jen+ in L*(Bg), we
get f(x,k) = 0 for all X € Bg and k € K. The analyticity of f in k yields the vanishing of f{-,k)
for all k € R.

O

3. Increasing stability in two dimensions

In this section we restrict our discussions to the two dimensional settings (i.e. d =2) and per-
form a stability analysis for recovering the wave-number-dependent source f(x|, k) with expli-
cit dependence on the wave-number k > 1, which is also well known as the increasing stability
with respect to k. We retain the notations used in the previous sections. For notational conveni-
ence, we write fi(x1) := f(x1, k), which is supported in the interval (—R,R).

Introduce the Dirichlet-to-Neumann (DtN) operator B: H'/?(0Bg) — H~'/>(0Bg) by
B(ulop,) = %|33R, where u is the solution to our source problem. Using the DtN operator,
we can reformulate the Sommerfeld radiation condition into a transparent boundary condition
% = Bu on 0Bg, where v is the unit outer normal on 0Bg. Below we shall derive an upper
bound of B3 with explicit dependance on the wave-number &, based on the result of [14]. It is
worth mentioning that the estimate for the upper bound also applies to DtN operators defined
on a non-circular closed boundary, although the transparent operator B is defined on a circle
within this paper. B

LetR > R.Wedenote D = {x e R*\ Bg : |x| <R}and V:= {v € H' (D) : v=0o0n |x| =R}
equipped with the norm

1/2
ol = ( / (|Vv|2+k2v2)dx) |
D

Consider the exterior boundary value problem:

Au(x) +kKu(x) =0, x € R?\ Bg,

u=h, x€ B, G.14)
lim r2 (8ou— iku) =0, r=|x|,
r—00

where h € H'/?(9Bg). Using the integral equation or variational approach, one can prove that
the problem (3.14) has a unique solution u € H}._(R*\ Bg), even if the boundary 0B is not
circular; see e.g. [13, chapter 3]. By the extension theory in Sobolev spaces, there exists some
w € H,.(R*\ Bg) satisfying w|sg, = hand ||w||g p)y < Cl|h|1/2(98,)- Choose a cut-off func-
tion x € C>°(R?) satisfying x =01in [x| > £1% and x =1 in [x| <R.

It is easy to see that the function u := u — y w satisfies

Au+ku=—(A+K)(xw), x € R*\ Bg,
ﬁ:O, xeaBR.
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The right hand side (A + k*)(xw) belongs to the space H~!(D), the dual space of H}(D).
According to lemma 3.3 in [14], we get the following estimate of u:

Il < (5+4V2KR) || (A +4) (xw)|v-- (3.15)

Applying the Cauchy—Schwartz inequality and the definition of V*, we deduce that

(A +£) (w) v = sup ((A+&) (xw),¢)2n)

lellvs<t

= sup /D(fV(XW)~V¢+k2XW-¢)dx

llellv<1

< CR Wl )

where C > 0 depends on R.R and we have used the fact k2 > 1. Combining the above inequality
and (3.15), it follows that

il < € (5 +4V2KR) Il py < C1k wllan o
for some constant C; independent of k. Noting that k > 1, we have
[l oy < [tllv < Col[[ W -
Therefore we obtain
[l 71y + X Wl ()
CIE (|| 117208,
where C > 0 is independent of k. By the trace theorem, it holds that

Ou
ov

u = |[u+xw
[ll oy = [l + x Wl () (3.16)

NN

< Cllull vy
H—1/2(0Bg)

for some positive constant C depending on R and R. Therefore,

Ou

||BMHH71/2(8BR) = Ha’/ < Ck3||uHHl/2(BBR)a (3.17)

H~'/2(0Bg)

where C > 0 is independent of k. Thus (3.17) gives an explcit upper bound estimate of B with
respect to k. Numerically, one can also explicitly obtain the Neumann data on dBg once the
Dirichlet data is available on OBg, because the operator 5 can be rewritten in a series form;
see section 4 for the details.

For the stability estimate we make an additional assumption that there exists a constant §
such that

(&) =26>0 forall & € (—kk), (3.18)

where g denotes the one-dimensional Fourier transform of g. Physically, the condition (3.18)
means that the frequencies of the x,-dependent source function g are mostly restricted to the
interval (—k, k). The main increasing stability result is shown below, which is also valid in
three dimensions.
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Theorem 3.1. Let u(-,k) be the unique solution to the problem (1.4) and (1.5) with |fi[| 1 () <
M for some M > 1. Assume that (3.18) holds. Then there exists a constant C(R,8) > 0 such that

k3|Ine|

M2
fillfomy < € <k9€2 + ) , (3.19)

where k > 1 and € = ||ul|g1/2(9p,)-

Remark 3.1. In theorem 3.1 the wave-number k > 1 is fixed. Obviously, one can get the
uniqueness in recovering f; as a consequence of the above stability estimate. The right hand
side of (3.19) consists of two parts: the Lipschitz type data discrepancy and the high fre-
quency tail of the source functions. As the frequency k increases, the latter decreases and thus
becomes negligible. The result reveals that the inverse problem becomes more stable when
higher frequency data are used. Additionally, we remark that only the Dirichlet boundary data
are involved on the right hand of (3.19).

The proof of theorem 3.1 is motivated by the uniqueness proof of theorem 2.1 and the
increasing stability for wave-number-independent source functions [11, 28].

Let £ = (£1,&) € R? with |¢] = k. Multiplying e ~'(§1+&%2) on both sides of (1.4) and
integrating over Bg C (—R,R)?, we obtain (see (2.8))

( / f(xl,k)e‘g"“dm) ( / g(xz)e‘fzxzm) = / e T (D u+if -vu)ds (x), (3.20)
—R OBr

—R

Using the estimate of the Neumann data (3.17), we bound the first term on the right hand
of (3.20) by

/a e (Qyu) ds (x) < |10l r-1/2(0me) €™ |12 (0,
Br

< ||3v“|\H—1/2(aBR)||€7i£'x||Hl(aBR)
< CK* lull /208y -

The second term can be estimated analogously. Combining the above inequality and (3.18),
(3.20), we conclude that

R . 2 ) 2
‘/ f(x,,k)e—lfmdx,‘ <c‘/ e—‘f')‘(ayuﬂg.uu)ds(x)‘
—R OBR

<c‘/ e—if"‘(ayu)ds(x)‘2+c‘/ e (i pwyds (v || B2D
OBg OBg

< CK ulli 2,
Here C > 0 is independent of k. Hence
. I ; 2
Ifi (&) )P = |E [Rf(xl,k) e 9 dy T < CkBe forall |&] <k (3.22)
Denote

I (s) = lfAk(fl)|2d§1,S>0-
[&1]<s
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Let & = s, for & € (—1,1). It is easy to get

1 1 R . .
o= [ Rerda= [ (s6)Pd =[] ] e s,
(3.23)

Since e ¢ s an entire analytic function of s € C, the function /; can be extended analytic-
ally to the complex plane with respect to s = s; +isy € C, 51,52 € R. In the following we show
an upper bound estimate of /;.

Lemma 3.1. Let ||fi||2r) < M. We have for all s = s\ + is, € C that

2RM? 5|kl

1 (s)] <
7T

Proof. Recall from (3.23) that
1 1 R o .
11 (S) = 7/ |/ fk(xl)e_”&x‘dxﬂzsd&, S:S1+iS2 E(C.
2w J 1 R

Noting the inequality |e_isé"“‘| < eRl2l for all x; € (—R,R) and £, € (0,1), we obtain

1 ! K 7is§]x| ? F
n©1< 5 [ ([ e ) i

1 1 R . R
<o [ 2R [ ) PlenEn Plsiandéy
™ J -1 —R
2R|s|e*Rls]
< B [ i,
7T R

which completes the proof of lemma 3.1 by using the bound of f;. O

Let us recall the following result on the analytical continuation proved in [11].

Lemma 3.2. Let J(z) be an analytic function in S ={z=x+iyc C: —F <argz < 7} and
continuous in S satisfying

‘J(Z)| <€ zE€ (OvL]v
(2)| <V, z€S,
J(0)] = 0.

Then there exists a function 1i(z) satisfying

n@@) =4, ze (L2iL),

p@=L((3)'=1) ", ze (25 +00)
such that
J(2)| < Ve'®  forall ze (L,+o0).

Using lemma 3.2, we show an upper bound of 7, (s) for s € (k,00) in terms of the measure-
ment data € and M.

1
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Lemma 3.3. Let ||fi||2(r) < M. Then there exists a function y(s) satisfying
u(s)}%, s € (k,Z%k),
, SE (Z%k, —i—oo)
such that
1 ()| < CMPEP PR 21()  forall k < s < +00, (3.24)
where C > 0 depends on R and 9.

Proof. Let the sector S C C be given in lemma 3.2. Observe that |sz| < s; when s € S. It fol-
lows from lemma 3.1 that

1 (s)e= G < om?,
where C > 0 depends on R. Recalling the a prior estimate (3.22), we obtain

I (s)| < Cs°E < Cl¢, s €[0,4], (3.25)
with C > 0 depending on R and §. Hence

1

i

Then applying lemma 3.2 with L = k to the function J(s) := 511 (s)e~ ?R+1)s, we conclude that
there exists a function p(s) satisfying

uis) =1, se (k2%%),

I (s)e” RS < ¢ forall s € [0,4].

pis) >z ((%)4— 1)_ ) S€ (2%"’00)
such that
1
‘kjll (S) e—(2R+1)s‘ < CM2€2M(S),
where k < s < +00 and C depends on R and §. Thus we complete the proof. O

Proof of theorem 3.1. If ¢ > e, then the bound (3.19) is straightforward. If ¢ <e~!, we
discuss (3.19) in two cases as follows.

Case (i):23 (2R +3)7)3k5 < |Ine|3. Choose sy = ﬁkﬂlneﬁ. It is easy to get s¢ >
2R43)7)3
24k, which implies

o<1 ((3)') <2 (3)-

A direct application of estimate (3.24) shows that
‘Il (SO) | g CM2k9€2/J,(S())e(2R+3)So
< CM2k9e(2R+3)s0—2M(S()) ‘ In 6‘

2|Ine|

2
< CM2k9e(2R+3)-YO_T (%)

1
2 32 1 1
—2(M>‘k§|1ne\z 1—L|ne/~7
= CM°’Ke . ( ).

12
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Noting that 1 — 1 |Ine[=# > I and (M)% > 1, we have

2 1
11 (s0) | < CMAROe K3 Inel?
Using the inequality e " < %66! for 1> 0, we get
M2k9 M2

I (s9)| < C <C .
o) (k§|1ne\%>l6 K [ne?

Itis clear that k¥ |Ine[® > k* |Ine|2 whenk > 1 and |In€| > 1. Obviously, the following inequal-
ities holds

/ (6 Pde, = 55 / EIf (&) Pae,
[€1]>s0

[€1]>50
P 2
T / TR (€) e = s / Vi 6 Pag < X
0

by the Parseval’s identity. Hence

el gy = Wl ey = 11 (50) + / (€ Pae,

[&1]>s50
M2
<1 (s0) + —
S0
A2 o2 (3.26)
<C 5 + 1 1
k3|lne|® k3 |lne|2
M2
Coar
k3|Ine|2

23 ((2R+3)7)3ks. In this case we choose so = k. Then we find so >

Case (ii):|Ine|3 < 23
] k? |Ine|s. Using the estimate (3.25) gives |1} (so)| < Ck°¢2. Hence

275 ((2R+3)m) "5k

il = ey =i (50) + / 7 (€1) e,

[&1]>s50

M2
<Ii(so) + —
S0

3.27
C Pé+gﬂﬁ—f o2
k3 |Ine|z

2
<C k962+74M - -
k3 |Inel?

Combining (3.26) and (3.27), we finally get

2 92 M
<Clke+ .
“kaLZ(]R) k%|lne\%

The proof of theorem 3.1 is complete. O
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4. Numerical examples

In this section, we present some numerical results in R2. Our objective is to demonstrate the
feasibility and effectiveness of the two reconstruction methods proposed in section 2. The
synthetic observation data are generated by solving the direct problem (1.4) and (1.5). The
radiated multi-frequency data are measured on the boundary of a circular region centered at
xo € R? with radius R. By coordinate translation we write u(r,0;k) = u(x; k) in polar coordin-
ates, where r = |x — x| > 0 and 6 € (0,27) denotes the angle between x — x( with the positive
real axis. Below we set Bg := Bg(xp). Then the boundary data can be obtained through the
integral expression

u(R,0;k) = / @ (x = y;k)fy1,k)g(y2)dy, 60 € (0,27], k € [kmin, kmax]- (4.28)
Br
The Neumann data is obtained through the Dirichlet-to-Neumann map,
(1)’ kR) )
u(R,0;k) = Z k un(R,k)e", 60 € (0,27, k € [kmin, kmax)» (4.29)
n=—oo

where H (+) denotes the first kind Hankel function of order n, 2% '() is the first derivative
of H () and u, (R, k) is calculated using the Fourier series representation

1 27 )
u, (R, k) = %/0 u(R,0;k) e 049, ke [kmin s Kmax) -

The noise polluted data u’ (R, 0;k) are generated by
u(R,0;k) = u(R,0;k) + 6C|u(R,0;k)|, 6 € (0,27], k € [kmin, kmax],  (4.30)

where ( is a uniformly distributed random number within the range [—1,1] and § represents
the noise level. The Neumann data with noise can be computed similarly by

+o00 (1)
H,"' (kR A
d,u’(R,0;k) = § k’ )) S(R,k)e", 6 e (0,27),k € [kmin, kmax],
n=—oo

where u (R, k) denote the Fourier coefficients of u° (R, 0;k).

Now we provide details of our numerical implementation and carry out a series of exper-
iments in two dimensions. In our work, we set the lower bound of the wave-number as
kmin = K/J and the upper bound as kp,x = K for some K >0 and J € N. The discrete radi-
ated field data are collected as follows:

{u(R,0,3kj) : 0,y =2mm/M, k; =jK/J,m=1,2,... M,j=1,2,...,J}. 4.31)

Note that the boundary data are measured on the circle 9Bg(xo) centered at xo = (7/2,0) with
the radius of R = /2. Additionally, we calculate the Neumann data by using the formula
defined in (4.29) as follows:

{0u (R, O K;) : O =2mm/M, kj = jK/J,m=1,2,... . M,j =1,2,...,J}. 4.32)

Unless otherwise specified, we always set M = 100 in our experiments. In figure 1, we show
the support of the source f(x;,k)g(x2) for k € [kmin,kmax] along with the depiction of the
measurement boundary dBg(xo). For the sake of simplicity, we assume that g(x,) =1 if
Xy € [-m/4,7/4] and g =0 if else.
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2
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Figure 1. The gray rectangle represents the source support, where suppf(-,k) =
[w/4,37/4] and supp g(-) = [—m/4,7/4]. The red arsterisks show the measurement
positions lying on the circle centered at xo = (7/2,0) with the radius R = /2.

4.1 Numerical implementation by Dirichlet-Laplacian method

In this subsection, by using the expansion defined in (2.10), we reconstruct the exact source
f(-,k) € L*(0,7) for some fixed k € [K/J, K]. To achieve this, one can opt for the eigenfunctions
of the Dirichlet Laplacian, as they form a complete and orthonormal basis in the space L (0, ).
Consider the one-dimensional eigenvalue problem

{ ()= (), x €0,

(4.33)
v(x) =0, x; =0, .

We obtain the Dirichlet eigenvalues {n* : |n| € N*} and the eigenfunctions {sin(nx,) : |n| €
NT}. To get the expansion (2.10), we choose a suitably large value N. By substituting the eigen-
values and eigenfunctions into (2.12), i.e. with ¢, = sin(nx;)eV” =% for [n| < N in (2.12),
one can deduce that

f(X1 7k) g ()Cz) sin (nxl) e\/medx
Br

- / {8uu(x,k)sin(nx1)e PRy (x k)0, (sin(nxl)e‘/”Lkzxz)}ds(x).
OBr

Note that Bg = Bg(xo) with xg = (7/2,0) in our experiments. It implies that

™ Mn .
/ f(X1,kj) sin(nxl)dxl = J
0 G

forn=+1,42,--- ,+Nandj =1,2,---,J, where
M, := / {8;/“()(,](]') sin (nx; ) eV R — u(x,k;) 0, (s.in(nx])ev "27](’2”) }ds (x),
OBy

g —
GnJ Z:/ g()CQ)C n__kfgxzd)q.

I
4

(4.34)
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Algorithm 1. Dirichlet-Laplacian method in R?.

Require: g(x2), kmin, kmax, H, M, R, J, §, N
Ensure: fy
1: Collect the measurement data u and compute the Neumann data 9, u;
2: Calculate the Dirichlet eigenfunctions {V”}In\ en+ of the negative Laplacian

operator on Bg;
3: Compute the expansion coefficients:

Suj = S, ki)va (1) dxr.

| R| By
1 fask [Opuvy — udyvy]ds (x)

|Br Jg(r)eV i

where (An,v,) are the spectral data.
4: Reconstruction formula:

Xl, Zf’h]v” Xl ]:17277]

|n|<N

We approximate M, ; through the discrete measurement data in polar coordinates as defined
in (4.31) and (4.32). The reconstructed source f(x;,k;) can be approximated by fy(x;,k;) for
all x; € [0 ]

v (x1,k; 22 fojsin (nxy). (4.35)

n=1
Here we have used the relation f;, j = —f_, ; for n € N. By (4.34) and (4.35), one can compute
the coefficients f, ; from the measurement data as follows:
1M,
7 Gy’ J

foj=— / f(x1,k;)sin (nx;) dx; = (4.36)

provided G, j #0 foralln=1,2,--- ,Nand j = 1,2,---,J. Similarly, the reconstruction for-
mula using noise data is given by

1 M3
% (x1,k; 22 0sin(nxy),  fii=——"L, (4.37)

7TG,W'

foralln=1,2,--- ,Nandj = 1,2,---,J, with
M;i/ = /é)B {@u‘s (x,k;) sin (nx; ) eV wokie g0 (x,k;) Oy (sin (nxp)e "z_kf‘zxz) }ds (x).
R

The algorithm is summarized as algorithm 1.
Using formulas (4.35) and (4.36), we demonstrate the reconstructions of the following
source functions when k =0.5:

e—20k(x;—7r/2)2’ x| € [1 31}

. r 3 438

Y (x1,k) { 0, otherwise, ( :
@ | cos(4kxy), x1€ [%a%ﬂ] )

9 (x1,k) = { 0, otherwise, @

16
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15 f(x1,k)=exp(-20k(x1-pii2)), k=0.5 f(x1,k)=cos(4kx), k=0.5
Exact source 0.4 Exact source
* Reconstructed source| | * Reconstructed source
1
0.2
0.8 0
0.6 0.2
-0.4
0.4
-0.6
0.2
-0.8
0] -
0.2 ; : : : : 12 : :
] 05 1 15 2 25 3 35 0 0.5 1 1.5 2 25 3 35
x1 x1
(a) fl(Zl,k), k= 05, N =17 (b) fg(.’Ehk), k= 05, N =25
15 f(x1,k)=sin(8kx), k=0.5 . f(x1,k)=exp(-20k(x1-pi/2))+sin(16kx), k=0.5
Exact source Exact source
| ¥ Reconstructed source 15 *  Reconstructed source
1 < E
0.5
0%
-0.5
-1
1.5 1.5
] 05 1 15 2 25 3 35 0 0.5 1 1.5 2 25 3 35
x1 x1
(C) f3(l‘1,k), k= 0.5, N =26 (d) f4(l‘1,k), k= 0.5, N =26

Figure 2. The reconstructed sources ﬁvj ) (x1,k) by the Dirichlet-Laplacian method with

a fixed k = 0.5. The exact source functions are f/) (x1,k) (j = 1,2,3,4) in (a)—(d), with
the truncated parameter N chosen as N = 17, 25, 26, 26, respectively.

. T 37
3) _ sin (8kx1), xj € [Z’T]’
F7 (k) { 0, otherwise,
—20k(x;—7/2)? : 3
(4) _Je +sin(8kx1), x € [§,3F],
S (k) { 0, otherwise.

It is obvious that the source can be well reconstructed by choosing an appropriate parameter
N in figure 2. We use the source function () (x,0.5) to generate the noise-free radiation field
data on OBg. The reconstructed source of /') (x1,0.5) is displayed in figure 2(a) with N = 17. In
figure 2(b), the source function /%) (x;,0.5) can be well reconstructed with N = 25. Choosing
the source function f*) (x;,0.5) and N = 26, we obtain the reconstruction results in figure 2(c).
If the source function is f*) (x1,0.5) and N = 26, we get the reconstructed result in figure 2(d).

However, the above method fails in the case G, ; = 0, because the denominator on the right
side of (4.36) vanishes. For example, in reconstructing the source function f(!)(x;,1) with
N =10, or the source function

T 37
5) _f cos(2xy), x €[%,3F],
f( (x1,3) = { 0, otherwise,
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f(x1,k)=exp(-10k(x1-pif2))+sin(4kx), k=0.99 f(x1,k)=exp(-10k(x1-pi/2))+sin(4kx), k=1.99

Exact source Exact source
*  Reconstructed source % Reconstructed source

05

-0.5

(a) k1 = 0.99 (b) ko = 1.99

fx1.k)=exp(-10k(x1-pi/2)) +sin(4kx), k=2.99 f(x1.k)=exp(-10k(x1-pif2))+sin(4kx), k=3.99

Exact source Exact source
| ¥ Reconstructed source| | *  Reconstructed source

% *

0 0.5 1 15 2 25 3 35 0 0.5 1 1.5 2 25 3 35
x1 x1

(c) ks = 2.99 (d) ks = 3.99

Figure 3. The recovery of the source function x; — e~ %1 /'y sin(4kjx, ) forx; €
[ /4,37 /4] by the Dirichlet-Laplacian method with N = 26. Here we use four different
wave-numbers k; = 0.99, k, = 1.99, k3 = 2.99 and k4 = 3.99.

with N = 10, one cannot obtain a correct reconstruction. We refer to the end of this section for
possible solutions to overcome this difficulty.

Next, we choose different wave-numbers 0 < k ¢ N* to test the effectiveness of the
Dirichlet-Laplacian method. Figure 3 illustrates that the source function e~!'%k(x1=7/ 2" 4
sin(4kx; ) supported in /4,37 /4] can be well reconstructed for various wave-numbers 0 <
k¢ NT. When k; =0.99 and N =26 (as shown in figure 3(a)), it is evident that the recon-
structed source closely matches the exact source. In other cases, such as k; = 1.99 and N = 26;
k3 =2.99 and N =26; ks = 3.99 and N =26, we also achieve satisfactory reconstructions.

Finally, we examine the sensitivity of the Dirichlet-Laplacain method to random noise.
The measurement data (4.28) is polluted by random noise using the formula (4.30). Figure 4
displays the reconstructions f3 of the source function f = sin(8kx; ) supported in [r /4,37 /4]
with noise levels § = 0.5%, 6 = 2%, § = 10% and § = 30%. It can be concluded that the error
decreases as the noise level decreases, where the error is defined as

5
”flmﬁ [E . (4.40)

€Iror —
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_ f(x1,k)=sin(Bkx), k=0.5 f(x1,k)=sin(8kx), k=0.5

Exact source Exact source
*  Reconstructed source *  Reconstructed source

(a) 6 =0.5%, N = 6, error = 0.1015 (b) § = 2%, N = 6, error = 0.2226

1(x1,k)=sin(8kx), k=0.5 f(x1,k)=sin(8kx), k=0.5

T T 15

Exact source Exact source
*  Reconstructed source *  Reconstructed source

LY 1 5 2 25 3 35 o 0s 1 s 2 25 3 a5
(¢) 6 =10%, N =4, error = 0.3739 (d) 6 =30%, N =4, error = 0.4383

Figure 4. The reconstructed source by the Dirichlet-Laplacian method with different
noise levels 9.

4.2. Numerical implementation by Fourier-transform method

The purpose of this subsection is to reconstruct the exact source f(-,k) € L?>(0,7) for some
k > 0 by using the Fourier expansion. A computational formula for each Fourier coefficient is
derived. We still consider the source function shown in figure 1. According to (2.7), the Fourier
basis functions over L2[0, 7] are given by

e £ =2n,nel,

since & = %—;n = 2n by our choice R = 7/2. Next, we establish computational formulas for
the Fourier coefficients of f(x;,k) € L?[0, 7] under the Fourier basis functions {e!(*"%
[0,7],n € Z}. By (2.8), we obtain

tX] €

fx1,k) g (x2) e—i(Gm+&0) 4y — {0, u (x,k) +i& - vu (x,k)} e~ i(Gx+&xn) 40 (x)
Br OBr

where ff + E% =k, k>0.Setk= kj for some j = 1,2,---,J. A simple calculation yields that

M,
G

/ flxr k) e dyy = (4.41)
0

19
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Algorithm 2. Fourier-transform method.

Requuire: g(x), k&, H, M, R, J, 5, N

Ensure: fy(x), k)
1: Collect the measurement data u and compute O, u;
2: Describe the Fourier basis functions in Bg:

ei£|x|7 51 = 21”1-

—, neN;
|Br|

3: Calculate the expansion coefficients:

1 .
= = _ f(xl,k)e lélxldxl
|Br| J Bl
1 Jos, [Ovu e —ud,e ] ds (x)
= IER‘ ng(xz)e—iﬁzxzdxz

for all |n| < N, where & = k* — &7.
4: Reconstruction formula:

2nm
xla Zfelgm §1=—=.

In|<N |BR|

forneZandj =1,2,---,J, where ]\N/I,hj and Gw are defined as

M, = /E)BR {Buu (x,k) +i (2n, VK — 4n2) -vu (x,kj)} e~ (2mnty/ =) g (x),

™

~ e .
o= [ ol VT,
-3

The reconstructed source fi(x1,k;) with x; € [0,7], k; € [K/J, K] can be written as
v (k) = ) fel G (4.42)
[n|<N

From (4.41), the coefficients are approximated by

. LT . 1 M,
fnJ% 7/ f(x17kj)e_l(2n)dexl = _= ‘/7 neZa] = 1a27"' 7Ja (443)
™ Jo ™ G,

n.j

where the denominator is again assumed to be non-vanishing. Similarly, the reconstruction
formula from noise data is given by

NOk) = £€ P xy € (0,7, k € [0,K],
|n|<N
. 1M,
fgl'xi" d7 nEZ,j:1,2,~-~7J,
i~ %G,

20
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- (x1,K)=exp(-20k(x1-pif2)), k=0.5 f(x1,K)=cos(4ke), k=0.5
Exact source 0.4 Exact source
*  Reconstructed source * Reconstructed source
: I
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08 1 o
06 { 0.2
04
0.4
-0.6
0.2
-0.8
03 )
-0.2 . -1.2
0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35
x1 x1
—20k(z1 —7/2)?
(a) e 20k@—m/D7 N — 9 (b) cos(4kz1), N =12

f(x1,k)=cos(12kx), k=0.5 101 k)=exp(-20k(x1-pif2))+cos(12kx), k=0.5
i !

Exact source
*  Reconstructed source

Exact source
*  Reconstructed source

05

0 05

-05
0=

-1
15 ; . . E -05 : .

0 05 1 15 2 25 3 35 0 05 1 1.5 2 25 3 35

x1 x1
(c) cos(12kz), N = 12 (d) e 20kE1=7/2% 4 co5(12kay), N = 12

Figure 5. The reconstructed source by the Fourier-transform method with k =0.5. Four
different sources are reconstructed with N =9, 12, 12, 12, respectively.

where

M‘Sq:/ yu® (x,k;) +1(2n, /K2 —4n?) - vie® (x,k;) e (2t k.fg*“"zxz)ds(x).
e [ oty o )

We call the above reconstruction method the Fourier-transform method, which is described as
the algorithm 2.

Using formulas (4.42) and (4.43), we present the reconstructions when k = 0.5. Choosing
the source function f(l)(xl,k) in (4.38) with N =9, the reconstructed results are shown in
figure 5(a). In figure 5(b), the source function f(z) (x1,k) with N =12 is well reconstructed.
For source function cos(12kx;) supported in [r/4,37 /4] with N = 12, the experimental res-
ults shown in figure 5(c) demonstrate that the reconstructed sources closely resemble the exact
one; In figure 2(d), the source function e ~20¢1=7/2)* 4 cos(12kx; ) supported in [rr/4,37 /4]
with N =12 is well reconstructed.

It is important to note that for k = 2n, n € NT, the source function cannot be reconstructed
due to the vanishing of G, ;- However, by approximating such wave-numbers k = 2n with
k=2n+e, 0<e<1,ncNT, figure 6(b) displays a successful reconstruction of cos(kxy)
supported in [7/4,37 /4] with k =2. Following this, we apply the Fourier-transform method
to the source e ~(i—/2)* by using different wave-numbers. The recovery results are presented
in figure 7. The recreated image in figure 7(a) closely resembles the exact source function with

21
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f(x1.,k)=cos(kx), k=2 f(x1,k)=cos(kx), k=2.001

0.4 0.4 Exact source
* Reconstructed source

02 02

0 01 .
-0.2 1 -0.2
04 04
-0.6 1 -0.6
-0.8 -08

" 1 -1
12 . . | 12

0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35

x1 x1
(a) cos(kz1), k=2, N =12 (b) cos(kz1), k =2.001, N =12

Figure 6. The reconstructed source by the Fourier-transform method with N = 12. The
left shows the exact source function with k = 2, while the right shows the reconstruction
result with £ =2.001.

f(x1,k)=exp(-5k(x1-pi/2)), k=1.5 fix1,k)=exp(-5k(x1-pi2)), k=3.5
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(a) k=15 N=8 (b) k=35, N=8
i f(x1,k)=exp(-5k(x1-pi/2)), k=5.5 i f(x1,k)=exp(-5k(x1-pi/2)), k=7.5
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(c) k=55 N=13 (d) k=75 N=13

Figure 7. The reconstructed source using the Fourier-transform method for the exact

—5k(x; —7/2)*

source e . Each figure corresponds to a different value of k.
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fix1,k)=cos(4kx), k=0.5 f(x1,k)=cos(4kx), k=0.5

0.4

Exact source 04 Exact source
*  Reconstructed source *  Reconstructed source

"o 05 1 15 - 25 3 35 o 05 : | 1.5 2 25 3 35

(a) 6 =0.5%, N = 2, error = 0.0965 (b) 6 =2%, N = 2, error = 0.1637

flx1,k)=cos(4kx), k=0.5 ] fix1,k)=cos(dkx), k=0.5

0.4

Exact source 1 0.4 Exact source
*  Reconstructed source *  Reconstructed source

(c) 6 =10%, N =1, error = 0.3516 (d) 6 =20%, N =1, error = 0.4106

Figure 8. The reconstructed sources using the Fourier-transform method with different
noise levels .

k=1.5 and N =8. In figure 7(b), employing k = 3.5 and N = 8 for the source reconstruction
yields favorable results. Subsequently, figures 7(c) and (d) display the reconstructed sources
with k=5.5, N=13 and k=7.5, N = 13, respectively. It is evident from these figures that as
the wave-number k increases, the recovery effect becomes slightly less accurate.

At the end, we investigate the impact of noise on the Fourier-transform method. The meas-
urement data (4.28) is polluted by random noise using the formula (4.30). Different noise
levels, § = 0.5%, 6 = 2%, § = 10% and § = 20%, are introduced. Figure 8 illustrates the recre-
ated results, indicating that the reconstruction error decreases as the noise level decreases,
where the error is again defined by (4.40).

5. Conclusion

In this paper, we have established uniqueness, increasing stability and algorithms for an
inverse wave-number-dependent source problem. In d-dimensions, the unknown source func-
tion depends on X = (x1, -+ ,x,—1) and k but independent of x,,. The Fourier-transform method,
grounded in the Fourier basis, ensures both uniqueness and stability. The Dirichlet-Laplacian
method is based on the Dirichlet eigenfunctions, but its stability remains to be further
examined. Two efficient non-iterative numerical algorithms have been developed. A possible
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continuation of this work is to investigate the stability under incomplete data and explore scen-
arios involving other kinds of wave-number-dependent sources.
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