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We study the increasing stability of an inverse source problem for the Helmholtz
equation from limited-aperture far field data at multiple wave numbers. The
measurement data are given by the far field patterns u® (&, k) for all observation
directions Z in some neighborhood of a fixed direction &g and for all wave numbers k
belonging to a finite interval (0, K). In this paper, we discuss the increasing stability
with respect to the width of the wavenumber interval K > 1. In three dimensions we
establish stability estimates of the L?-norm and H~'-norm of the source function
from the far field data. The ill-posedness of the inverse source problem turns out
to be of Hélder type while increasing the wavenumber band K. We also discuss an
analytic continuation argument of the far-field data with respect to the wavenumbers

at a fixed direction.
© 2024 Elsevier Inc. All rights are reserved, including those for text and data
mining, Al training, and similar technologies.

1. Introduction

In this paper, we deal with an inverse time-harmonic source problem for the Helmholtz equation. Our

aim is to determine the source function f appearing in the following equation defined in R3:
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Here k > 0 is the wave number, u is the radiated wave field and f € L?(R?) is a compactly supported
function. We assume that the supp (f) is contained in the ball B(0, R) defined by

B(0,R) :={x € R®: |z| < R}

for some R > 1. The condition at infinity in (1.1) is well known as the Sommerfeld radiation condition,
leading to the asymptotic behavior

u(z) @ {uoo(i, k) + O(%)} as |z| — oo,

~ 4rz|

which holds uniformly in all directions # € S? := {x € R? : |z| = 1}. The function & — u> (%, k) is usually
referred to as the far-field pattern or scattering amplitude of v and the vector & € R? is the observation
direction. It is well known that 2 — u® (%, k) is a real-analytic function on S?. There exists a unique solution
u € HE (R3) to (1.1), taking the explicit form

u(x) = /G(x,y, k) fly)dy, =z¢€ R3, (1.2)
R3

where G(z,y, k) denotes the free-space Green function of the Helmholtz equation and is given by

1 eiklm_yl 3
G(.’E,y71€):—7, 1'7éy, .’E,yGR.
A |z —y|
From
— 2 2 _ 5 1
o=yl = Vi =20y o = el =y +O( ). el = oe,
we derive
ik|z—y| ik|x| o 1
e e {e*“”'y +0(—)}, 2| — oo. (1.3)
[z —yl |z z|
By (1.2) and (1.3), the far-field pattern of  is given by
W) = [ ) dy. (1.4)
R3
Denote the Fourier transform of f € L%(R?) by
fo) = (271')*% /f(:z:)eﬂf'zdx, ¢ eR3. (1.5)
R3

Thus, we get

A

u™(2, k) = (27m)2 f(k2).

For a small parameter § > 0, let us denote by Vs(Zo) a neighborhood of a fixed observation direction £ € S2,
defined as follows:
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Vs(20) == {2 € S?: |2 — 20| < }.
Supposing for some K > 1 that
u™(2,k) =0, forall &€ Vs(d), ke (0,K),
we deduce from the analyticity of f that
f(x)=0 forall zecR3

That is, the far field pattern u® (&, k) with & € Vs(Zo) and k € (0, K) uniquely determines the source
term f(x), for z € R3. The goal of this paper is to consider the stability issue for the inverse problem of
determining the source function f from limited-aperture far field data at multi-frequencies. More precisely,
we are interested in treating the stability issue with respect to the wavenumber/frequency interval (0, K).
Particularly, we are interested in the so-called increasing stability with partial data, showing that the ill-
posedness of the inverse problem decreases as the width of the frequency band becomes larger.

We state the stability issue as follows:

IP: Stably determine the source term f appearing in (1.1) from limited-aperture and multi-frequency
far-field pattern data u® (%, k) for all # € Vs(2o) of a fixed direction 29 € S? and for all wavenumbers
k € (0, K) with some K > 1.

The overall idea used in resolving this problem is mainly based on an analytic continuation argument
enabling the extension of the data u®(#,k) from k € (0, K) onto the real axis and from & € V(&) onto
the whole unit ball S2. Indeed, if the available measurement data are confined to a finite frequency band
and limited observation directions, one needs to extend them to larger intervals in order to be able to deal
with theoretical and also numerical approaches.

The study of inverse coefficients and source problems for partial differential equations is one of the most
rapidly growing mathematical research area in the recent years, and inverse source problems attracted
recently much attention. Inverse source problems have indeed many applications in many fields, like for
example in antenna synthesis [3], biomedical and medical imaging [2] and tomography [1,20].

We state in brief some of the existing results that are relevant to the problem under investigation in
this paper. It is well known that there is an obstruction to uniqueness for inverse source problems for
Helmholtz equations with a single frequency data. For the convenience of the reader, we refer to [15]
[Chapter 4] and [5]. However, by considering multi-frequency measurements, the uniqueness can be proved.
For this, one can see for example the recent works [7,13] in which uniqueness and stability results have been
proved for the recovery of the source term from knowledge of multi-frequency boundary measurements.
In [10], the authors treated an interior inverse source problem for the Helmholtz equation from boundary
Cauchy data for multiple wave numbers and they showed an increasing stability result for the problem
under consideration. Interested readers can also see [13] that claims a uniqueness result and a numerical
algorithm for recovering the location and the shape of a supported acoustic source function from boundary
measurements at many frequencies. See also [6,11,12,16,17,19] and the references therein. As for increasing
stability results proved for coefficients inverse problems, we can refer for example to [9] and [18], in which
inverse problems of recovering an electric potential appearing in a Schrodinger equation have been studied
(see also the references therein). In [8], the increasing stability for the one-dimensional inverse medium
problem of recovering the refractive index is investigated. However, to the best of our knowledge, there is no
analogue results for the Helmholtz equation using partial boundary measurement data or limited aperture
far-field data. For this purpose, one needs additionally to show the stability of the unique continuation of
the measurement data with respect to observation directions or wavenumbers.

Inspired by the works [4,10,14,19], we address in the present paper, the increasing stability for recovering
the compactly supported function f appearing in (1.1) from the far-field pattern u>°(&, k) for & € Vs(xo) and
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k € (0, K). We show two stability estimates with respect to the frequency parameter K. These estimations
consist of two parts: the first one is of Holder type in terms of our data and the second one is a logarithmic
term that comes from the high frequency tail of the function which decreases as K increases, which makes
the problem under investigation more stable. As a bi-product of our arguments, we show a stability estimate
in the unique continuation for the far field pattern with respect to k or & but at fixed observation direction
or fixed wavenumber respectively; see Theorem 2.3 and Theorem 2.4.

The rest of the paper is organized as follows. In Section 2 we state our main results. Sections 3 and 4
are devoted to the stability estimates of the L?-norm and H~!-norm of the source function. In Section 5,
we present a proof to an analytic unique continuation argument of the far-field data with respect to the
wavenumbers at a fixed observation direction or observation angles at a fixed wavenumber.

2. Main results

Before stating our main results, we first introduce some notations. Define a complex valued functional
space

CMmon+1 = {f € H2n+1(R3) : ||fHH2n+1(]R3) < M, suppf C BR}

where n > 1 is an integer and M > 1 is a constant.
For K > 1, let us denote the L2-norm of the limited-aperture far-field data by

€ = [[u™ (&, k)| oo (vs (30) x (0,5)) < 1. (2.6)
Our first result concerns the stability estimate of the L2-norm of f.

Theorem 2.1. Let f € Carony1 and let u € H2"3(R3) be the unique solution to the equation (1.1). Then
there exists o > 0 such that

M2

2 < C K3 2K (1—a) 2a
||f||L2(R3) = € et (K%|lne\%)4"*3

; (2.7)

where C' > 0 is a constant independent of K > 0.

Our second result provides an estimate of the H~!'-norm of f, where f is only required to be a compactly
supported L2-function.

Theorem 2.2. Let f € L*(R?) be compactly supported in Br with My := || f| r2(rs). Let u € H;, (R®) be the

loc
unique solution to the equation (1.1). Then there exists « > 0 such that

Mg

—2 1, 2.8
K3|lne|2 (2:8)

11172 mey < C | KK 1

where C' > 0 is a constant independent of K > 0.

Comparing Theorems 2.1 and 2.2, we require f to be of high regularities in order to get the L?-estimate
of f. The inverse source problem appears to be more stable for smooth source functions. Theorems 2.1 and
2.1 show that the ill-posedness of the inverse source problem decreases when the wavenumber/frequency
band K increases. The inverse problem behaves like a Holder stability using a large interval of wavenubmers,
because the unstable logarithmic terms on the right hand sides of (2.8) and (2.7) decay to zero as K grows.
The exponential terms e2(1=®) in the Holder part of the estimates (2.8) and (2.7) are due to the use of
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the analytic continuation argument and they do not pose any problem, since K is fixed in practice and so

is the constant e2K(1=2) (

see also [18]). One should notice that these stability estimates imply the following
uniqueness result with phased measurement data: the limited far-field data u™ (%, k) for all & € Vs(Zo) and
k € (0, K) uniquely determine f.

As a by-product of the proofs of the aforementioned stability estimates, we get a quantitative unique

continuation result for the function k — u® (&g, k) at a fixed £ € S2.

Theorem 2.3. Let 29 € S? be a fived observation direction and suppose a > max{2K,1}. Then there exist
positive constants C and vy € (0,1) such that

14> (Z0, )| oo (—ara) < C [0 (@0, )] e 0.10)- (2.9)
where C' and v depend only K and a. Moreover, the parameter 7y increases as K/a increases.

Theorem 2.3 suggests that, if we only know the far field data at a fixed direction #o € S? and over some
finite and small frequency interval (0, K), then we can analytically extend the data with respect to k in a
larger domain. Moreover, the analytical extension becomes more stable if the ratio K/a increases.

Noting that for fixed k£ > 0,

2k)"
lim (2k) =0, (2.10)

n—oo n!

we always find a ng € N such that

2k \" 9k \"o
bug ( :') = %. (2.11)
ne :

In the following Theorem, we deduce that the values of f(z) on {kZ : & € Vs, (20)} C dB(0,k) with
61 > 6 > 0 can be controlled by f(z) on {k&: &€ Vs(&0)} C 0B(0, k).

Theorem 2.4. Let k > 0 be a fixed parameter and let 61 > § > 0. There exists v € (0,1) such that

0™ (M) vy o) < (2M2) 0™ (BT - (2.12)

Here

2k)mo
MQ —max{( )' ,1} ||fHL1(R3)~ (213)
no:
MO?"@OU@T, the parameter i increases as 5/51 INCreases.

Theorem 2.4 suggests that, if we only know the far field for a fixed k£ > 0 and only in some neighborhood
Vs(Zo) of a fixed direction #g, then one can analytically extend it with respect to & to a larger domain of
S2.

If we choose the right &1, then S? = Vs, (20) and (2.12) implies

||u°°(~,k)||Loo(§z) < (2M2)17%”uw('7k)| Zloc(vé(jo))7 (2~14)

where 71 depends on ¢ and ~ increases as d increases. Let €; = [[u™ (2, k)| L (s2x (0,K)) < 1. Using Theo-
rem 2.1, it follows that
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M2

2 <O | K3e2K(1-a) 20 )
Hf”L?(RJ) = 1 (K§|lnel|i)4”_3

Combining this inequality and (2.14), we obtain the following Corollary, which can see the influence of both
factors much clearer.

Corollary 2.5. Let f € Carony1 and let u € HEP3(R3) be the unique solution to the equation (1.1). Then
there exist o > 0 and y1 € (0,1) such that

M?2
2 < O | K3c2K(1-a) 2a
1f1lZ2®s) < e € + (K3 ey yin—s
M2
(K%|1n62|i)4n3] ’

(2.15)

<C |:K362K(1—a)630¢ +

_ 1 _ N
where ez = (202) [0 (2, )y a 0.y and Mo = sup {1} s qeo)

3. Stability estimate of the L2-norm: proof of Theorem 2.1

This part is devoted to the stability estimate of the L?-norm of the source function appearing in the
equation (1.1) from knowledge of the far field pattern u>(&,%) given by (1.4), for all & € Vs(Zo) and all
k € (0, K) for some K > 1. For this purpose we will use an analytic continuation argument given in [4,21].
We will also take inspirations from [10] and use their methods based on explicit bounds of the harmonic
measure of (0, K) in a sector of the complex plane k = k; + ike € C.

3.1. Preliminaries

The statements given in this subsection are crucial for the proof of our increasing stability estimate. Let
us first introduce the following analytic continuation statement that will be used thereafter. Set B(0,¢) =
{x € R3: |z| < ¢} for any ¢ > 0.

Lemma 3.1. (See [/]) Let O be a non-empty open set of the unit ball B(0,1) C R? and let F be an analytic
function in B(0,2), that satisfies

107 Fll L (B0,2y) < Ma Iy|!n~ "), ¥y € (N U{0})?,
for some My > 0 and n > 0. Then, we have
IFl Lo (B0,1)) < N M{ || F||os 00y
where N = N(n) and o € (0,1) depends only n and |O)|.

Using the above Lemma, we can control the Fourier transform of the source term by the far field pattern
data in suitable norms as follows.

Lemma 3.2. There exists a(R,d) > 0 such that
£l (Bo.xy) < C XU e, (3.16)

where C' > 0 depends on R, My and € is defined by (2.6).
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Proof. From the definition of the far field pattern given by (1.4), we have
u™ (&, k) = /e*““f'yf(y) dy = (2m)? f(ki), #€S% k>0. (3.17)
R3
Let us define the following set
Eg:={¢eR®: ¢=ki, ke0,K), &€ Vs(dy)} CR®.

In light of (3.17), we have

o~

£ < Cl[u| oo (vs(zo)x(0,i))  for all £ € E, (3.18)

where C' > 0 depends on R. In order to complete the proof of the Lemma, we need to extend the estimate
(3.18) that holds only in Ex into the ball B(0, K). For this purpose let ¢ € (0,1/2) and let us consider the
set E. C R3. Obviously, KE. = E.x C Ex. For any ¢ € R3, we introduce the function

~

Fr(§) = f(KE), £eR’ (3.19)

Since the function f is compactly supported, the function Ff is real analytic and it satisfies

2R < | [ (0K o) dy] < [Sllesco B K < s g R .
Br

where v = (v1,72,73) € (NU{0})3, ¥ = v v?y3®, |7] = 11 + 72 + 73 and we have used the inequality

K™ < efm! for all m € N U {0}. Applying Lemma 3.1 to the function Fx with M; = I[fllz1(BR) ek,
n = R~ and with the set O given by

0 :=B(0,1)NE. #£0,
there exist constants C' > 0 depending on 7 and o = «(R, d) € (0, 1) such that
| Frll Lo (B(0,1)) < CeK(l_a)HFKH%w(oy
Thus, one gets in view of the identity (3.19) the estimate
1l 2= (0,500 < CeX |l 1 (1 0)-
Using the fact that
KO =B(0,K)NKE, C Ex,

we can deduce in light of (3.18),

K(l-«

171l 0.k < C e [u1 s s 50) % 0,50))- (3.20)

This completes the proof of the Lemma. O
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Now we prove the main statement of the present manuscript by taking inspiration from [10]. Denote

k
Lk = / F©)Pde = / / F8) 12 de . (3.21)
0 S2

1€1<k

Since the integrand is an entire analytic function of &, the integral in (3.21) with respect to [ can be taken
over any path jointing the points 0 and k of the complex plane. Thus I; (k) is an entire function of k = k1 +iko
and the following elementary estimates hold.

Lemma 3.3. Let k = ky + iko € C and f € L?(Bgr). Then
‘Il(k)’ < O |k|2e2RIRal, (3.22)
Here the constant C' > 0 depends on || f||12r3) and R.

Proof. Using the change of variables | = ks for s € (0,1) and Holder inequality, one can easily derive

k 1
|F(16)212do dl| = |f (ks0)|? (ks)? dO ds
[ s ] [

1

SC//|k|2/|f(x)|2|e2k2”'9\dxd9ds (3.23)
082  Bg

< C|f|[72ms) [KI* € R 1L (3.24)

Here we used the fact that [e2¥25%¢| < ¢2EIF2l Then one gets the desired estimate (3.22). O

Now we are in a position to state an important Lemma given in [10, Lemma 3.2] and also in [15, Page
59]. This Lemma plays a crucial role in our proof. Let us first introduce this complex sector S by

S:= {k:k1+ik2€(C . Jarg k| < %}
Lemma 3.4. ([15,10]) Let J(k) be an analytic function in S and continuous in S satisfying
[J(B) <a, ke(0,K]
|J(k)| < B, keS8,

[7(0)| = 0,

where 0 < a < B. Then there exists a function u(k) (a harmonic measure) satisfying

/’[/(k) Z %7 k S (K721/4K)a
(3.25)
p(k) > L((£)*—1)71/2, ke (21K, +00),

such that

|J(k)] < Ba*® | Vke (K,+).
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For k = k1 + iks € S, let us denote by J(k) the following integral function

k
J(k) = e 2(FTDR (k) =6‘2(R+1>’“//\f(l9)|2l2d9dl.
0 S2

Using Lemmas 3.2 and 3.4, we show the following statement.
Lemma 3.5. There exist o € (0,1) and a function u(zx) satisfying (3.25) such that
|J(k)| < C 2= Kp(k) 2ap(k) (3.26)
holds true for any k > K. Here C = C(My, R) > 0 with Mo = || f| £2(rs)-
Proof. Since |ko| < k; for any k € S, then in view of Lemma 3.3, we have
|J(k)| < Co|k|?e? k2l | =2(B+DF) < (3.27)

where C5 > 0 depending on My and R. On the other hand, in light of Lemma 3.2 and using the fact that
k? < e2(B+DE and k > 0, one has for any k € (0, K],

4 A
[T < e DR F e 0,107y < Cre? e (3.28)

where Cy > 0 depends on R. Let us denote by C' = max{C1,C>} depending on My and R. Therefore, from
the estimates (3.27) and (3.28) and Lemma 3.4 with a = Ce?K(1-®)¢2® and B = C, we know that there
exists a function u(k) satisfying (3.25) such that (3.26) holds true. 0O

Denote
= [ 17©Pd= [ [1knPe didn
[£]>s s §2

Now we estimate I5(s).

Lemma 3.6. Let f € Cps25. For any s > 1, we have

I(s)] < =

T (3.29)

where C' > 0 depends on M and n.

Proof. Let Af(y) = 02, f(y)+02, f(y)+ 02, f(y). Denote A" f(y) := A--- A(A f(y)). Since f is the Fourier

transform of f given by

f(k) = (2m) / Y F(y)dy. (3.30)

R3

Multiplying (—ikZ;)?, j = 1,2, 3 on both sides of (3.30), and adding the three equations now gives
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R3
= (2 E [ Ac e sy
R3
=2 F [ Af)dy. (331)
R3
Since #2 + 22 + 22 = 1, we know from (3.31) that
(-ik)2 (k) = (2m) " [ (%) Ap(a)dy (332
R3
Similarly, repeating the above process n times shows that
(il fk) = (2m) [ (7o) A" f )y, (333
R3
Hence one immediately has from (3.33) that
AL Cs N 9
|f(k2)| < == forall Ze€S* k>0, (3.34)

k2n

where C3 > 0 depends on M and R. This leads to

s S2

I(s) = 7 [ 17k ds(@)a

1
S 471'032/de

< 471'032 1

T 4n — 3 sin3’ (3:35)
Setting C' = ‘fgfi‘”’;, we obtain (3.29). O
3.2. Proof of Theorem 2.1
Set a = a(R,d) > 0, which is defined in Lemma 3.2.
We assume that € < e™!, otherwise the estimate is obvious. Let
3 2 FR 1 ol K3 (4n(R41))3
—<a2 _K3|lne|r if |lne|1 > 21 ===l
s = { @m(R+1))3 , @« | (3.36)
K if |t < 24 KdUntsny}

a3

1 1
Case (i): |Ine|s > 9 K2 Un(BT)S  One can check that
o3

2a|lne] —2K(1 — o) > a|lnel.
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Thus, using Lemma 3.5 we obtain

|11 (s)| < C e2(B+1)s 2(1—a) K u(k) 20 (k)
< e~ (allne[-2K(1-a))u(s)~2(R+1)s)

< 067((20“ Ine|—2K(1-a)) L (£)2—2(R+1)s)

=

< Cef(%(47r(R+1))%K%\lne\%(lfﬂneri)) (3.37)

)

where C' is defined in Lemma 3.5.
Noting that |In "3 < %, we have

3 (am(R41))3 2 1
(%K?Hneﬁ)

[I1(s)] < Ce~ .
Using the elementary inequality
_+ _ (12n—9)!
e S m7 t> O,
we get
C
[11(s)| < (3.38)

(K2|nel?)"

where C' > 0 depends on Mo, R, n and a. Since K3|Ine|s < K2|In¢|? when K > 1 and |Ine| > 1, we have

C
11 (s)] < — (3.39)
(K#|Inex)™?
1 1
Case (ii): [Ine|3 < g KO Un(BE)S Ty this case s = K. We have from (3.16) that
a3
|11 (s)| = |I(K)| < CK30-a) 2,
Combining the estimates of I1(s) and I2(s) and applying Lemma 3.6, we obtain
11172 ®sy = IF1I72 o)
~ [ \Ford+ [ 17©P
[€1<s [€]1>s
=I(8) + I5(s)
2
S CKSBQK(l_a)€2a + ) ¢ 1 + 1 1 M 1 2 1\4n—3
(K5|Ine|s)t=3 (275~ 5(4n(R+ 1)) 5K5|Ine|7)
M2
S C |:K362K(1—a)62a + S (340)
(KE[In ]y

Thus we obtain the stability estimate (2.7). This completes the proof.
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4. Stability estimate of the H ~!-norm: proof of Theorem 2.2

In this section we suppose that f € L?(R?) is compactly supported in B(0, R). Set My = Ifll 2 (rs). Let
us first decompose the H~(R3) norm of f into the following way

1117 sy = /(1+|§I2)*1|f(§)|2d§+ /(1+I£\2)*1|f(£)l2d§- (4.41)

[€1<s |&]>s

We start by examining the last integral. The Parseval-Plancherel theorem and the Holder inequality imply

[avierrifords 5 [ IForae < [Ifere (142
|€>s 1€>s R3?

1 2 Mg
28—2/|f($)\ dz = —~.
R3

Further, in light of Lemma 3.2, if 0 < s < K, we have

[avierrifords [ (o <crteri-aee (1.43

l€l<s [EI<K

If s > K, in a similar way to Lemma 3.5, we get

Do) = [ (HIER) Q)R de < € s i aintentt

l€l<s
< 067((2(1‘ In €| —2K (1—a))u(s)—2(R+1)s)

o 3 2 1
7(&3(41r£R+1))3 K§|1n€|§)

(4.44)

Using the elementary inequality

we get

C

[L(s)| € ———,
(K2|lne|%)2

(4.45)

where C' > 0 depends on R, o and My. Since K3 |Ine|i < K2?|Ine|? when K > 1 and |Ine| > 1, we obtain

C

(L) € ———3
(K%Hne\Z)Q

(4.46)

Combining the proof of Theorem 2.1 with (4.41)-(4.46), one gets

112 ) = / 1+ €)1 F )P de + / (14 1¢2) 7 Fe) P de
[€]<s [€]>s
c M2

< CK3€2K(1—04)620¢ + +
(K3 nel$)2  (2-ia~3(4m(R+ 1))~ 5 K3 |Ine[})?
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Mg

<C K3€2K(1—a)62a+ . 1.
K3|lne|z

(4.47)

Thus, we obtain the stability estimate (2.8). This completes the proof.

5. Analytic continuation with respect to wavenumbers and observation angles: proof of Theorems 2.3 and
2.4

In this section, we give an analytic continuation property for the far field data (2o, k) when the
direction ¢ € S% or k > 0 is fixed. We recall that the far field pattern is defined in terms of the compactly
supported function f € L?(Bg), given in (1.4). We first show a stability estimate in the unique continuation
for the far field pattern with respect to k. Let us first recall the following lemma proved in [4,21].

Lemma 5.1. Let ¢ be an analytic function in [—1,1], and I an open interval in [—1,1]. We assume that there
exist positive constants Ms and p such that

Mgl{!
(2p)~’

o) (s)| < k>0, s€[-1,1]. (5.48)

Then, there exist positive constants N = N(p,|I|) and v = v(p,|I|) such that
o(5)] < Nl ooy M35 for all s € [~1,1]. (5.49)

Here N and v are given by

N =26;"(InL)” + (In %)ﬂln L)y, ~:=(n %L)_1 In ; (5.50)

Here L :=6/|Js, | where the interval Js, is defined as follows. Let

(2 —Dp

5
sj=—1+ 3 ; ;Smﬁ

T |

Choose jo € (1,--+,n1) such that |I;, N I| = maxi<j<n, |Ij, N I| and define Js, = %(Ijo NI—sj). We
consider the function g defined as follows

_ ¢(sjo +ps)

The parameter 61 is required to satisfy

8
ln? 7€||gHLoc(JSjo)lnL > 6 > 0.

The above Lemma can be regarded as the one-dimensional analogue of Lemma 5.2 with more explicit
dependence of N and « on |I] and p. Now, we present the proof of Theorem 2.3 by applying Lemma 5.1.

Proof of Theorem 2.3. Let 2y € S? be fixed and set Ny := a/K > 2. For a large parameter 1 < a = NoK,
we define the following function

@a(k) :=u™(2o,ka), ke (-1,1).

One can see that ¢, is analytic and the following identity holds true
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Iwgﬂ(kﬂriIaﬁh/}f%MMUVJXy)dy\SfﬂH!HfHLWBRyR”-
R3

Applying the analytic continuation argument of Lemma 5.1 with

1 p—
L= (0,2—N0>, Mz = e ||fllp(pny and p=R',

there exist positive constants C' and v given by (5.50) and depending on R and Ny such that
eallLoe(-1,1) < Ce'=) II%IIZWU)-
Now, using the fact that aI C (0, K), one can see that
||uoo(5%07 ')HL‘X’((—a,a) < Oea(l_w ||uoc(i'a ')HZoo((),K)'

Moreover, from Lemma 5.1 we know

4
8 8 J

_ 1
N plm?, %M:EU%OIf%Q, (5.51)
Sjo

~:=(In
where s;, is defined in Lemma 5.1. It is easy to know there exists a large constant Cy such that

I 1
Cou < |J810| < u
p ' p

Thus, the exponent ~y satisfies

48p 4, 8 48p. 4. 8
1 In-<y<(In—) "In=. 5.52
(HKMH> n7_7_(nﬂﬂ) nz (5.52)
Since |I| = ﬁ, the inequalities in (5.52) can be rewritten as
96pNo. ;. 8 96pNo._, . 8
| h-<y<(In—) "Inz.
g mzsys——)"nz

This means that v is getting smaller (resp. bigger), if Ny becomes larger (resp. smaller). Equivalently, we
conclude that if K increases or a decreases, the exponent v will increase.
The following Lemma is proved in [21].

Lemma 5.2. Let  be a connected bounded, open set in R™ (n = 2,3) such that for a positive number rq the
set

Q. i={xeQ: dz,00) >r}, d(z,00) = inf |x—1y|
yeo
is connected for every r € [0,19]. Let E C Q be an open set such that d(E,0) > dy > 0, and f an analytic
function on €, having the following property

Mga!

0° ()] < =%
p

forall ze€Q, ac(NU{0})", (5.53)

where p, Ms are positive numbers. Then
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[f(@)] < (2M2)' " (sup|f)™ forall z€Q, (5.54)
E

where diam Q = sup{|lx —y| : =, y € Q}, 1 € (0,1) depends only on %, dy, diam Q, n, rg, p and d(z,9N),
where |E| and |Q| denote the Lebesgue measure of E and Q respectively.

Remark 5.3. By the proof of Lemma 5.2 in [21], we know that if % increases, the exponent 1 will increase.

Now we show a stability estimate in the unique continuation for the far field pattern with respect to
observation angles Z.
Proof of Theorem 2.4. We use polar coordinates to represent Vs(&o) such that

Vs(Zo) = {(cos @ cos p,sinfcosp,sinp) : (0,¢) € E},
where
E={(0,p): 61 <0<0 p1 <p<pa}

for some 0 < 01 < 0y < 7, 0 < p; < w2 < 27. Suppose Q D F is an open set such that d(E,Q) > dy > 0.
Then

Vs(%0) C Vs, (£0) = {(cosf cos p,sinf cos p,sing) : (0, ) € Q}.
Denote

H(#) = H(6.p) = / e~ f(y)dy,
R3

where 2 = (cos  cos ¢, sin 0 cos ¢, sin ). If k > 1, since supp f(y) C Br, we have for 8 € (N U{0})? that
01 0.0)| = | [ % stan] < [ I idy (26) 7 2R)
R3 R3

18]
< Hf”Ll(RL")%(QR)mB!

[nol
< Il ZL R, (5.55)

for all (0, ¢) € Q, where ng € N is given by (2.11). If 0 < k < 1, then

07H(0,9)| = | / e " f(y)dy| < ||f|zmey 2R)PI1 for all (6,9) € Q. (5.56)
R3

Set p = (2R)~! and let My be defined by (2.13). Combining estimates (5.55) and (5.56) with Lemma 5.2,

we have

[H (0, ¢)| < (2M2)1_“(S%p [H(0,0)))", (5.57)

for (0, ¢) € Q. In fact, according to Remark 5.3, the parameter ~ increases as § increases or ¢; decreases.
Replacing H (0, ) by u®(Z, k) in (5.57), we deduce (2.12).



16 I. Ben Aicha et al. / J. Math. Anal. Appl. 540 (2024) 128650

Acknowledgment

The work of G. Hu is partially supported by the National Natural Science Foundation of China (No.
12071236) and the Fundamental Research Funds for Central Universities in China (No. 63233071). The work
of S. Si is supported by the Shandong Provincial Natural Science Foundation, China (No. ZR2022QA111).
The first author would like to thank Professor Mourad Bellassoued for many helpful discussions.

References

[1] S. Arridge, Optical tomography in medical imaging, Inverse Probl. 15 (1999) R41-R93.
[2] H. Ammari, G. Bao, J. Fleming, Inverse source problem for Maxwell’s equation in magnetoencephalography, STAM J.
Appl. Math. 62 (2002) 1369-1382.
[3] C.A. Balanis, Antenna Theory-Analysis and Design, Wiley, Hoboken, NJ, 2005.
[4] M. Bellassoued, I. Ben Aicha, Stable determination outside a cloaking region of two time-dependent coefficients in an
hyperbolic equation from Dirichlet to Neumann map, J. Math. Anal. Appl. 449 (2017) 46-76.
[5] N. Bleistein, J. Cohen, Nonuniqueness in the inverse source problem in acoustics and electromagnetics, J. Math. Phys. 18
(1977) 194-201.
[6] G. Bao, S. Lu, W. Rundell, B. Xu, A recursive algorithm for multi-frequency acoustic inverse source problems, SIAM J.
Numer. Anal. 53 (2015) 1608-1628.
[7] G. Bao, J. Lin, F. Triki, A multi- frequency inverse source problem, J. Differ. Equ. 249 (2010) 3443-3465.
[8] G. Bao, F. Triki, Stability for the multifrequency inverse medium problem, J. Differ. Equ. 269 (2020) 7106-7128.
[9] A.P. Choudhury, H. Heck, Increasing stability for the inverse problem for the Schrédinger equation, Math. Methods Appl.
Sci. 41 (2018) 606-614.
[10] J. Cheng, V. Isakov, S. Lu, Increasing stability in the inverse source problem with many frequencies, J. Differ. Equ. 260
(2016) 4786-4804.
[11] M. Entekhabi, Increasing stability in the two dimensional inverse source scattering problem with attenuation and many
frequencies, Inverse Probl. 34 (2018) 115001.
[12] M. Entekhabi, V. Isakov, Increasing stability in acoustic and elastic inverse source problems, STAM J. Math. Anal. 52
(2020) 5232-5256.
[13] M. Eller, N. Valdivia, Acoustic source identification using multiple frequency information, Inverse Probl. 25 (2009) 115005.
[14] V. Isakov, Increasing stability in the continuation for the Helmholtz equation with variable coefficient, Contemp. Math.
426 (2007) 255—269.
[15] V. Isakov, Inverse Problems for Partial Differential Equations, Springer, New York, 2017.
[16] V. Isakov, S. Lu, Increasing stability in the inverse source problem with attenuation and many frequencies, STAM J. Appl.
Math. 78 (2018) 1-18.
[17] V. Isakov, S. Lu, Inverse source problems without (pseudo)convexity assumptions, Inverse Probl. Imaging 12 (2018)
955-970.
[18] V. Isakov, S. Nagayasu, G. Uhlmann, J-N. Wang, Increasing stability of the inverse boundary value problem for the
Schrodinger equation, Contemp. Math. 615 (2014) 131-141.
[19] P. Li, G. Yuan, Increasing stability for the inverse source scattering problem with multi-frequencies, Inverse Probl. Imaging
11 (2017) 745-759.
[20] P. Stefanov, G. Uhlmann, Themoacoustic tomography arising in brain imaging, Inverse Probl. 27 (2011) 075011.
[21] S. Vessella, A continuous dependence result in the analytic continuation problem, Forum Math. 11 (1999) 695-703.


http://refhub.elsevier.com/S0022-247X(24)00572-9/bib734655D7006CB5084E7F8C597C7B0C17s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib2ACFFB70649C35DD80D70A129BB4827Cs1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib2ACFFB70649C35DD80D70A129BB4827Cs1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibE25D00A1FD0F18BE7FF0F07F53FABD8Es1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib2C43A150D3D95277A66AB4FB35D9F96As1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib2C43A150D3D95277A66AB4FB35D9F96As1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibF85B7B377112C272BC87F3E73F10508Ds1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibF85B7B377112C272BC87F3E73F10508Ds1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibADEAADA604A7FF65597350EA2C052F78s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibADEAADA604A7FF65597350EA2C052F78s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibC84A3F85C2ED0F5DF51F445E06120F1As1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibF23F72C35B4D43107B0C523C6EBA7DEBs1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibF222CDF39AEAA9DB2FA357B04A676CB9s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibF222CDF39AEAA9DB2FA357B04A676CB9s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibD2357BDBC55F5115085E819EFF5DF775s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibD2357BDBC55F5115085E819EFF5DF775s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib74ECE31E8A6586D06A856E18210AFD5Bs1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib74ECE31E8A6586D06A856E18210AFD5Bs1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib4413B5415434781CABCB64F77454FBDCs1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib4413B5415434781CABCB64F77454FBDCs1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib08D80A0B92F897208061C3154F2E090Bs1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib3AB9F4659CE249B0A44703F89BE679EFs1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib3AB9F4659CE249B0A44703F89BE679EFs1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib0C4EA434D3E92C66364ABCE3341C4142s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibCA6BDAABDCB3E08DF993D736A1A67EBAs1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibCA6BDAABDCB3E08DF993D736A1A67EBAs1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibFA05AF7F42C3559F9AD17B9019420CC3s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibFA05AF7F42C3559F9AD17B9019420CC3s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib92B52A83B55661A69871739E27518669s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib92B52A83B55661A69871739E27518669s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib381EE940A579D98175E2F53D8FA22F30s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib381EE940A579D98175E2F53D8FA22F30s1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bibEAAB3CA5553B5281151AEA50D43F3A2As1
http://refhub.elsevier.com/S0022-247X(24)00572-9/bib17D779FAB1BA7A5D6532877EA264D20Es1

	Increasing stability for inverse source problem with limited-aperture far field data at multi-frequencies
	1 Introduction
	2 Main results
	3 Stability estimate of the L2-norm: proof of Theorem 2.1
	3.1 Preliminaries
	3.2 Proof of Theorem 2.1

	4 Stability estimate of the H−1-norm: proof of Theorem 2.2
	5 Analytic continuation with respect to wavenumbers and observation angles: proof of Theorems 2.3 and 2.4
	Acknowledgment
	References


