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Abstract

Inverse problems for the wave equation aims to reconstruct unknown model coefficients

such as sources and media through external observation data. It has wide applications

in many engineering fields. This paper is concerned with the inverse moving point source

problems, which plays an important role in accurately recovering the motion characteristics

and flight parameters of a moving object. First, a mathematical model for the moving

source problem in the frequency domain is established based on the the Fourier transform.

Then, the trajectory of the moving source is reconstructed using least squares and nonlinear
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optimization algorithms. For smooth motion trajectory functions, the effects of parameters

such as frequency-band, observation directions, and the number of series expansion terms

on the inversion results are discussed. In the three-dimensional case, inversion algorithm is

performed using multi-frequency far-field and near-field observation data contaminated by

white noise. Through extensive numerical experiments, it is found that the algorithm exhibits

good accuracy and robustness under a certain level of noise interference. Furthermore,

numerical experiments are also conducted for cases where the motion trajectory is a non-

smooth function and a multi-scale function, yielding satisfactory results.

Keywords: Wave equation; Moving source problem; Inverse problem; Least-squares

method.
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1. j��b

�f�5T}bB_)r[1?��%�C��y6#5VVs3[kVW��`0�

T��

[1, 4, 5]. p���f�5:LT%f^�T^eC��v, �{?3k#n4*<R

�x9JT_!M�, u<R�S}bdz?T'uf^�T4Q�^>DFD. �FP�

n#x17T_!8�, +�%fr�T<17�z17B_TY[_!8p�5 [13], 
P

Stefanov [20]
}HR%f2�#T<17Dz17T�	Y[B_�k.

+�uf^�T}b�v, Takashi Ohe V)� 2011 {u<pS\�M}u,�=�}

.T^�A?T'dz, )^�YP��KDPi-�?T�<.AÆ�$PPT}R/�

�P�f�5T^�

[17], �) 2019 {�
�0Isuf^/�db��T�P, �N<��

"YDMzu,�=AuTIY+*, \�?�RT' [18]. AK Nakaguchi V)E�)K�

,$^D?uYRTa8a�f
NY,$C, u<pS��KDPiTB�C��z [16].

?�	PkVk�0����z�vT��MP, Rashedi V)~9 Ritz-Galekin kVxf

satisfier =YT��pz�v�R��, �RO|{ Hölder �dT*l [19]. )��T_!M

P, s�~b	��z��?A(U��+,$�ATY'U�%f^�4bTL) [8], 


l+�uf^�T!gTdz�y [6, 10, 21]. uf�%f4bT'TÆpTD�dT
7�

y [12,14].

�T'�=YT6T}�v8�, uf4bT}b�vJpArTT�6T}�v. g

#%f4b=Y��=Y8�)�X�jTr:, LJ%f4b�$PY'Au23�j�

6TTrT.�R6Æ�6TNJT�ÆpT, s��z)}��vPTÆpTD�dT_!

PROR1%��

[2, 3, 15]. �?��v8�, ��p�\T�'s�T, )���!�q��

umTs�Y'#w}b�=Y

[9, 11, 12]. g#?�O��T�Cn�Si� ��u (0,∞)

vT?�$PY', M�=Y)�8uD?u3T�>e?,  '�Y�8uTV!_�B5

xE��5?u�u (0, T ) vTY'�R�S. )�Y� (G-v�) �P, g#�\��+

oN�/��v
#��, L�+oNlWT}�v 23�/��v8bTr:. S5H

`:Æx, 	�_!uf��vT��oN,~9s�
Idz}b/�8uPT%f4b=

Y. Zi
7-.: u<pS\�s�,$Y'D Levenberg-Marquardt dzT�6T	P


I�z, x/�.N4b�v��.N4bfs9j=Y�ZidG,~94b=Y"YP0

. (�=/�=Y\� B g|\V) '}�6TlDv3oN�RYC��. 	�~9FP

YCAd, d=R��z) +xf;+|{.}bT�!Tf�dT, }b%(h+�\�
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2/.�I. Ad
7�n, �dz)pd5j3w�dT'��'T^�%f4b, ���

d��vu&R��jTYC#).

	�TZi
'-.: [v�Zi�6uf�}b�vY[oNT}H. [/�Q0x

v�.N=Y�G, u<E��+,$Y'�R
I}bT	;Z5; hK�0I/��P,

	�E��+Y'D�+Y'�R}b. [a�.2[�.N=Y, D� B g|\n�0.

\=Y�R}b, �?D���z}b.N4b=Y. lK)["�P~9s�Y'T')

�s9jTNT4b=Y.

2. u��~h�pFGZR�La�`

s8�8u R
d (d = 2, 3) P)�K�ij��A�TT-$�N. 2[%f4b=Y�

f(t) : [tmin, tmax] → R
d ∈ C1[tmin, tmax] Tuf^�, 
P tmax > tmin > 0. M d = 2 ?, f(t) =

(f1(t), f2(t)); M d = 3 ?, f(t) = (f1(t), f2(t), f3(t)). Y Γ = {x : x = f(t), t ∈ [tmin, tmax]} �
H%f4b. 	�P, �gs8�7�=Y)�-.PG:

S(x, t) = δ(x− f(t))χ(t), t ∈ [tmin, tmax]. (2.1)


P, δ �H Dirac =Y; χ(t) �H?um [tmin, tmax] 3Tr:=Y, h

χ(t) =




1, t ∈ [tmin, tmax],

0, t /∈ [tmin, tmax].

uf^��7T�+=Y U(x, t) 
g-.����f�5T;C�v:




∂2U

∂t2
= ∆U + S(x, t), x ∈ R

d, t > 0,

U(x, 0) = ∂tU(x, 0) = 0, x ∈ R
d.

(2.2)

)	�P, �gs8;�T
j� 1. (2.2) T�5�H�\	� Gd(x, t) ��= S(x, t) T+

a:

U(x, t) = Gd(x, t) ∗ S(x, t) =
∫

R+

∫

Rd

Gd(x− y, t− τ)S(y, τ)dydτ, (2.3)


P

Gd(x, t) =





1

2π
√

t2 − |x|2
, d = 2,

δ(t− |x|)
4π|x| , d = 3.

	�P, +� u(x, k) D U(x, t) Tp� Fourier �S� Fourier z�S	�d|�

u(x, k) =
1√
2π

∫

R+

U(x, t)e−iktdt = FU(x, t),

U(x, t) =
1√
2π

∫

Rd

u(x, k)eiktdk = F−1u(x, k).

p?��v (2.2) �� Fourier z�S:

F−1

(
∂2U

∂t2

)
= (ik)2F−1U = −k2u; F−1(∆U) = ∆(F−1U) = ∆u.
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Y

s(x, k) = F−1S(x, t) =
1√
2π

∫

R+

δ(x− f(t))χ(t)eiktdt =
1√
2π

∫ tmax

tmin

δ(x− f(t))eiktdt,

.�:

∆u+ k2u = −s(x, k). (2.4)

p (2.3) n Fourier z�S, 5RO�5 (2.4) T�:

u(x, k) = (F−1U)(k) =

∫

Rd

(F−1G)(x− y, k)(F−1S)(y, k)dy

=

∫

Rd

Φd(x− y, k)s(y, k)dy, (2.5)


P Φd(x− y, k) � Helmholtz �5 ∆u+ k2u = 0 T\	�:

Φd(x− y, k) =





i

4
H

(1)
0 (k|x− y|), d = 2,

eik|x−y|

4π|x− y| , d = 3,
x 6= y, x, y ∈ R

d,

?> H
(1)
0 (x) �V�[pA Hankel =Y.

�� Helmholtz�5T\	� Φd 
g Sommerfeld �7|{,�� (2.4)TÆl= s(x, k)

+�8u)��>e, �7+ u k
g Sommerfeld �7|{, h

lim
r→∞

r
d−1

2 (∂ru− iku) = 0, r = |x|. (2.6)

d|,$�A x̂ = x
r
∈ S

d−1 = {x ∈ R : |x| = 1}. Au?��v (2.2) 5x℄S1��3T�

v:



∆u(x, k) + k2u(x, k) = −s(x, k), x ∈ R, k > 0,

lim
r→∞

r
d−1

2 (∂ru− iku) = 0, r = |x|.
(2.7)

 ' Sommerfeld �7|{, u ) ��>�|�TN

u(x) = cd
eik|x|

|x| d−1

2

{
u∞(x̂, k) +O(|x| d−1

2 )
}
, M |x| → ∞, (2.8)


P u∞(x̂, k) 0� u T�+oG, *Y cd ∈ C �

cd =





e
iπ
4

√
8πk

, d = 2,

1

4π
, d = 3.

E��|�TN, RO Helmholtz �5\	�T�+oG� Φ∞
d (x̂, k) = e−ikx̂·y. !�p

�RO���vT�+

u∞(x̂, k) =

∫

Rd

e−ikx̂·ys(y, k)dy =

∫

Rd

e−ikx̂·y

∫ tmax

tmin

δ(y − f(t))eiktdtdy

=

∫ tmax

tmin

e−ik(f(t)·x̂−t)dt, (2.9)
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5C x̂ �H,$�A. ���= S �ACT, . s(x,−k) = s(x, k),u(x,−k) = u(x, k) p*{

T k > 0 h1H.

	�Zip_Tuf�}b�vlW�: s8 tmin � tmax w?, ~9$PT�+Y'

{u∞(x̂ℓ, k) : ℓ = 1, 2, · · · , L; k ∈ [kmin, kmax]} ?T'^�T%f4b {f(t) : t ∈ [tmin, tmax]}.
-7�d%f4b f(t) T.NT�NY!Xxf;F|{?, =Y)�5?u�uvT4Q

5x��5s�,$^Ts�Y'Æp!d

[12].

3. $.&2*L�w�P�

	�7p.N%f4b=Y�R}b, �<���jD,$Y'.T}b
7. Q07

pv�8uT%f4b=Y, E��+Y''}
I}bT	;Z5; !�p��0I/��

P; AKE��+,$Y'�RT', ���+Y'T
7�Rp�.

3.1. /m�Vq{J9��
��

)v�8uP, �+,$�A)K��3�RZ�, h x̂ = (sin θ, cos θ), 
P θ ∈ (0, 2π]

�,$�. Z�,$�A x̂ℓ = (x̂ℓ,1, x̂ℓ,2)(ℓ = 1, 2, · · · , L), .ROs�,$�A.T�+,
$Y': {Yℓ(k) : k ∈ [kmin, kmax]}Lℓ=1. )v��P, �g� f1(t) = t, �4b=Y"YP�

f(t) = (t, f2(t)). Y k1 = kmin, km = kmax, kj = k1 + (j − 1) ∗ h, h = km−k1

m
, . ' (2.9) �+

,$Y'�H�

Yℓ(kj) = u∞(x̂ℓ, kj) =

∫ tmax

tmin

e−ikj(f(t)·x̂ℓ−t)dt. (3.1)

uf�}b�vlW�: ~9w?s�,$�A.Ts��+,$Y' {Yℓ(kj) : ℓ = 1, 2, · · · ,
L; j = 1, 2, · · · ,m}, }bv�%f4b=Y {f(t) = (t, f2(t)) : t ∈ [tmin, tmax]}.

�� f2(t) ∈ C1(tmin, tmax), Z- L2(tmin, tmax) Tpj\=Y {φi(t) : i = 1, 2, · · · }, 5x
� f2(t) �b0.�

f2(t) ≈ X · Φ(t),


P X = (a1, · · · , an) ∈ R
n
�J!dT"Y, ?> n ∈ N 0�4b=Y f(t) T
n"Y,

Φ(t) = (φ1, φ2, · · · , φn)(t). d|

f̃l(X, k) :=

∫ tmax

tmin

e−ik[x̂l·(t,X·Φ(t))−t]dt ∈ C, ℓ = 1, 2, · · · , L,

xf

F (X) := (f̃1(X, k1), · · · , f̃1(X, km), · · · , f̃L(X, k1) · · · , f̃L(X, km))T ∈ C
m×L.

te, F Jp�+�"Y ai(i = 1, 2, · · · , n) T�6TAPC=Y.

uf^�4b=YT}b�v℄��"Y {ai}ni=1 TT'�v. p�TlDv3�vl

W�

min
X∈Rn

‖Y − F (X)‖ = min
X∈Rn

m∑

j=1

L∑

l=1

∣∣∣∣
∫ tmax

tmin

e−ikj [x̂l·(t,X·Φ(t))−t]dt− Yl(kj)

∣∣∣∣. (3.2)

����6TlDv3�v (3.2), 	�!� Levenberg-Marquardt dz. Levenberg-

MarquardtdzJpS�`T�6TlDv3	Pdz, l,FR�_ -~rzT;
OLT
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Dtj.�zT�dT,~9
K�ix~b)v4AuMw�S, Au)OL
jD�dT

Au�R�I

[7]. �dzOL�dT�?,KFPD2oT�6T	P. Levenberg-Marquardt

dzZi�X-.:

N� 3.1. Levenberg-Marquardt dz

IC: ;F^ X0; RF:L-Y ε; s��+,$Y' Y ; �6TAPC=Y F ;

ix*Y;FC λ0 = 10−3 ; ixb;~b µ = 10; lF
I�Y tmax

I�: 0.*Y X ∈ R
n

Set ε0 = Y − F (X0), t = 0, X = X0, ℓ = 0

while t < tmax do

t = t+ 1

ℓ = ℓ+ 1

Nℓ = JT
ℓ Jℓ + λlI, 
P Jℓ J Y − F (Xℓ) T^5�%9

εℓ = Y − F (Xℓ)

Solve Nℓvℓ = JT
ℓ εℓ

if ‖vℓ‖ < ε then

return X

else

Xℓ+1 = Xℓ + vℓ

if ‖Y − F (Xℓ+1)‖ < ε then

X = Xℓ+1

λℓ+1 = λℓ

µ

else

λℓ+1 = λℓ · µ
end if

end if

end while

return X;

STOP.

.kxwKTv�.N%f4b=Y f(t) = (t,−1 + 1.5 sin(t) + cos(2t) + 0.3 cos(3t) −
0.75 sin(4t)), t ∈ [0, 2], �G0HT'
7. 	GPT%f4b-.�jH

0 0.5 1 1.5 2

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

t

f 2
(t
)

� k1 = 1, km = 16,m = 10, n = 9, ??\=YZ��/�\=Y, h {1, sin t, cos t, · · · }.
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�lDv3�v��T;F $� X0 = 0 ∈ R
9, �gRO)��,$�A�Y (L) .T}

b
7, -� 1 jH:

0 0.5 1 1.5 2
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(a) L = 1
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(b) L = 2
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(c) L = 3
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0.2

(d) L = 4

0 0.5 1 1.5 2
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-0.6

-0.4

-0.2

0

0.2

(c) L = 6

0 0.5 1 1.5 2

-0.8

-0.6

-0.4

-0.2

0

0.2

(d) L = 8

� 1 w��Qt(��-%�B�ZU~
Æ8

p�T}b
7%(-.:

s 1 vU!y�_�K��d[z (∞ -�K)

-%�B�Z &)

L = 1 2.0659e+00

L = 2 2.0708e+00

L = 3 1.5441e+00

L = 4 1.8958e-09

L = 6 4.5400e-09

L = 8 1.3756e-09
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5xx3, ,$�AZ�m5?, ��wROH?T
7. MZ� L = 4 �,$�A�R

}b?ROT
7%(�D, g#??T;F $��>	_!. 2#, h`,$�A�YT

/s, }bT
7W"?"?.

.k�g2[0.=*Yp
7T�;, 
�"Y��. � L = 4, � Fourier iYT


n"Y	��� n = 3, 5, 7, 9, �gRO-� 2 T
7:

0 0.5 1 1.5 2

-0.8

-0.6

-0.4

-0.2

0

0.2

(a) n = 3

0 0.5 1 1.5 2

-0.8
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-0.2

0

0.2

0.4

(b) n = 5

0 0.5 1 1.5 2

-0.8

-0.6

-0.4

-0.2

0

0.2

(c) n = 7

0 0.5 1 1.5 2

-0.8

-0.6

-0.4

-0.2

0

0.2

(d) n = 9

� 2 ���o#Z/Uw�~
Æ8

}b
7%(-.:

s 2 vU5�wK℄��d[z (∞ -�K)

1/+Z�Z &)

n = 3 3.1059e+00

n = 5 1.1852e+00

n = 7 5.4105e-02

n = 9 1.8958e-09

,'
75xx3, 7pM�dG, MD�T0.=*Y�YY|/s?, }bT�!T

k"?"?. L-7Z�*Y�Y9s?, 5wW<39yF3C, NJ�!j.�. Au)

}b95P, Vi�9s�AdZ-FKT0.=�YT��.

lK, G���\Z���, 5xp����HY'T}b
7, 
7-� 3 jH.
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0 0.5 1 1.5 2
-1

-0.5
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(a) k ∈ [0.1, 1]
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(b) k ∈ [1, 16]
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(c) k ∈ [21, 36]

0 0.5 1 1.5 2

-0.8

-0.6

-0.4

-0.2

0

0.2

(d) k ∈ [31, 46]

� 3 ���℄�
/Uw�~
Æ8

	�PdGZ��p�W�=Y, 5xx3
�\a��u [1, 16] Au, AuE�p��

Y.ROT�+,$Y'�R}bROT
7	�
l
7.

3.2. /mDVq{J9��
6'

�gA/�B�p�*K��k3Z�,$�A x̂ = (cos θ sinϕ, sin θ sinϕ, cosϕ), θ ∈
(0, 2π], ϕ ∈ [0, π]. )fp�,$�A x̂ℓ 3, �gos�,$Y'� {Yℓ(kj)}mj=1. uf�}b

�vlW�: ~9w?s�,$�A.Ts��+,$Y' {Yℓ(kj) : j = 1, 2, · · · , m}, }b
/�%f4b=Y {f(t) = (f1(t), f2(t), f3(t)) : t ∈ [tmin, tmax]}.

)/��P., 	�Z�=Yh {φ1j}n1

j=1, {φ2j}n2

j=1, {φ3j}n3

j=1, p�	P�RiY0.:

fi(t) ≈
ni∑

j=1

aijφij(t).

o X = (a11, · · · , a1n1
, · · · , a3n3

) ∈ R
n(n = n1 + n2 + n3) �%f4b=Y/�	PT0.*

Y. �}��v℄S�lDv3�v:

min
x∈Rn

m∑

j=1

L∑

l=1

∣∣∣∣
∫ tmax

tmin

exp

(
−ikj

[
x̂ℓ,1 ·

(
n1∑

i=1

a1iφ1i

)
+ x̂ℓ,2 ·

(
n2∑

i=1

a2iφ2i

)

+x̂ℓ,3 ·
(

n3∑

i=1

a3iφ3i

)
− t

])
dt− Yℓ(kj)

∣∣∣∣
2

. (3.3)
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)YCAdP, �g�%f4b=Y�

f(t) = (f1(t), f2(t), f3(t)) = (cos t, sin t, sin 2t), t ∈ [0, π], (3.4)

.)lDv3�v (3.3) P, tmin = 0, tmax = π. )x%f4b-.� 4:

� 4 0�&g5
>Z (3.4)

)lDv3�v��95P, ;F $ X0 TZ�p���T_!j���G\�`H

FT�;. )Apld95P, 5x~9Z�s�,$�A?x5;F $T�;. )	dG

P, �+,$�A-.:

s 3 EWO>�
�r|!y�_

ℓ
�k q�
Q

θ ϕ x̂ℓ,1 x̂ℓ,2 x̂ℓ,3

1 45◦ 45◦ 1
2

1
2

√
2
2

2 135◦ 45◦ −
1
2

1
2

√
2
2

3 225◦ 45◦ −
1
2

1
2

−

√
2
2

4 315◦ 45◦ −
1
2

−
1
2

−

√
2
2

5 315◦ 45◦ 1
2

−
1
2

−

√
2
2

??, ,$�A5x�E�:

Yℓ(kj) = u∞(x̂ℓ, kj) =

∫ tmax

tmin

e−ikj [x̂ℓ,1∗f1(t)+x̂ℓ,2∗f2(t)+x̂ℓ,3∗f3(t)−t]dt,

p� f(t) T/�	P, -!�/�=Yh {1, sin t, cos t, sin 2t, cos 2t, · · · } = {φ1(t), φ2(t), · · · ,
φj(t), · · · } n�\=Y�R0., h





f1(t) ≈ a10 +

n1∑

j=1

(a1j sin jt+ b1j cos jt),

f2(t) ≈ a20 +

n2∑

j=1

(a2j sin jt+ b2j cos jt),

f3(t) ≈ a30 +

n3∑

j=1

(a3j sin jt+ b3j cos jt).



1 	 
r| W: �g�6vg_�&g5
UU(�{ 111

Y

fℓ(X, kj) =

∫ tmax

tmin

exp

{
−ikj

[
x̂ℓ,1 ∗

n1∑

i=1

a1iφ1i + x̂ℓ,2 ∗
n2∑

i=1

a2iφ2i + x̂ℓ,3 ∗
n3∑

i=1

a3iφ4i − t

]}
dt.

lDv3�vTr�JT'%f4b=Y�	PTiY0.*Y X = (a11, · · · , a1n1
, · · · ,

a3n3
) ∈ R

n.

)��95PZ��"Y-.: �\ k1 = 1,km = 16,m = 10,n1 = n2 = 3,n3 = 5. lDv

3�vT;F $� X0 = 0 ∈ R
11, ROT}b
7-� 5.

� 5 5
>Z (3.4) *t�-%�B/U~
Æ8

�?, 5xRO)��?7 t ∈ [0, π] T}b%(, 
7-� 6.

0 0.5 1 1.5 2 2.5 3

t

-4

-3

-2

-1

0

1

2

3

er
ro

r

10-9

� 6 5
>Z (3.4) *t�-%�B/U~
&)

)3W}b95P,Z�T,$Y'Js8)R P�C)
k+��'?ROT, L)

Ap%�T95P, ,$Y'�5
jZWIH+�. �.?�)�{r+�, ,'}b
7

)pd+�D%(T�'.J�w�7�dT. d| Yδ = Y + Y δR, 
P Y ��F,$Y

',Yδ J�+��%TY',δ �+�\�, R J (−1, 1) vTh^Y. 7p�+Y', 	�{r
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δ = 5%, 10%, 15%, 20%, 30% \�T+�, �!�lDv3z�R��, 
l"YZ�-� 

+�?8�, ROT}b
7-� 7.

� 7 ��,��</5
>Z (3.4) *t�-%�B/U~
Æ8

�gZ, 5xRO��?7T}b%(-� 8 �� 4 jH.

0 0.5 1 1.5 2 2.5 3

t

-0.1

0

0.1

0.2

0.3

0.4

0.5

er
ro

r

� 8 ��,��</5
>Z (3.4) *t�-%�B/U~
&)

s 4 vUtiMB℄��d[z (∞ -�K)

,�℄� &)

!,� 1.9534e-10

5% 1.4494e-02

10% 3.0070e-02

15% 4.6832e-02

20% 6.5419e-02

30% 4.0606e-01

~9�YCAd
75xx3, MZ� 5 ��+,$�A?, w)H?Z}b<#xT

%f4b=Y, ��}b
7)+��;.)�H?T�dT.
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3.3. /mDV8{J9��
6'

oN}H95P, �+oGT�EG�Ns�� Sommerfeld �7|{, �|{n!R u

) ��>V
gT|�T, �?5�p�!d�+oGTY[PG. -7�Z-D��+

T,$Y'�R}b, )%f4b=Y��Z-,'^�, ~9G (2.5) 5RO�+,$Y'.

s#Z� 3.2 �PTdG (3.4), M d = 3 ?��+�EG:

u(x, k) =

∫

R3

Φ3(x− y, k)s(y, k)dy =

∫

R3

eik|x−y|

4π|x− y|

∫ tmax

tmin

δ(y − f(t))eiktdtdy

=

∫ tmax

tmin

eik|x−f(t)|

4π|x− f(t)|e
iktdt =

∫ tmax

tmin

eik[|x−f(t)|+t]

4π|x− f(t)| dt, (3.5)


P f(t) = (f1(t), f2(t), f3(t)). Z�,$^ xi = (xi,1, xi,2, xi,3)(i = 1, 2, · · · , T ), ROs��
+,$Y'

Yi(kj) =

∫ tmax

tmin

eikj [|xi−f(t)|+t]

4π|xi − f(t)| dt, j = 1, 2, · · · ,m.

.??lDv3�v�� (3.6), 
P tmin = 0, tmax = π.

min
X∈Rn

m∑

j=1

T∑

s=1

∣∣∣∣
∫ tmax

tmin

eikj [|xs−[
∑n1

i=1
a1iφ1i,

∑n2
i=1

a2iφ2i,
∑n3

i=1
a3iφ3i]|+t]

4π|xs − [
∑n1

i=1 a1iφ1i,
∑n2

i=1 a2iφ2i,
∑n3

i=1 a3iφ3i]|
dt− Ys(kj)

∣∣∣∣
2

. (3.6)

,$^Z�-� 5, 
�"Y��+�P8�.

s 5 !y�K:3

i
-%_q�

xi,1 xi,2 xi,3

1 2.0 2.0 2.0

2 2.0 2.0 -1.0

3 -1.0 2.0 1.0

4 -2.0 1.0 -3.0

5 1.0 -2.0 -0.5

6 -1.0 -0.5 1.0

7 0.5 1.5 0.9

8 0.0 2.0 1.2

9 -0.5 2.5 1.5

10 -0.7 3.0 1.8

11 -0.5 3.5 2.1

	�p,$Y'{r\�� δ = 1%, 2%, 4%, 8%, 10% T+�, %�lDv3�zROT

}b
7-� 9.
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� 9 ��,��</5
>Z (3.4) *t�-%_/U~
>Z

�gZ, 5xld��?7T%( (-� 10 �� 6 jH).

0 0.5 1 1.5 2 2.5 3

t

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

er
ro

r

� 10 ��,��</5
>Z (3.4) *t�-%_/U~
&)

s 6 vUtiMB℄��d[z (∞ -�K)

,�℄� &)

!,� 3.7017e-08

1% 1.4788e-03

2% 2.9233e-03

4% 5.6650e-03

8% 5.7590e-01

10% 5.9109e-01

Z��+,$Y'?, i:RO�?T,$
7, ViZ-�sT,$^Y�8�TY

'; ��}b
7p�+�T0�'wJ(�\��+Y'T}b
7.
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4. �$.&2*L�w�P�

)3p�	,'O, 7p/��PT.N%f4b=Y, Z�/�\=YT Levenberg-

Marquardt dzT�!jD�dT�?. 	�7p	�6TT%f4b=Y8l}bdz, �

.N�PlZiT(�)��b0.\=YTZ�. )��}bdzT\=3, 	�Z- B

g|\=Yn�\=Y, A3\�v��+,$Y'.T}b, �?��T'dz���.N

=YT}b.

4.1. /m B eS/(J��V�",%1�
6'

s8v�	�6T%f4b=Y f(t) = (t, f2(t))(t ∈ [−2, 2]) )�x.PG:

f2(t) =





−1, −2 ≤ t < −0.5,

2t, −0.5 ≤ t < 0.5,
−2t

3
+

4

3
, 0.5 ≤ t < 2.

)x�?-.�.

−2 −1 0 1 2

−1

−0.5

0

0.5

1

t

f 2
(t
)

)p%f4b=Y�R}bT95P, HTiTp^JVip�=Y\�pj\=Y�

R0.. p��.N=YTyF�b, Z- B g|�RyF. d| T ��.N=Yd|�v

�^T�Y, Sk(x) ��.N=YTyFs=G, n �s=G Sk(x) T�Y. !� B g|yF

?, ViZ��^:

x−n, · · · , x0, x1, · · · , xT , · · · , xT+n.


P, {x0, · · · , xT } �=Yd|�vT�^; {x−n, · · · , x−1} � {xT+1, · · · , xT+n} �Wy^,

~-Z��TF^, h

x−n = · · · = x−1 = x0, xT+1 = · · · = xT+n = xT .

d|\=Y Bi,n+1 = (xi+n+1 − xi)g[xi, · · · , xi+n+1], 
P

g(t) = (t− x)n+ =

{
(t− x)n, t ≥ x,

0, t < x,
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g[x1, · · · , xm] �(2db, AuRO B g|\=YT�EG

Bi,n+1 = (xi+n+1 − xi)
n+1∑

j=0

(xj+i − x)n+

Πk+1
l=0,l 6=j(xj+i − xj+l)

.

�� B g|\=YT�EPG9��',��A3, �gZ- Cox-deBoor ℄�+*G�

Rd|:

Bi,n+1 =
x− xi

xi+n − xi

Bi,n(x) +
xi+n+1 − x

xi+n+1 − xi+1
Bi+1,n(x). (4.1)


P: Bi,1 =

{
1, x ∈ [xi, xi+1),

0, x /∈ [xi, xi+1),
(i = −n, · · · , T − 2), BT−1,1 =

{
1, x ∈ [xT−1, xT ),

0, x /∈ [xT−1, xT ).
x

n = 1 �GXL<g|\=Y Bi,n+1(i = 1, 2, 3, 4) T�?-� 11 jH.

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

i=1
i=2
i=3
i=4

� 11 h}℄>Z Bi,n+1(n = 1) U��

5xx3, p�T B g|\=Y#Jdb\=Y. )}b	�dGP, �gZ�p�g|

\=Yp%f4b�R0., p�
l�.N=Y, .VN�<Z�FK�YTg|\.

7p�+oG u∞(x̂, k) =
∫ tmax

tmin
e−ik(x̂·f(t)−t)dt, Z�,$�A x̂ℓ(ℓ = 1, 2, · · · , L), �\

kj(j = 1, 2, · · · ,m). p�Z {Yℓ(kj)}mj=1� x̂ℓT,$Y', Y = ({Y1(kj)}mj=1, · · · , {YL(kj)}mj=1)

∈ C
m×L

�s��+T,$Y'. p��.N4b f(t)[v�	P f2(t),�yFs=G Sk(t),

5xp�yFs=G�R B g|0.:

f2(t) ≈ Sk(t) =

T−1∑

i=−n

ciBi,n+1(t),

Aud|:

fℓ(X, kj) =

∫ tmax

tmin

e−ikj [x̂ℓ·(t,
∑T−1

i=−n
ciBi,n+1(t))−t]dt.

Y F (X) = ({f1(X, kj)}mj=1, · · · , {fL(X, kj)}mj=1) ��6TAP=Yj, 
P X = (c−n, · · · ,
cT−1) ∈ R

n+T , tmin = −2, tmax = 2. �J, lDv3�v��:

min
X∈Rn+T

‖Y −F (X)‖ = min
X∈Rn+T

m∑

j=1

L∑

ℓ=1

∣∣∣∣
∫ tmax

tmin

e−ikj [x̂ℓ·(t,
∑T−1

i=−n
ciBi,n+1(t))−t]dt−Yℓ(kj)

∣∣∣∣
2

. (4.2)
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)	GP, �gZ��+,$�A x̂ = (sin θ, cos θ)(θ ∈ (0, 2π]) -.:

s 7 �W�#-�
�r|!y�_

ℓ θ
q�
Q

x̂ℓ,1 x̂ℓ,2

1 90◦ 0 1

2 45◦
√
2
2

√
2
2

3 315◦
√
2
2

−

√
2
2

4 270◦ 0 −1

5 225◦ −

√
2

2
−

√
2
2

6 135◦ −

√
2

2

√
2
2

7 330◦
√
3
2

−
1
2

8 240◦ −
1
2

−

√
3
2

9 150◦ −

√
3

2
1
2

p�
l"Y, �\Z�� k1 = 1, km = 16, m = 10, T = 8, n = 1. AulDv3Tr�

J��< B g|0.T*Y X = (c−1, · · · , c7). Z�;F $� X0 = 0 ∈ R
9, �gp��

+,$Y'	�{r 1%, 2%, 4%, 8%, 10% \�T+�, ROT}b
7-� 12.

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

t

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

y=
f(

t)

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

t

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

y=
f(

t)

� 12 ��,��</�/O>Z*t�-%�B/U~


!B,Z, RO)��+�\�.T}b%(:

s 8 �#-)K�dvUtiMB℄�[z

,�℄� &)

!,� 2.4421e-07

1% 3.7370e-03

2% 7.5474e-03

4% 3.0796e+00

8% 3.4033e+00

10% 3.7034e+00
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4.2. /m B eS/(J��V",%1�
6'

)3k�gp_R7pv�	�6T=YTT'dz, u<D� B g|n�\=YT

Levenberg- Marquardt dz. )	��g�oi B g|\).N=YT}bP
OTn�,

�~9p� 3.1 �PTdzf
��zT	U^.

YCdGZ�� 3.1��7pJ: f(t)=(t,−1+1.5 sin(t)+ cos(2t)+0.3 cos(3t)−0.75 sin(4t)),

� k1 = 1, km = 16,m = 10, T = 8, ;F $ X0 = 0 ∈ R
T+n, ,$�A L = 4. !� B g|

\n� f2(t) T0.\=Y, �� f2(t) �W�=Y, Vi℄3FKT B g|\T�Y n. 	�

� n = 1, 2, 3, ROT}b
7-� 13.

0 0.5 1 1.5 2
-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

(a) L = 4, n = 1

0 0.5 1 1.5 2
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

(b) L = 4, n = 2

0 0.5 1 1.5 2
-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

(c) L = 4, n = 3

� 13 /O>ZE�h}℄*��℄>Z	Z/U~
Æ8

),$�AZ��5?, ��w�RH?T}b
7. ~9Adx3, M/rAd�AI

� 9, ROT}b
7-� 14 jH.

M,$�AZ�� 11 �?, !�v� B g|n�\=YwRO�?T}b
7. {r

1%,2%,4%,8%,10% T+�, )��+�\�.T}b
7-� 15 jH, p�T%(-� 10

jH.
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s 9 �W#-0nfT0�d�
�r|!y�_

ℓ θ
q�
Q

x̂ℓ,1 x̂ℓ,2

1 90◦ 0 1

2 45◦
√
2
2

√
2
2

3 180◦ 1 0

4 315◦
√
2
2 −

√
2
2

5 225◦ −

√
2

2
−

√
2
2

6 225◦ −1 0

7 135◦ −

√
2

2

√
2
2

8 330◦ 1
2

√
3
2

9 330◦
√
3
2

−
1
2

10 240◦ −
1
2

−

√
3
2

11 150◦ −

√
3

2
1
2

0 0.5 1 1.5 2
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

(a) L = 11, n = 1

0 0.5 1 1.5 2
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

(b) L = 11, n = 2

0 0.5 1 1.5 2
-1.4

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

(c) L = 11, n = 3

� 14 /O>ZE�h}℄*��℄>Z	Z/U~
Æ8
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� 15 /O>ZE�h}℄*��,�/U~
Æ8

s 10 #-)KHlfT0svUti℄�[z

,�℄� &)

!,� 1.0112e-02

1% 5.0504e-01

2% 1.0616e-02

4% 1.1039e-02

8% 7.0464e-01

10% 7.1764e-01

~9YCAdT95D
75xx3, E� B g|n�\=Y�R�.N=YD.N=

YT}b?, Vi!sT�+,$�A?�=?T�!T
7. ��p�+�T0�'wJ

8p�., i:u�0�'T, Vi!sT,$�Ap�T�+,$Y'.

5. Æ�
&2*L�w�P�

s9j=Yw))��9j (-?u�8uD�\TB-&�) 3pLA��?[Y'�

R	���H[��. 
BJn�)�~9	&>B��9jTL), A3p�'Y'T�

G	'�}oDld. 
��0�, <�LA>B��?	'�YCoy�#B}oVs�W

�. )	�, �2[uf^�%f4b=Y�s9j=YT�P. ).N=Y}bdzT\=

3�R��, s�D�AX�O��T,$Y'�R
I��lDv3�v, AuROs9j

=YT�b0.*Y, �R%f4bT}b.

x f(t) = (t,−0.42− 0.1 cos(0.75t)− 0.05 cos(6t)), t ∈ [−5, 5] �dG, )x=Y�?-�

16 jH.
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-5 0 5

t

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

f(
t)

� 16 t:k>Z:−0.42 − 0.1 cos(0.75t)− 0.05 cos(6t)

7p�=Y, Z-/�=Yn�\=Y�RiY0.. ��s9j=Y)p�DT��

v*<$���, p�:zJQ0Z�X�,$Y'p�=Y�?T;x^>DX�L)�

R}b, (~9��,$Y'ROÆ���BV��-�, ABO-�RT'. �`:?��

z17�vPTY�6TP�z

[3].

)xdzT`:-.:

N� 5.1. s9j=Y}b

IC: ;F $ X0;

p*T�\ (AX�O��) [kmin, kmax];

s��+,$Y' Y (k) = u∞(k);

p=Y�RiY0.ROT�6T=Y F ;

I�: s9j=YiY0.*Y X ∈ R
n

for k = kmin to kmax do

X = argmin
X∈Rn

‖F (X, k) − Y (k)‖
X0 = X

end for

return X;

STOP.

~9,'=Y�?, 5xx3).j� 10 TF9j3, =Y;x230.�(3=T�

I; ).j!� 0.2 TD9j3, �6W�p�D��v�FT�P. 2[�\ k ��. λ A

uT+*:

λ ∼
2π

k
,

5xFJROv4AuTp�:
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s 11 A?ot}��v�k \

�℄ k �/ λ

0.6 10.47

1 6.28

3 2.09

10 0.63

30 0.21

40 0.16

�R!r?Zp�6TF9j�I�D9j-��RFKT}b,Z��\��� [kmin, kmax]

= [3, 50], kj = kmin + (j − 1)kmax−kmin

m
(j = 1, 2, · · · ,m;m = 10), ,$�ATZ��� 7 8�,

tmin = −5, tmax = 5, iY0.=Y n = 17, .s9j=Y0.� f(t) =
∑17

i=1 aiφi(t), 
P

φi(t) �/�\=Y. .lDv3�v)x�E�:

min
x∈R17

m∑

j=1

L∑

ℓ=1

∣∣∣∣
∫ tmax

tmin

e−ikj [x̂ℓ·(t,
∑

17
i=1

aiϕi(t))−t] − Yℓ(kj)dt

∣∣∣∣
2

. (5.1)

)dz 5.1 P;F $Z-� X0 = 0 ∈ R
17, )+��;.ROT}b
7-� 17

-5 0 5

t

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

y=
f(

t)

� 17 ��,��</t:k>Z*t�-%�B/U~


}b%(-� 12

s 12 
�	)K�dvUtiMB℄�[z

,�℄� &)

!,� 3.5526e-03

1% 2.4268e-02

2% 3.1879e-02

4% 8.7917e-02

8% 1.1541e-01

10% 1.0951e-01
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5xx3℄3dzT}b
7)+�\��XT�<.)��?T0�'T, Lh`+�\

�TY�/r,D9j�	T}bW0SO�;,%(�F. -7�Z-��Y' (k ∈ [40, 50])

[X�Y' (k ∈ [0.1, 0.6]) �R}b, ROT
7�)�M?T�!T, 5OS�<T}b


7-� 18 jH.

-5 0 5
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-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

(a) ℄���Z(U~
Æ8

-5 0 5

-0.55

-0.5

-0.45

-0.4

-0.35

-0.3

(b) ℄�Y�Z(U~
Æ8

� 18 t:k>Z~
Æ8

6. y7+X<�z

	�~9FPYCAd, d=R\� Levenberg-Marquardt Ts�	Pdz)T'�\

�^�4b=Y�vPT�GTD_!T.  '��Y'IHT�.L), 5x�G6Ædz

+�;F $Tm�T. 	�Zi&����dz+����u�,$�A�Y�+�\�x

f4b=YT
n�Y�.NTV"YTm�T_!, 7p?�oNT
7~�
�~��

<9-T^n, L	�dz�gK��?�oN, ��)0d?Quf^�TYrL)?, 4

r��#5xT'8uP�?C)Ts�4b=YT�P.

	�TBJkVApJ '4b=YT0dL)�R�5�"YP��. �g!g/�

=YDs=G=Y��.N=Y, !� B g|=Y��	�6T=Y�RR�DTG7. )

�RYC��?, ViT^+\+z"YTb:, -7pW�%f4b=Y, s��+,$Y

'T�\�uV�4bT�\8��. �?i7p4b=YTrTZ-K�T���G, 


n"YV. lK, 5x~9/r,$�A?u=T'T�!j�0+��'wJ.

 ':��bT~���dB, *{TKY4b=Y5x�s&:��b=Y�R�b.

 '?dB�
F�6T	P[Y[#BoN, k5x8l%f4bTd�^edz. �g

�)KY#nP.05=_!.
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