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We study the increasing stability of an inverse source problem for the Helmholtz 
equation from limited-aperture far field data at multiple wave numbers. The 
measurement data are given by the far field patterns u∞(x̂, k) for all observation 
directions x̂ in some neighborhood of a fixed direction x̂0 and for all wave numbers k
belonging to a finite interval (0, K). In this paper, we discuss the increasing stability 
with respect to the width of the wavenumber interval K > 1. In three dimensions we 
establish stability estimates of the L2-norm and H−1-norm of the source function 
from the far field data. The ill-posedness of the inverse source problem turns out 
to be of Hölder type while increasing the wavenumber band K. We also discuss an 
analytic continuation argument of the far-field data with respect to the wavenumbers 
at a fixed direction.

© 2024 Elsevier Inc. All rights are reserved, including those for text and data 
mining, AI training, and similar technologies.

1. Introduction

In this paper, we deal with an inverse time-harmonic source problem for the Helmholtz equation. Our 
aim is to determine the source function f appearing in the following equation defined in R3:

⎧⎪⎨
⎪⎩

(Δ + k2)u = −f in R3,

lim r(∂ru− iku) = 0 as r := |x| → +∞.

(1.1)
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Here k > 0 is the wave number, u is the radiated wave field and f ∈ L2(R3) is a compactly supported 
function. We assume that the supp (f) is contained in the ball B(0, R) defined by

B(0, R) := {x ∈ R3 : |x| < R}

for some R ≥ 1. The condition at infinity in (1.1) is well known as the Sommerfeld radiation condition, 
leading to the asymptotic behavior

u(x) = eik|x|

4π|x|

{
u∞(x̂, k) + O

( 1
|x|

)}
as |x| → ∞,

which holds uniformly in all directions x̂ ∈ S2 := {x ∈ R3 : |x| = 1}. The function x̂ �→ u∞(x̂, k) is usually 
referred to as the far-field pattern or scattering amplitude of u and the vector x̂ ∈ R3 is the observation 
direction. It is well known that x̂ �→ u∞(x̂, k) is a real-analytic function on S2. There exists a unique solution 
u ∈ H2

loc(R3) to (1.1), taking the explicit form

u(x) =
∫
R3

G(x, y, k) f(y) dy, x ∈ R3, (1.2)

where G(x, y, k) denotes the free-space Green function of the Helmholtz equation and is given by

G(x, y, k) = 1
4π

eik|x−y|

|x− y| , x �= y, x, y ∈ R3.

From

|x− y| =
√

|x|2 − 2x · y + |y|2 = |x| − x̂ · y + O
( 1
|x|

)
, |x| → ∞,

we derive

eik|x−y|

|x− y| = eik|x|

|x|
{
e−ikx̂·y + O

( 1
|x|

)}
, |x| → ∞. (1.3)

By (1.2) and (1.3), the far-field pattern of u is given by

u∞(x̂, k) =
∫
R3

e−ikx̂·yf(y) dy. (1.4)

Denote the Fourier transform of f ∈ L2(R3) by

f̂(ξ) := (2π)− 3
2

∫
R3

f(x)e−iξ·xdx, ξ ∈ R3. (1.5)

Thus, we get

u∞(x̂, k) = (2π) 3
2 f̂(kx̂).

For a small parameter δ > 0, let us denote by Vδ(x̂0) a neighborhood of a fixed observation direction x̂0 ∈ S2, 
defined as follows:
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Vδ(x̂0) := {x̂ ∈ S2 : |x̂− x̂0| < δ}.

Supposing for some K > 1 that

u∞(x̂, k) = 0, for all x̂ ∈ Vδ(x̂0), k ∈ (0,K),

we deduce from the analyticity of f̂ that

f(x) = 0 for all x ∈ R3.

That is, the far field pattern u∞(x̂, k) with x̂ ∈ Vδ(x̂0) and k ∈ (0, K) uniquely determines the source 
term f(x), for x ∈ R3. The goal of this paper is to consider the stability issue for the inverse problem of 
determining the source function f from limited-aperture far field data at multi-frequencies. More precisely, 
we are interested in treating the stability issue with respect to the wavenumber/frequency interval (0, K). 
Particularly, we are interested in the so-called increasing stability with partial data, showing that the ill-
posedness of the inverse problem decreases as the width of the frequency band becomes larger.

We state the stability issue as follows:
IP: Stably determine the source term f appearing in (1.1) from limited-aperture and multi-frequency 

far-field pattern data u∞(x̂, k) for all x̂ ∈ Vδ(x̂0) of a fixed direction x̂0 ∈ S2 and for all wavenumbers 
k ∈ (0, K) with some K > 1.

The overall idea used in resolving this problem is mainly based on an analytic continuation argument 
enabling the extension of the data u∞(x̂, k) from k ∈ (0, K) onto the real axis and from x̂ ∈ Vδ(x̂0) onto 
the whole unit ball S2. Indeed, if the available measurement data are confined to a finite frequency band 
and limited observation directions, one needs to extend them to larger intervals in order to be able to deal 
with theoretical and also numerical approaches.

The study of inverse coefficients and source problems for partial differential equations is one of the most 
rapidly growing mathematical research area in the recent years, and inverse source problems attracted 
recently much attention. Inverse source problems have indeed many applications in many fields, like for 
example in antenna synthesis [3], biomedical and medical imaging [2] and tomography [1,20].

We state in brief some of the existing results that are relevant to the problem under investigation in 
this paper. It is well known that there is an obstruction to uniqueness for inverse source problems for 
Helmholtz equations with a single frequency data. For the convenience of the reader, we refer to [15]
[Chapter 4] and [5]. However, by considering multi-frequency measurements, the uniqueness can be proved. 
For this, one can see for example the recent works [7,13] in which uniqueness and stability results have been 
proved for the recovery of the source term from knowledge of multi-frequency boundary measurements. 
In [10], the authors treated an interior inverse source problem for the Helmholtz equation from boundary 
Cauchy data for multiple wave numbers and they showed an increasing stability result for the problem 
under consideration. Interested readers can also see [13] that claims a uniqueness result and a numerical 
algorithm for recovering the location and the shape of a supported acoustic source function from boundary 
measurements at many frequencies. See also [6,11,12,16,17,19] and the references therein. As for increasing 
stability results proved for coefficients inverse problems, we can refer for example to [9] and [18], in which 
inverse problems of recovering an electric potential appearing in a Schrödinger equation have been studied 
(see also the references therein). In [8], the increasing stability for the one-dimensional inverse medium 
problem of recovering the refractive index is investigated. However, to the best of our knowledge, there is no 
analogue results for the Helmholtz equation using partial boundary measurement data or limited aperture 
far-field data. For this purpose, one needs additionally to show the stability of the unique continuation of 
the measurement data with respect to observation directions or wavenumbers.

Inspired by the works [4,10,14,19], we address in the present paper, the increasing stability for recovering 
the compactly supported function f appearing in (1.1) from the far-field pattern u∞(x̂, k) for x̂ ∈ Vδ(x0) and 
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k ∈ (0, K). We show two stability estimates with respect to the frequency parameter K. These estimations 
consist of two parts: the first one is of Hölder type in terms of our data and the second one is a logarithmic 
term that comes from the high frequency tail of the function which decreases as K increases, which makes 
the problem under investigation more stable. As a bi-product of our arguments, we show a stability estimate 
in the unique continuation for the far field pattern with respect to k or x̂ but at fixed observation direction 
or fixed wavenumber respectively; see Theorem 2.3 and Theorem 2.4.

The rest of the paper is organized as follows. In Section 2 we state our main results. Sections 3 and 4
are devoted to the stability estimates of the L2-norm and H−1-norm of the source function. In Section 5, 
we present a proof to an analytic unique continuation argument of the far-field data with respect to the 
wavenumbers at a fixed observation direction or observation angles at a fixed wavenumber.

2. Main results

Before stating our main results, we first introduce some notations. Define a complex valued functional 
space

CM,2n+1 =
{
f ∈ H2n+1(R3) : ‖f‖H2n+1(R3) ≤ M, suppf ⊂ BR

}
where n ≥ 1 is an integer and M > 1 is a constant.

For K > 1, let us denote the L2-norm of the limited-aperture far-field data by

ε := ‖u∞(x̂, k)‖L∞(Vδ(x̂0)×(0,K)) < 1. (2.6)

Our first result concerns the stability estimate of the L2-norm of f .

Theorem 2.1. Let f ∈ CM,2n+1 and let u ∈ H2n+3
loc (R3) be the unique solution to the equation (1.1). Then 

there exists α > 0 such that

‖f‖2
L2(R3) ≤ C

[
K3e2K(1−α)ε2α + M2

(K 2
3 | ln ε| 14 )4n−3

]
, (2.7)

where C > 0 is a constant independent of K > 0.

Our second result provides an estimate of the H−1-norm of f , where f is only required to be a compactly 
supported L2-function.

Theorem 2.2. Let f ∈ L2(R3) be compactly supported in BR with M0 := ‖f‖L2(R3). Let u ∈ H2
loc(R3) be the 

unique solution to the equation (1.1). Then there exists α > 0 such that

‖f‖2
H−1(R3) ≤ C

[
K3e2K(1−α)ε2α + M2

0

K
4
3 | ln ε| 12

]
, (2.8)

where C > 0 is a constant independent of K > 0.

Comparing Theorems 2.1 and 2.2, we require f to be of high regularities in order to get the L2-estimate 
of f . The inverse source problem appears to be more stable for smooth source functions. Theorems 2.1 and 
2.1 show that the ill-posedness of the inverse source problem decreases when the wavenumber/frequency 
band K increases. The inverse problem behaves like a Hölder stability using a large interval of wavenubmers, 
because the unstable logarithmic terms on the right hand sides of (2.8) and (2.7) decay to zero as K grows. 
The exponential terms e2K(1−α) in the Hölder part of the estimates (2.8) and (2.7) are due to the use of 
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the analytic continuation argument and they do not pose any problem, since K is fixed in practice and so 
is the constant e2K(1−α) (see also [18]). One should notice that these stability estimates imply the following 
uniqueness result with phased measurement data: the limited far-field data u∞(x̂, k) for all x̂ ∈ Vδ(x̂0) and 
k ∈ (0, K) uniquely determine f .

As a by-product of the proofs of the aforementioned stability estimates, we get a quantitative unique 
continuation result for the function k �→ u∞(x̂0, k) at a fixed x̂0 ∈ S2.

Theorem 2.3. Let x̂0 ∈ S2 be a fixed observation direction and suppose a ≥ max{2K, 1}. Then there exist 
positive constants C and γ ∈ (0, 1) such that

‖u∞(x̂0, ·)‖L∞(−a,a) ≤ C ea (1−γ)‖u∞(x̂0, ·)‖γL∞(0,K), (2.9)

where C and γ depend only K and a. Moreover, the parameter γ increases as K/a increases.

Theorem 2.3 suggests that, if we only know the far field data at a fixed direction x̂0 ∈ S2 and over some 
finite and small frequency interval (0, K), then we can analytically extend the data with respect to k in a 
larger domain. Moreover, the analytical extension becomes more stable if the ratio K/a increases.

Noting that for fixed k > 0,

lim
n→∞

(2k)n

n! = 0, (2.10)

we always find a n0 ∈ N such that

sup
n∈N

(2k)n

n! = (2k)n0

n0!
. (2.11)

In the following Theorem, we deduce that the values of f̂(x) on {kx̂ : x̂ ∈ Vδ1(x̂0)} ⊂ ∂B(0, k) with 
δ1 > δ > 0 can be controlled by f̂(x) on {kx̂ : x̂ ∈ Vδ(x̂0)} ⊂ ∂B(0, k).

Theorem 2.4. Let k > 0 be a fixed parameter and let δ1 > δ > 0. There exists γ1 ∈ (0, 1) such that

‖u∞(·, k)‖L∞(Vδ1 (x̂0)) ≤ (2M2)1−γ1‖u∞(·, k)‖γ1
L∞(Vδ(x̂0)). (2.12)

Here

M2 = max
{

(2k)n0

n0!
, 1
}

‖f‖L1(R3). (2.13)

Moreover, the parameter γ1 increases as δ/δ1 increases.

Theorem 2.4 suggests that, if we only know the far field for a fixed k > 0 and only in some neighborhood 
Vδ(x̂0) of a fixed direction x̂0, then one can analytically extend it with respect to x̂ to a larger domain of 
S2.

If we choose the right δ1, then S2 = Vδ1(x̂0) and (2.12) implies

‖u∞(·, k)‖L∞(S2) ≤ (2M2)1−γ1‖u∞(·, k)‖γ1
L∞(Vδ(x̂0)), (2.14)

where γ1 depends on δ and γ1 increases as δ increases. Let ε1 = ‖u∞(x, k)‖L∞(S2×(0,K)) < 1. Using Theo-
rem 2.1, it follows that
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‖f‖2
L2(R3) ≤ C

[
K3e2K(1−α)ε2α1 + M2

(K 2
3 | ln ε1|

1
4 )4n−3

]
.

Combining this inequality and (2.14), we obtain the following Corollary, which can see the influence of both 
factors much clearer.

Corollary 2.5. Let f ∈ CM,2n+1 and let u ∈ H2n+3
loc (R3) be the unique solution to the equation (1.1). Then 

there exist α > 0 and γ1 ∈ (0, 1) such that

‖f‖2
L2(R3) ≤ C

[
K3e2K(1−α)ε2α1 + M2

(K 2
3 | ln ε1|

1
4 )4n−3

]

≤ C

[
K3e2K(1−α)ε2α2 + M2

(K 2
3 | ln ε2|

1
4 )4n−3

]
,

(2.15)

where ε2 = (2M̃2)(1−γ1)‖u∞(x, k)‖γ1
L∞(Vδ(x̂0)×(0,K)) and M̃2 = sup

k∈(0,K)

{
(2k)n0

n0! , 1
}

‖f‖L1(R3).

3. Stability estimate of the L2-norm: proof of Theorem 2.1

This part is devoted to the stability estimate of the L2-norm of the source function appearing in the 
equation (1.1) from knowledge of the far field pattern u∞(x̂, k) given by (1.4), for all x̂ ∈ Vδ(x̂0) and all 
k ∈ (0, K) for some K > 1. For this purpose we will use an analytic continuation argument given in [4,21]. 
We will also take inspirations from [10] and use their methods based on explicit bounds of the harmonic 
measure of (0, K) in a sector of the complex plane k = k1 + ik2 ∈ C.

3.1. Preliminaries

The statements given in this subsection are crucial for the proof of our increasing stability estimate. Let 
us first introduce the following analytic continuation statement that will be used thereafter. Set B(0, c) =
{x ∈ R3 : |x| < c} for any c > 0.

Lemma 3.1. (See [4]) Let O be a non-empty open set of the unit ball B(0, 1) ⊂ R3 and let F be an analytic 
function in B(0, 2), that satisfies

‖∂γF‖L∞(B(0,2)) ≤ M1 |γ|! η−|γ|, ∀ γ ∈ (N ∪ {0})3,

for some M1 > 0 and η > 0. Then, we have

‖F‖L∞(B(0,1)) ≤ N M1−α
1 ‖F‖αL∞(O),

where N = N(η) and α ∈ (0, 1) depends only η and |O|.

Using the above Lemma, we can control the Fourier transform of the source term by the far field pattern 
data in suitable norms as follows.

Lemma 3.2. There exists α(R, δ) > 0 such that

‖f̂‖L∞(B(0,K)) ≤ C eK(1−α) εα, (3.16)

where C > 0 depends on R, M0 and ε is defined by (2.6).
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Proof. From the definition of the far field pattern given by (1.4), we have

u∞(x̂, k) =
∫
R3

e−ikx̂·y f(y) dy = (2π) 3
2 f̂(kx̂), x̂ ∈ S2, k ≥ 0. (3.17)

Let us define the following set

EK :=
{
ξ ∈ R3 : ξ = kx̂, k ∈ [0,K), x̂ ∈ Vδ(x̂0)

}
⊂ R3.

In light of (3.17), we have

|f̂(ξ)| ≤ C ‖u∞‖L∞(Vδ(x0)×(0,K)) for all ξ ∈ EK , (3.18)

where C > 0 depends on R. In order to complete the proof of the Lemma, we need to extend the estimate 
(3.18) that holds only in EK into the ball B(0, K). For this purpose let c ∈ (0, 1/2) and let us consider the 
set Ec ⊂ R3. Obviously, KEc = EcK ⊂ EK . For any ξ ∈ R3, we introduce the function

FK(ξ) = f̂(Kξ), ξ ∈ R3. (3.19)

Since the function f is compactly supported, the function FK is real analytic and it satisfies

|∂γ
ξ FK(ξ)| ≤

∣∣∣ ∫
BR

(−i)|γ|K |γ|y|γ|f(y) dy
∣∣∣ ≤ ||f ||L1(BR) R

|γ| K |γ| ≤ ||f ||L1(BR)e
K R|γ| |γ|!,

where γ = (γ1, γ2, γ3) ∈ (N ∪ {0})3, y|γ| := yγ1
1 yγ2

2 yγ3
3 , |γ| = γ1 + γ2 + γ3 and we have used the inequality 

Km ≤ eKm! for all m ∈ N ∪ {0}. Applying Lemma 3.1 to the function FK with M1 = ||f ||L1(BR) e
K , 

η = R−1 and with the set O given by

O := B(0, 1) ∩Ec �= ∅,

there exist constants C > 0 depending on η and α = α(R, δ) ∈ (0, 1) such that

‖FK‖L∞(B(0,1)) ≤ C eK(1−α)||FK ||αL∞(O).

Thus, one gets in view of the identity (3.19) the estimate

‖f̂‖L∞(B(0,K)) ≤ CeK(1−α)‖f̂‖L∞(KO).

Using the fact that

KO = B(0,K) ∩KEc ⊂ EK ,

we can deduce in light of (3.18),

‖f̂‖L∞(B(0,K)) ≤ C eK(1−α)‖u∞‖αL∞(Vδ(x̂0)×(0,K)). (3.20)

This completes the proof of the Lemma. �
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Now we prove the main statement of the present manuscript by taking inspiration from [10]. Denote

I1(k) =
∫

|ξ|≤k

|f̂(ξ)|2dξ =
k∫

0

∫
S2

|f̂(lθ)|2 l2 dθ dl. (3.21)

Since the integrand is an entire analytic function of ξ, the integral in (3.21) with respect to l can be taken 
over any path jointing the points 0 and k of the complex plane. Thus I1(k) is an entire function of k = k1+ik2
and the following elementary estimates hold.

Lemma 3.3. Let k = k1 + ik2 ∈ C and f ∈ L2(BR). Then∣∣∣I1(k)
∣∣∣ ≤ C |k|2e2R|k2|. (3.22)

Here the constant C > 0 depends on ‖f‖L2(R3) and R.

Proof. Using the change of variables l = ks for s ∈ (0, 1) and Hölder inequality, one can easily derive

∣∣∣
k∫

0

∫
S2

|f̂(lθ)|2 l2 dθ dl
∣∣∣ =

∣∣∣
1∫

0

∫
S2

|f̂(ksθ)|2(ks)2 dθ ds
∣∣∣

≤ C

1∫
0

∫
S2

|k|2
∫
BR

|f(x)|2 |e2 k2s x·θ| dx dθ ds (3.23)

≤ C ||f ||2L2(R3) |k|2 e2R |k2|. (3.24)

Here we used the fact that |e2 k2s x·θ| ≤ e2R |k2|. Then one gets the desired estimate (3.22). �
Now we are in a position to state an important Lemma given in [10, Lemma 3.2] and also in [15, Page 

59]. This Lemma plays a crucial role in our proof. Let us first introduce this complex sector S by

S :=
{
k = k1 + ik2 ∈ C : | arg k| < π

4

}
.

Lemma 3.4. ([15,10]) Let J(k) be an analytic function in S and continuous in S satisfying
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

|J(k)| ≤ a, k ∈ (0,K],

|J(k)| ≤ B, k ∈ S,

|J(0)| = 0,

where 0 < a < B. Then there exists a function μ(k) (a harmonic measure) satisfying⎧⎪⎨
⎪⎩

μ(k) ≥ 1
2 , k ∈ (K, 21/4K),

μ(k) ≥ 1
π (( k

K )4 − 1)−1/2, k ∈ (21/4K,+∞),
(3.25)

such that

|J(k)| ≤ B aμ(k), ∀ k ∈ (K,+∞).
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For k = k1 + ik2 ∈ S, let us denote by J(k) the following integral function

J(k) = e−2(R+1)kI1(k) = e−2(R+1)k
k∫

0

∫
S2

|f̂(lθ)|2 l2 dθ dl.

Using Lemmas 3.2 and 3.4, we show the following statement.

Lemma 3.5. There exist α ∈ (0, 1) and a function μ(x) satisfying (3.25) such that

|J(k)| ≤ C e2(1−α)Kμ(k)ε2αμ(k), (3.26)

holds true for any k > K. Here C = C(M0, R) > 0 with M0 = ‖f‖L2(R3).

Proof. Since |k2| ≤ k1 for any k ∈ S, then in view of Lemma 3.3, we have

|J(k)| ≤ C2|k|2e2R|k2||e−2(R+1)k| ≤ C2, (3.27)

where C2 > 0 depending on M0 and R. On the other hand, in light of Lemma 3.2 and using the fact that 
k3 ≤ e2(R+1)k and k > 0, one has for any k ∈ (0, K],

|J(k)| ≤ 4π
3 e−2(R+1)kk3‖f̂‖2

L∞(B(0,K)) ≤ C1 e
2K(1−α)ε2α (3.28)

where C1 > 0 depends on R. Let us denote by C = max{C1, C2} depending on M0 and R. Therefore, from 
the estimates (3.27) and (3.28) and Lemma 3.4 with a = Ce2K(1−α)ε2α and B = C, we know that there 
exists a function μ(k) satisfying (3.25) such that (3.26) holds true. �

Denote

I2(s) =
∫

|ξ|>s

|f̂(ξ)|2dξ =
∞∫
s

∫
S2

|f̂(kx̂)|2k2 dx̂dk.

Now we estimate I2(s).

Lemma 3.6. Let f ∈ CM,2n. For any s ≥ 1, we have

|I2(s)| ≤
C

s4n−3 , (3.29)

where C > 0 depends on M and n.

Proof. Let Δf(y) = ∂2
y1
f(y) +∂2

y2
f(y) +∂2

y3
f(y). Denote Δnf(y) := Δ · · · Δ(Δ︸ ︷︷ ︸

n

f(y)). Since f̂ is the Fourier 

transform of f given by

f̂(kx̂) = (2π)− 3
2

∫
R3

e−ikx̂·y f(y)dy. (3.30)

Multiplying (−ikx̂j)2, j = 1, 2, 3 on both sides of (3.30), and adding the three equations now gives
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(
(−ikx̂1)2 + (−ikx̂2)2 + (−ikx̂3)2

)
f̂(kx̂)

=
(
(−ikx̂1)2 + (−ikx̂2)2 + (−ikx̂3)2

)
(2π)− 3

2

∫
R3

e−ikx̂·y f(y)dy

= (2π)− 3
2

∫
R3

Δe−ikx̂·y f(y)dy

= (2π)− 3
2

∫
R3

(e−ikx̂·y) Δf(y)dy. (3.31)

Since x̂2
1 + x̂2

2 + x̂2
3 = 1, we know from (3.31) that

(−ik)2f̂(kx̂) = (2π)− 3
2

∫
R3

(e−ikx̂·y) Δf(y)dy. (3.32)

Similarly, repeating the above process n times shows that

(−ik)2nf̂(kx̂) = (2π)− 3
2

∫
R3

(e−ikx̂·y) Δnf(y)dy. (3.33)

Hence one immediately has from (3.33) that

|f̂(kx̂)| ≤ C3

k2n for all x̂ ∈ S2, k > 0, (3.34)

where C3 > 0 depends on M and R. This leads to

I2(s) =
∞∫
s

∫
S2

|f̂(kx̂)|2k2ds(x̂)dk

≤ 4πC3
2

∞∫
s

1
k4n−2 dk

≤ 4πC3
2

4n− 3
1

s4n−3 . (3.35)

Setting C = 4πC3
2

4n−3 , we obtain (3.29). �
3.2. Proof of Theorem 2.1

Set α = α(R, δ) > 0, which is defined in Lemma 3.2.
We assume that ε < e−1, otherwise the estimate is obvious. Let

s =

⎧⎪⎨
⎪⎩

α
1
3

(4π(R+1))
1
3
K

2
3 | ln ε| 14 if | ln ε| 14 > 2 1

4
K

1
3 (4π(R+1))

1
3

α
1
3

,

K if | ln ε| 14 ≤ 2 1
4
K

1
3 (4π(R+1))

1
3

α
1
3

.
(3.36)

Case (i): | ln ε| 14 > 2K
1
3 (4π(R+1))

1
3

α
1
3

. One can check that

2α| ln ε| − 2K(1 − α) > α| ln ε|.
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Thus, using Lemma 3.5 we obtain

|I1(s)| ≤ C e2(R+1)se2(1−α)Kμ(k)ε2αμ(k)

≤ Ce−
(
(2α| ln ε|−2K(1−α))μ(s)−2(R+1)s

)
≤ Ce−

(
(2α| ln ε|−2K(1−α)) 1

π (K
s )2−2(R+1)s

)

≤ Ce−
(
α

1
3

π (4π(R+1))
2
3 K

2
3 | ln ε|

1
2 (1−| ln ε|−

1
4 )

)
, (3.37)

where C is defined in Lemma 3.5.
Noting that 1

2 | ln ε|− 1
4 < 1

2 , we have

|I1(s)| ≤ Ce−
(α

1
3 (4π(R+1))

2
3

2π K
2
3 | ln ε|

1
2
)
.

Using the elementary inequality

e−t ≤ (12n− 9)!
t3(4n−3) , t > 0,

we get

|I1(s)| ≤
C(

K2| ln ε| 32
)4n−3 , (3.38)

where C > 0 depends on M0, R, n and α. Since K
2
3 | ln ε| 14 ≤ K2| ln ε| 23 when K > 1 and | ln ε| > 1, we have

|I1(s)| ≤
C(

K
2
3 | ln ε| 14

)4n−3 . (3.39)

Case (ii): | ln ε| 14 ≤ 2K
1
3 (4π(R+1))

1
3

α
1
3

. In this case s = K. We have from (3.16) that

|I1(s)| = |I1(K)| ≤ CK3e2K(1−α)ε2α.

Combining the estimates of I1(s) and I2(s) and applying Lemma 3.6, we obtain

‖f‖2
L2(R3) = ‖f̂‖2

L2(R3)

=
∫

|ξ|≤s

|f̂(ξ)|2 dξ +
∫

|ξ|>s

|f̂(ξ)|2 dξ

= I1(s) + I2(s)

≤ CK3e2K(1−α)ε2α + C

(K 2
3 | ln ε| 14 )4n−3

+ M2(
2− 1

4α− 1
3 (4π(R + 1))− 1

3K
2
3 | ln ε| 14

)4n−3

≤ C

[
K3e2K(1−α)ε2α + M2

(K 2
3 | ln ε| 14 )4n−3

]
. (3.40)

Thus we obtain the stability estimate (2.7). This completes the proof.
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4. Stability estimate of the H−1-norm: proof of Theorem 2.2

In this section we suppose that f ∈ L2(R2) is compactly supported in B(0, R). Set M0 = ‖f‖L2(R3). Let 
us first decompose the H−1(R3) norm of f into the following way

‖f‖2
H−1(R3) =

∫
|ξ|≤s

(1 + |ξ|2)−1|f̂(ξ)|2 dξ +
∫

|ξ|>s

(1 + |ξ|2)−1|f̂(ξ)|2 dξ. (4.41)

We start by examining the last integral. The Parseval-Plancherel theorem and the Hölder inequality imply∫
|ξ|>s

(1 + |ξ|2)−1|f̂(ξ)|2 dξ ≤ 1
s2

∫
|ξ|>s

|f̂(ξ)|2 dξ ≤ 1
s2

∫
R3

|f̂(ξ)|2 dξ (4.42)

= 1
s2

∫
R3

|f(x)|2 dx = M2
0

s2 .

Further, in light of Lemma 3.2, if 0 < s ≤ K, we have∫
|ξ|≤s

(1 + |ξ|2)−1|f̂(ξ)|2 dξ ≤
∫

|ξ|≤K

|f̂(ξ)|2 dξ ≤ CK3e2K(1−α)ε2α. (4.43)

If s > K, in a similar way to Lemma 3.5, we get

I1(s) =
∫

|ξ|≤s

(1 + |ξ|2)−1|f̂(ξ)|2 dξ ≤ C e2(R+1)se2(1−α)Kμ(k)ε2αμ(k)

≤ Ce−
(
(2α| ln ε|−2K(1−α))μ(s)−2(R+1)s

)

≤ Ce−
(α

1
3 (4π(R+1))

2
3

2π K
2
3 | ln ε|

1
2
)
. (4.44)

Using the elementary inequality

e−t ≤ 6!
t6
, t > 0,

we get

|I1(s)| ≤
C(

K2| ln ε| 32
)2 , (4.45)

where C > 0 depends on R, α and M0. Since K
2
3 | ln ε| 14 ≤ K2| ln ε| 23 when K > 1 and | ln ε| > 1, we obtain

|I1(s)| ≤
C(

K
2
3 | ln ε| 14

)2 . (4.46)

Combining the proof of Theorem 2.1 with (4.41)-(4.46), one gets

‖f‖2
H−1(R3) =

∫
|ξ|≤s

(1 + |ξ|2)−1|f̂(ξ)|2 dξ +
∫

|ξ|>s

(1 + |ξ|2)−1|f̂(ξ)|2 dξ

≤ CK3e2K(1−α)ε2α + C

(K 2
3 | ln ε| 14 )2

+ M2
0( − 1

4 − 1
3 − 1

3
2
3

1
4
)2
2 α (4π(R + 1)) K | ln ε|
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≤ C

[
K3e2K(1−α)ε2α + M2

0

K
4
3 | ln ε| 12

]
. (4.47)

Thus, we obtain the stability estimate (2.8). This completes the proof.

5. Analytic continuation with respect to wavenumbers and observation angles: proof of Theorems 2.3 and 
2.4

In this section, we give an analytic continuation property for the far field data u∞(x̂0, k) when the 
direction x̂0 ∈ S2 or k > 0 is fixed. We recall that the far field pattern is defined in terms of the compactly 
supported function f ∈ L2(BR), given in (1.4). We first show a stability estimate in the unique continuation 
for the far field pattern with respect to k. Let us first recall the following lemma proved in [4,21].

Lemma 5.1. Let ϕ be an analytic function in [−1, 1], and I an open interval in [−1, 1]. We assume that there 
exist positive constants M3 and ρ such that

|ϕ(κ)(s)| ≤ M3κ!
(2ρ)κ , κ ≥ 0, s ∈ [−1, 1]. (5.48)

Then, there exist positive constants N = N(ρ, |I|) and γ = γ(ρ, |I|) such that

|ϕ(s)| ≤ N‖ϕ‖γL∞(I)M
1−γ
3 , for all s ∈ [−1, 1]. (5.49)

Here N and γ are given by

N = 2δ−γ
1 (lnL)γ + (ln 8

7)γ(lnL)−γ , γ := (ln 8
7L)−1 ln 8

7 . (5.50)

Here L := 6/|Jsj0 | where the interval Jsj0 is defined as follows. Let

sj = −1 + (2j − 1)ρ
5 ,

5
ρ
≤ n1 ≤ 5

ρ
+ 1

2 , Ij = [sj −
ρ

5 , sj + ρ

5).

Choose j0 ∈ (1, · · ·, n1) such that |Ij0 ∩ I| = max1≤j≤n1 |Ij0 ∩ I| and define Jsj0 = 1
ρ (Ij0 ∩ I − sj0). We 

consider the function g defined as follows

g(s) = ϕ(sj0 + ρs)
2M3

.

The parameter δ1 is required to satisfy

ln 8
7 − e‖g‖L∞(Jsj0

) lnL ≥ δ1 > 0.

The above Lemma can be regarded as the one-dimensional analogue of Lemma 5.2 with more explicit 
dependence of N and γ on |I| and ρ. Now, we present the proof of Theorem 2.3 by applying Lemma 5.1.

Proof of Theorem 2.3. Let x̂0 ∈ S2 be fixed and set N0 := a/K ≥ 2. For a large parameter 1 ≤ a = N0K, 
we define the following function

ϕa(k) := u∞(x̂0, ka), k ∈ (−1, 1).

One can see that ϕa is analytic and the following identity holds true
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|ϕ(κ)
a (k)| = |∂κ

k

∫
R3

e−ikax̂0·y f(y) dy| ≤ eaκ! ‖f‖L1(BR) R
κ.

Applying the analytic continuation argument of Lemma 5.1 with

I :=
(
0, 1

2N0

)
, M3 = ea ‖f‖L1(BR) and ρ = R−1,

there exist positive constants C and γ given by (5.50) and depending on R and N0 such that

‖ϕa‖L∞(−1,1) ≤ Cea(1−γ) ‖ϕa‖γL∞(I).

Now, using the fact that aI ⊂ (0, K), one can see that

‖u∞(x̂0, ·)‖L∞((−a,a) ≤ Cea (1−γ) ||u∞(x̂, ·)||γL∞(0,K).

Moreover, from Lemma 5.1 we know

γ := (ln 48
7|Jsj0 |

)−1 ln 8
7 , Jsj0 := 1

ρ
(Ij0 ∩ I − sj0), (5.51)

where sj0 is defined in Lemma 5.1. It is easy to know there exists a large constant C0 such that

C0
|I|
ρ

≤ |Jsj0 | ≤
|I|
ρ
.

Thus, the exponent γ satisfies

(ln 48ρ
7C0|I|

)−1 ln 8
7 ≤ γ ≤ (ln 48ρ

7|I| )
−1 ln 8

7 . (5.52)

Since |I| = 1
2N0

, the inequalities in (5.52) can be rewritten as

(ln 96ρN0

7C0|I|
)−1 ln 8

7 ≤ γ ≤ (ln 96ρN0

7 )−1 ln 8
7 .

This means that γ is getting smaller (resp. bigger), if N0 becomes larger (resp. smaller). Equivalently, we 
conclude that if K increases or a decreases, the exponent γ will increase.

The following Lemma is proved in [21].

Lemma 5.2. Let Ω be a connected bounded, open set in Rn (n = 2, 3) such that for a positive number r0 the 
set

Ωr := {x ∈ Ω : d(x, ∂Ω) > r} , d(x, ∂Ω) := inf
y∈∂Ω

|x− y|

is connected for every r ∈ [0, r0]. Let E ⊂ Ω be an open set such that d(E, ∂Ω) ≥ d0 > 0, and f an analytic 
function on Ω, having the following property

|∂αf(x)| ≤ M2α!
ρ|α|

for all x ∈ Ω, α ∈ (N ∪ {0})n, (5.53)

where ρ, M2 are positive numbers. Then
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|f(x)| ≤ (2M2)1−γ1
(
sup
E

|f |
)γ1 for all x ∈ Ω, (5.54)

where diam Ω = sup{|x −y| : x, y ∈ Ω}, γ1 ∈ (0, 1) depends only on |E|
|Ω| , d0, diam Ω, n, r0, ρ and d(x, ∂Ω), 

where |E| and |Ω| denote the Lebesgue measure of E and Ω respectively.

Remark 5.3. By the proof of Lemma 5.2 in [21], we know that if |E|
|Ω| increases, the exponent γ1 will increase.

Now we show a stability estimate in the unique continuation for the far field pattern with respect to 
observation angles x̂.

Proof of Theorem 2.4. We use polar coordinates to represent Vδ(x̂0) such that

Vδ(x̂0) = {(cos θ cosϕ, sin θ cosϕ, sinϕ) : (θ, ϕ) ∈ E} ,

where

E = {(θ, ϕ) : θ1 < θ < θ2, ϕ1 < ϕ < ϕ2}

for some 0 < θ1 < θ2 < π, 0 < ϕ1 < ϕ2 < 2π. Suppose Ω ⊃ E is an open set such that d(E, Ω) ≥ d0 > 0. 
Then

Vδ(x̂0) ⊂ Vδ1(x̂0) = {(cos θ cosϕ, sin θ cosϕ, sinϕ) : (θ, ϕ) ∈ Ω}.

Denote

H(x̂) = H(θ, ϕ) =
∫
R3

e−ikx̂·yf(y)dy,

where x̂ = (cos θ cosϕ, sin θ cosϕ, sinϕ). If k > 1, since supp f(y) ⊂ BR, we have for β ∈ (N ∪ {0})2 that

∣∣∣∂βH(θ, ϕ)
∣∣∣ =

∣∣∣ ∫
R3

∂βe−ikx̂·yf(y)dy
∣∣∣ ≤ ∫

R3

|f(y)|dy (2k)|β|(2R)|β|

≤ ‖f‖L1(R3)
(2k)|β|

β! (2R)|β|β!

≤ ‖f‖L1(R3)
(2k)|n0|

n0!
(2R)|β|β!, (5.55)

for all (θ, ϕ) ∈ Ω, where n0 ∈ N is given by (2.11). If 0 < k ≤ 1, then

∣∣∣∂βH(θ, ϕ)
∣∣∣ =

∣∣∣ ∫
R3

∂βe−ikx̂·yf(y)dy
∣∣∣ ≤ ‖f‖L1(R3) (2R)|β|β! for all (θ, ϕ) ∈ Ω. (5.56)

Set ρ = (2R)−1 and let M2 be defined by (2.13). Combining estimates (5.55) and (5.56) with Lemma 5.2, 
we have

|H(θ, ϕ)| ≤ (2M2)1−γ1
(
sup
E

|H(θ, ϕ)|
)γ1

, (5.57)

for (θ, ϕ) ∈ Ω. In fact, according to Remark 5.3, the parameter γ increases as δ increases or δ1 decreases. 
Replacing H(θ, ϕ) by u∞(x̂, k) in (5.57), we deduce (2.12).
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