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Abstract
Inverse problems for the wave equation aims to reconstruct unknown model coefficients
such as sources and media through external observation data. It has wide applications
in many engineering fields. This paper is concerned with the inverse moving point source
problems, which plays an important role in accurately recovering the motion characteristics
and flight parameters of a moving object. First, a mathematical model for the moving
source problem in the frequency domain is established based on the the Fourier transform.

Then, the trajectory of the moving source is reconstructed using least squares and nonlinear
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optimization algorithms. For smooth motion trajectory functions, the effects of parameters
such as frequency-band, observation directions, and the number of series expansion terms
on the inversion results are discussed. In the three-dimensional case, inversion algorithm is
performed using multi-frequency far-field and near-field observation data contaminated by
white noise. Through extensive numerical experiments, it is found that the algorithm exhibits
good accuracy and robustness under a certain level of noise interference. Furthermore,
numerical experiments are also conducted for cases where the motion trajectory is a non-
smooth function and a multi-scale function, yielding satisfactory results.

Keywords: Wave equation; Moving source problem; Inverse problem; Least-squares

method.
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4. EEFMTR Y EREE

FE b —HB 7 WEEE, $Ext =4I IO s Pl ek 2, B = fFE KB Levenberg-
Marquardt 53 ORI BE RIS E PEBCEF . AT5EEXT 3 Pk iz sl ek oot O ik, 5
S T o T B 22 7E T AT RUR T R R B e L. 7R S50 SO Sk i At b, AT e B
PESTERR B E B R B, SUBLEE T e by ML IN Bt T 0 S, R i AR S B e
BRI ST

4.1. BT B HEEERHM AR FNTEREER
B — e o i eVEa shHuB e E f(1) = (¢, f2(0))( € [-2,2]) RALTRA:

-1, 2 <t < 0.5,
Fa(t) = { 2t 0.5 <t<0.5,
2L gsct<n
3 T3 0= '

HARE BT &

0.5 *

fa(t)

—0.5] 1

FEXT IZ B R BOEAT B I AR, AR ) — pUR T O BR B T — A R ek it
FTRIT. X T ARG R B RLE LR, L8 B ARARBEATIIG. & 0 T A ARG s BoE Ui
TR Se(x) AAEEH R EIIG 2T, n AL Se(z) BIREL R B HEARS
I, 5 BT A

x_n’... ,xo,xl’... ’ajT’... 7xT+n'

EEF.’ {'T07"' ,$T} %@ﬁ%iﬁw%ﬂﬁ‘/ﬁ7 {.’L'_n,"' ax—l} _I_j {xT-‘rlv"' ,.’ET.»,_n} %Jﬁm}ﬁ;
RO A R, B

Lop ="""=T_1 =T, LT41 =" """ =2LT+4n = TT-
EMFEREL Biny1 = Tignt1 — Ta)9lTi, -+, Tignga], FHoH

(t—a)", t>uw,
0, t <z,

gt)=(t—2)} = {
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gloy, - om] AZERAET, ITE] B FEAR R E AR
= (Tj+i —x)}

Bint1 = (Tignt1 — i) Z = .
=0 Hzio{z;sj (Tj4i — Tj41)

[T B BEACHE R M AT R T4, S, efl 4% CoxdeBoor 36 R Xt
s

Bip(z) + —Hn =% B (). (4.1)

Titn — Xi Titnt+l — Titl
1, €T, Tit1), . 1, € [zp_1, ,
Ho: By = T € [Ti,Tit1) (i = =y T —2), By 1y — x € [rr_1,v7)
0, = ¢ [ziaxi+1)7 0, =« ¢ [IT—l,xT)-

n =1 NBIZHI A ARIEREL B (i = 1,2,3,4) BIEGRINE 11 PR

Bi,nJrl -

A

1

09 r

T
s wn e
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0.6
051
04 r
03r

/
02 /

01}/
/

0 . . . . . .
-2 -1.5 -1 -0.5 0 0.5 1 15 2

B 11 FEARIERREL Binri(n = 1) KR

ATDUR B, —Wr it B FEACER R BUM 2 AR R . AR RBATT B b, AT T — B AR
FLeR B B SR TR I, X T H B ARG R, W TG DL E A TE B B AR A

ﬁﬁﬁiﬁ*gﬁ uoo(‘,’f’ k) = f:r::x eiik(af(t)it)dta iﬁﬁlxﬂzmﬂﬁﬁﬂ {B\Z(e = 1323 T 7L)3 ﬁ%
kj(G = 1,2, ,m). XN {Ye(ky)} iy A Ze BORIUER, Y = ({(Ya(kj) ey, - o {YL (k) }e)
€ C™*E K Z s n i INEE. xR ei Pl f(¢) 8 =A% = L), HRALTE Sk(t),
Al AU A 2 03T B FE4 R T

T-1
fa(t) = Si(t) = Z ¢iBing1(t),

T N

L F(X) = (AR ASo (X k) L) AR R R A, Hp X = (con,o-,
CT—l) S RnJrT, tmin == *27 tmax =2 ﬂ:‘/%a E‘x’]‘:ﬁl‘ﬂ%@ﬁj@

m L
min ||V —F(X)|| = min ZZ
XERn+T XERnHT £ £

tmax . . _ 2
/ e_ij[xl'(t7Z?=jn C"B"'"“(t))_t]dt—n(kj) . (4.2)
tn in
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FEAB R, BATEIGLIWN T 7] 2 = (sin 6, cos 0)(6 € (0,2n]) #17F:

® T ZHIERBHZ RSN

0 0 _ Qéﬁﬁ%
Te Xe,2
1 90° 0 1
2 450 2 2
3 3150 ¥E 2
4 270° 0 -1
5 2250 -2 42
6 135° -2 2
7 330° L2 ~1
s 2400 -1 2
9 150° -3 L

XN TFIHESE, PRERCY k1 =1, ky =16, m =10, T = 8, n = 1. J\Tiif/h =3k H bz
SRR B BEARIFINREL X = (co1, -+, or). BEIAIEHENA Xo = 0 € RY, [FFEXS TiE
MBI 73 NG 1%, 2%, 4%, 8%, 10% JKF-F Wk &, #3321 i Sl 45 R an ] 12.

y=f(t)

L5

AT

JEME AT 1%0 77

29031 | s |

ML

4% % 8% 7

L L L L L L L R AV
-2 -1.5 -1 -0.5 0 0.5 1 15 2 -2 -1.5 -1 -0.5 0 05 1 15 2
t t

P 12 N[ M AR oA B & MWL 18] T B S8

SR, 15 FEA [R5 KF T I RO R 22

* 8 ERBRBREREAEEKFETHIRE

K R
T 2.4421e-07
1% 3.7370e-03
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4.2. BT B HFE R YR BT EER

FE B MIBATE T 60 — 4k 5y Fr S E ek B A A, $RIEH] B AR SAF A R R HH0
Levenberg- Marquardt 5% fEATBATHRE B FEATEAEGH ol Hord S o 211 1F H,
Il H 3.1 A RS TR K

BEAH RIS 3.1 FRFF—3C f(6)=(¢t, —1+1.5sin(t)+ cos(2t)+0.3 cos(3t) —0.75 sin(4t)),
B ky = 1,k = 16,m = 10,T = 8, FRFEM Xo = 0 € RTT", WJ51) L = 4. R B Fi%k
HARA f2(0) BRI AL, 1T f2(8) IR EL, TR T RATEN B AEEIZEIIBIE n. 251
on=1,2,3, F33 R Ss S5 R 13.
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(b) L=4,n=2

E— b
L

(c)L=4,n=3
P 13 St R il PR A SEAE AN R bR B0 BT 1 SO 4 21

FERLI 7 16 e B I, IS BEBUAAR 47 (0 RO 26 R 3 S e B, 449 IS s i) 22
9, PRI S A RN 14 R

SR [ EHCA 1L AN, SR R B AR AT A 2k e B REAG BBy i SO S 2R S
1%,2%,4%,8%,10% MW, FEANRMEE KSF T I RS RN 15 Frzs, XM ERZEISE 10
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F 9 THRBETHEFERENS MEANNTE
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1.5

;
T P
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sl - //
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0.5
-1 I 1 1
0 0.5 1 1.5 2
— AL 1% 4% 10%I5: &
—— TMEEHE 2%/ % 8% T

B 15 it bR BB TR A T AE A IR e 3 T B S BB 45 2R

* 10 ABRBERAHFEETRRETHIRE

7K RE
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1% 5.0504e-01
2% 1.0616e-02
4% 1.1039¢-02
8% 7.0464e-01
10% 7.1764e-01

e B S g i RE AN S AT DURER, R B AR SR A ek Bt T ARG e BRI bR
By SO, 75 i N [ R ORAE S RSB S 5 F X T 95T O fE
FEXRE, BARSE BT PUE, 752522 A LN 5 10 o 1 P Sze 47 L B

5. Z RENTHRHMELEE

% RBERBLRES AR AR ROBE (A0t e, 25 (AR A0 2 k) EXHES ., ER el ot
1750, Foneiil. B OERTE TEE 220 AR RBEME B, S 228500 1 5
ROy, AL N, WEE(E S, EUR T, BUERL, B e 2 A
B FEARTT, Y7 B B SR s ek B0 22 ROBE SR B I TS 756 1 bR 250 i S0 1) Al
R BEAT B, AR A ARSI ] R A0 P S R A T AR A e 3R, AT A5 31 2 R
PR BT R FE R B, BEAT I B I B

L f(t) = (t,—0.42 — 0.1 cos(0.75¢) — 0.05 cos(6t)), t € [—5,5] AHEM|, HARRKEIEHZ A E
16 fr 7.
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K 16 £ RE%E:—0.42 — 0.1 cos(0.75t) — 0.05 cos(6t)

BariZ R B, e =M R B E AR e Bt TR EURTT. TR RS R B E— /N T
WA SRR A, — AR 1 S R HRAR UL I e ot T b 5 Vel 50 ) o A e R 9 £ 6L 2
AT, FHE S O I BT 20 % . SCB A RRA Y, MOS0 BT A, AR T
SO I P 5 R e M A i

HARSEI AR

8% 5.1. £ RUSR B
N FEETEIN Xo;
—RIPR (MEIEN ) [Fmin, Kmax];
Z R M B Y (k) = u(k);
Xt R AT R BUR TR M AR b i B 1
Wit 2 RUSRBEERIT RS X eR”
for k = kpin t0 kmax do
X = argmin|| F(X,k) — Y (k)|
XeRn
Xo=X

end for

return X;
STOP.

T WS R I 15, W DURIRAERR BE A 10 R RUEE B, R ECRAR B 5E T EF LT
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11 FERS5FRMRBAEKE
WE k Pk A
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6.28
3 2.09
10 0.63
30 0.21
40 0.16

AT ST T il 2 KRB 5 /N RUBEAR 5 BEAT 5 38 1) S, SO VLA [Rmin, Fmax]

=03 50] kj = Kiin + (j — 1) Pmecbain (5= 1,2, mim = 10), Y0077 ] (2L ES 2 7 AR,

tmin = =5, tmax = 5, FEURITIEL n = 17, U‘U%RF@&E%?@ F() = 3L, aioa(t), Hor
Gi(t) A =FAREeR W/ s — 3R i) LB AR R A

min E E
.’/UER17

j=1/¢=1

FESE 5.1 AIIRTEIIRE RN Xo = 0 € RYT, 7EMES Roma 153 21 i S 45 R an bl 17

2
/ﬁ =ikl S O~y () dt|
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