SCIENCE CHINA @ CrossMark
Mathematics ¢

« ARTICLES - https://doi.org/10.1007/s11425-024-2491-6

Direct and inverse time-harmonic scattering by
Dirichlet periodic curves with local perturbations

Guanghui Hu'* & Andreas Kirsch?

1School of Mathematical Sciences and LPMC, Nankai University, Tianjin 300071, China;
2Department of Mathematics, Karlsruhe Institute of Technology (KIT), Karlsruhe 76131, Germany

Email: ghhu@nankai.edu.cn, andreas.kirsch@kit.edu

Received February 19, 2024; accepted September 4, 2025; published online March 5, 2026

Abstract This is a continuation of Hu and Kirsch’s previous work (2024) on well-posedness of time-harmonic
scattering by locally perturbed periodic curves of Dirichlet kind. The scattering interface is supposed to be
given by a non-self-intersecting Lipschitz curve. We study properties of Green’s function and prove new well-
posedness results for scattering of plane waves at a propagative number. In such a case, there exist guided waves
to the unperturbed problem, which are also known as bound states in the continuum (BICs) in physics. In
this paper, the uniqueness of the forward scattering follows from an orthogonal constraint condition enforced on
the total field to the unperturbed scattering problem. This constraint condition, which is also valid under the
Neumann boundary condition, is derived from the singular perturbation arguments and also from the approach
of approximating a plane wave by point source waves. For the inverse problem of determining the defect, we
prove several uniqueness results using a finite or infinite number of point sources and plane waves, depending
on whether a priori information on the size and height of the defect is available.
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1 Introduction

This paper is concerned with the transverse electric (TE) polarization of time-harmonic electromagnetic
scattering from perfectly conducting gratings with a localized defect. The first part deals with well-
posedness of the mathematical model for plane wave incidences and properties of Green’s function. In
the second part, we study uniqueness of the inverse problems of determining the local perturbation from
near/far-field data excited by plane and point source waves. Throughout this paper, the cross-section of
the scattering surface is supposed to be a non-self-intersecting periodic curve with a local perturbation.
In the TE polarization case, the grating diffraction problem can be modeled by the Dirichlet boundary
value problem of the two-dimensional Helmholtz equation in the unbounded domain above the interface,
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complemented with a proper radiation condition at infinity. We refer to [2,37] for a comprehensive
introduction to electromagnetic scattering theory for diffraction gratings.

In the absence of the defect, the wave field for a plane wave incidence is well-known to be quasiperiodic,
due to the periodicity of the scattering interface and the quasi-periodicity of the incoming plane wave.
The Rayleigh expansion radiation condition (which was originally proposed by Rayleigh [38] in 1907) has
been widely used in the literature concerning the mathematical analysis and numerical approximation
of wave scattering in periodic structures. With the Fredholm theory, it is also well known that the
forward scattering model is well-posed for all incident frequencies excluding a discrete set with the only
accumulating point at infinity. However, the Rayleigh expansion radiation condition does not always
lead to uniqueness (although existence can always be justified via a variational argument), because of
the existence of guided/Floquet wave modes to the homogeneous problem, which exponentially decay
in the direction orthogonal to the periodicity direction [3,16,21,24]. If the interface is given by the
graph of some periodic function (a weaker condition was proposed in [4,5]), uniqueness and existence
can be proved (which implies the absence of guided waves) for the Dirichlet boundary value problem of
the Helmholtz equation at an arbitrary frequency; see [12,25]. Since an incoming point source is not
quasi-periodic, the Rayleigh expansion condition is not valid any more. Instead, the upward propagation
radiation condition [7] or the angular spectrum representation condition [4,5] can be used for proving
well-posedness within the framework of rough surface scattering problems, provided that the domain with
a geometrical condition admits no guided waves. Since a locally perturbed periodic curve can be treated
as a special rough curve, it was proved in [20] that Green’s function to the perturbed scattering problem
satisfies a half-plane Sommerfeld radiation condition and the scattered field generated by a plane wave
and caused by the defect fulfills the same radiation condition, as long as guided modes can be excluded.

The mathematical analysis is more involved for locally perturbed scattering problems when guided
waves exist in periodic structures. An open wave-guide radiation condition (which is equivalent to the
closed wave-guide radiation condition [14] based on dispersion curves) was proposed in [31] for acoustic
scattering by inhomogeneous periodic layers in a half-plane. Such a radiation condition was derived
from the limiting absorption principle (LAP) and the Floquet-Bloch transform and was later extended
to investigate well-posedness of wave scattering by layered periodic media in R? and by periodic tubes
in R3; see [15,26-28,31,32]. This open wave guide radiation condition consists of a radiating part and a
propagating (guided) part. It was recently shown in [28] that the radiating part satisfies a Sommerfeld-
type radiation condition and, due to the existence of cut-off values, the radiating part decays as |z |_1/ 2in
the periodicity direction. In Hu and Kirsch’s previous work [19], the open wave guide radiation condition
has been adopted to prove well-posedness of Dirichlet and Neumann boundary value problems of the
Helmholtz equation in a locally perturbed periodic structure. By constructing a Dirichlet-to-Neumann
operator on the boundary of a truncated domain, uniqueness and existence of time-harmonic scattering
by incoming point source waves, plane waves and surface waves are established. This has generalized
the results of [20] to scattering interfaces given by non-self-intersecting curves, for which the forward
solutions may contain guided wave modes.

For an incident plane wave, the well-posedness results of [19] are based on the uniqueness assumption
on the forward scattering model in periodic structures. This is equivalent to the statement that the quasi-
periodicity of the incoming plane wave (i.e., ksinf, where 0 is the incident angle) is not a propagative
number; see Definition 2.1(ii). Otherwise, solutions to the unperturbed scattering problem are not unique,
and neither are those for the perturbed problem; see Section 4 for detailed discussions. In the first part
of this paper, we propose an additional constraint condition on solutions of the unperturbed problem to
ensure uniqueness. For this purpose, we adopt two different approaches to the Dirichlet boundary value
problem: the limiting absorption principle by replacing k by k+ie (Subsection 4.1) and the approximation
by point source waves (Subsection 4.2). It is shown in Theorems 4.4(i) and 4.8 that both methods yield
the same constraint condition. The limiting absorption arguments for approximating wave-numbers
have complemented the work of [29], where the LAP for approximating refractive indices, the continuity
with respect to incident angles together with the method of approximating plane waves by point source
waves were justified for scattering by layered periodic media. In the first part, we also justify some
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properties of Green’s function to perturbed and unperturbed scattering problems; see Sections 3 and 4.
In particular, the mixed reciprocity relation between point source and plane wave incidences will be
verified in Theorem 4.10.

We remark that radiation conditions and numerical approximations with exact boundary conditions
(DtN maps) were also considered in [13,23] for wave propagating in a closed periodic wave-guide and
in a photonic crystal containing a local perturbation. We refer to [35,42] for numerical methods based
on LAP and the Floquet-Bloch transform and to [40] using the boundary integral equation method in
combination with perfectly matched absorbing layers.

The second part of this paper concerns inverse scattering problems of recovering the localized defect by
assuming a priori knowledge of the unperturbed periodic structure. Using infinitely many point sources
or plane waves at a fixed energy, we prove that the position and shape of the local defect can be uniquely
determined by the corresponding near-field data measured on a line segment above the interface; see
Subsection 5.1. As is seen in the proof of Theorem 5.5, the complexity of the solution structure gives rise
to essential difficulties in justifying linear independence of the wave fields for different angles. If some a
priori information on the defect is available, one can prove uniqueness with a finite number of incoming
waves by adopting Colton and Slemann’s idea of determining a bounded sound-soft obstacle [9]; see also
[18] for the corresponding results in periodic structures with a fixed direction. A counterexample will
be constructed to show that one incident plane wave is impossible to imply uniqueness in general. In
Subsection 5.4, we discuss uniqueness results using far-field patterns of incoming point source waves over
a finite or infinite number of observation directions.

In this paper, we choose the square root function to be holomorphic in the cutted plane C\ (iRgo).
In particular, vt = i\/m for t € Reg. The functions ¢ are called guided (or propagating or Floquet)
modes. The Fourier transform is defined as

1 * —isw
(Fo)(w) = \/72777 [m o(s)e ds, weR,

which can be considered as a unitary operator from L?(R) onto itself. For a domain  C R2, the weighted
Sobolev space H} () is defined by

HY(Q) = {u: (1 +|z*)Pue H(Q)}, peR

2 Radiation conditions and well-posedness results

In this section, we describe the mathematical model for the TE polarization of time-harmonic
electromagnetic scattering from a perfectly conducting periodic surface with local perturbations. We
first recall some notations, define the open wave-guide radiation, and then present some well-posedness
results from Hu and Kirsch’s previous work [19].

Let D C R? be a 2m-periodic domain with respect to the x;-direction. The boundary I' := 9D is
supposed to be given by a non-self-intersecting Lipschitz curve which is bounded in the xo-direction and
2r-periodic with respect to z1. Let D be a local perturbation of D in the way that '\ Land I \ T are
bounded, where T' = 8D is the perturbed boundary, which is also assumed to be a non-self-intersecting
curve (see Figure 1). Suppose that D is filled by a homogeneous and isotropic medium and that T is a
perfectly reflecting curve of Dirichlet kind. Let '™ be an incoming wave incident onto . The scattered
field u®¢ can be governed by the boundary value problem of the Helmholtz equation

Au* +k2u* =0 inD, u*“=—-u" onT,

complemented by some radiation condition in D explained below. To specify this radiation condition, we
need to introduce several definitions and make some assumptions.

For the forward scattering problem, we suppose without loss of generality (changing the period of
the periodic structure if otherwise) that the perturbations I' \ T and T' \ T' are contained in the disc
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Figure 1 (Color online) Illustration of wave scattering from a perfectly reflecting periodic curve with a local perturbation
in (0,27). The red area denotes the perturbed domain. The scattering interface is supposed to be a non-self-intersecting
curve

{x € R? : (1 — m)% + 22 < 7%}. We fix R, hg > m throughout this paper and use the following notations
for h > hg (see Figure 1):

Qn:={zxe€eD:0<x <2m, 22 <h}, Qo :={x€D:0<xz <27},
T :=(0,2r) x{h}, Wp={xe€D:xs<h}, U,:={x€D:xs>h}
Cri={ze€D:(v;—n)*+2i=R?}, Sr:={xeD:(v;—n)?+x5>R*},
Drp:={zeD:(x;—n)?+22<R?, Dr:={zeD:(z;—m)?+22 <R}

We recall that a function ¢ € L2 (R) is called a-quasi-periodic if ¢(z1 + 2m) = > ¢ (z;) for all

loc
z1 € R. Below, we introduce some function spaces®)

Hiyo(D) == {ulp : u € H (R},
Hﬁ;c,o(b) ={ue Hﬁ)c(D) u=0on GDL

ulw,nsy € HY (W), N Sg) for all b > hy,
u=0on0dXrNOD }’
Hg 10o(D) := {u € Hio(D) : (-, 22) is a-quasi-periodic},
H} 1o 0(D) :={u € H} 1,.(D) : uw =0 on 0D}.

(e

Hl(ZR) = {u € HE . (ZR):

Definition 2.1. (i) o € [-1/2,1/2] is called a cut-off value if there exists £ € Z such that |a + ¢| = k.

(ii) o € [=1/2,1/2] is called a propagative number if there exists a non-trivial ¢ € H} 1, o(D) such
that
Ap+k?p=0 in D, (2.1)
and ¢ satisfies the upward Rayleigh expansion
o(x) = Z pp el oiy k2=(t+e)®(x2—=ho)  for 15 > hg (2.2)

LET

for some ¢, € C, where the convergence is uniform for xs > hg + ¢ for every € > 0.

Remark 2.2. The solutions to (2.1) and (2.2) are usually referred to as guided modes. It will be
proved in Lemma 4.1(i) that the Rayleigh coefficient ¢ must vanish if k¥ > (I + a)?. Hence, the non-
trivial solution to the homogeneous problem must exponentially decay in the positive xs-direction, if
|+ 1| # k for all [ € Z. In physical literature (see, e.g., [1,41]), the guided model @(-, o, k) of (2.2) is
called a BIC if |o| < k.

1) The definitions hold also for D instead of D.
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In Definition 2.1, we restrict the quasi-periodic parameter a to the interval [—1/2,1/2], because an
a-quasi-periodic function must be also (« + j)-quasi-periodic for any j € N. The possible existence of
guided waves leads to essential difficulties in proving well-posedness of forward scattering problems under
the Rayleigh expansion condition (2.2), because they are solutions to the homogeneous problem when
u™ = 0. It is worthy mentioning that the set of propagative numbers must be empty, if the unperturbed
domain D fulfills the following geometrical condition (see [4,5]):

(x1,22) € D = (21,22 +s) € D for all s > 0. (2.3)

In the special case where I' is given by the graph of some function, uniqueness was verified in [12,25]
under different regularity assumptions enforced on I'. Below, we discuss the existence of propagative
numbers. Throughout this paper, we make the following assumptions.

Assumption 2.3.  Let [{ + a| # k for every propagative number o € [—1/2,1/2] and every £ € Z, i.e.,
no cut-off value is a propagative number.

Note that this assumption can be automatically fulfilled if the geometrical condition (2.3) holds. Under
Assumption 2.3, it can be shown (see, e.g., [32, Lemma 4.2(d)] for the case of a flat curve I' =Ty and an
additional index of refraction) that at most a finite propagative number exists in the interval [—1/2,1/2].
Furthermore, if « is a propagative number with mode ¢, then —a is a propagative number with mode ¢.
Therefore, we can number the propagative numbers in [—1/2, 1/2] such that they are given by {&; : j € J},
where J C Z is finite and symmetric with respect to 0 and &_; = —&; for j € J. Furthermore, it is
known that (under Assumption 2.3) every mode ¢ is evanescent, i.e., it exponentially decays as xo tends
to infinity in D, and it satisfies |¢(z)| < ce™%®2 for x5 > hy and some ¢,d > 0, which are independent
of x. The corresponding space

X;:={¢€ Héj,loc,O(D) s u satisfies (2.1) and (2.2) for a = @&;} (2.4)

of modes is finite-dimensional with some dimension m; > 0. We refer to Lemma 4.1 for discussions on
these properties in periodic Sobolev spaces.
On X, we define the sesquilinear form B : X; x X; — C by
. op —
B(g,9) = —2i —Ydr, ¢, € X;. (2.5)
Q. 071

The sesquilinear form B coincides with the derivative of the variational formulation with respect to «
and thus B(¢, ¢) physically represents the energy flux of the guided mode ¢. Using integration by parts
and the exponential decay of ¢ € X, we obtain B(¢,v) = B(¢, ¢) for all ¢, € X;. This implies that
B is Hermitian and that B(¢, ¢) is real-valued for all ¢ € X;. Now we assume that B is non-degenerate

on every X; in the sense that the following assumption holds.

Assumption 2.4.  For every j € J, ¢ € X; and 1) # 0, the linear form B(-,v) : X; — C is non-trivial
on X;, i.e., there exists ¢ € X; with B(¢,) # 0.

The Hermitian sesquilinear form B defines the cones {1y € X; : B(z,v¢) 2 0} of propagating waves
traveling to the right and left, respectively (see also [14, 26, 28, 32]). We construct a basis of X; with
elements in these cones by taking the inner product (-,-)x, and cqnsider the following eigenvalue problem
in X; for every fixed j € J. Determine A\ ; € R and non-trivial ¢y ; € X; with

. b, .« — .
B(¢y,j,v0) = —21/ ;;f Ydr = A, ((ij”/})xj for all ¢ € X (2.6)

oo

and £ = 1,...,m;. We normalize the basis such that (ég’j,éz/,j)xj = g for £, =1,...,m;. Then
Aej = B(ég)j,(ig,j) and Assumption 2.4 is equivalent to As; # 0 for all £ = 1,...,m; and j € J.
Physically, the assumption (2.4) is equivalent to the assumption that the group velocity of each guided
mode is non-vanishing (see [28, Remark 1.4]).

Now we are able to formulate the open waveguide radiation condition for our Dirichlet boundary value
problem (see [19]).
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Definition 2.5. Let ¢4, € C*°(R) be any functions with 9y (z1) = 1 for 21 > o (for some
o >max{R,2n} + 1) and ¢4 (z1) =0 for +2; <o — 1.

A solution u € H{ _(Xg) of the Helmholtz equation (A + k*)u = 0 satisfies the open waveguide
radiation condition with respect to an inner product (-,-)x, in X; if u has in ¥ a decomposition into
U = Urad + Uprop Which satisfies the following conditions.

(a) The propagating part uprop has the form

upmpmzz[m(wl) S ansdes@) o) Y ae,jée,m)] (27)

jedJ L:Xp ;>0 :Xp, ;<0

for € ¥ g and some ay ; € C. Here, for every j € J, the scalars A, ; € R and g?)m € Xj for{=1,...,m;
are given by the eigenvalues and corresponding eigenfunctions, respectively, of the self-adjoint eigenvalue
problem (2.6).

(b) The radiating part u,.q € H!(Zg) satisfies the generalized angular spectrum radiation condition

o] 2
/ ’W@Lrad)(w,xg) —iVE? — w? (Fugaa)(w, 22)| dw — 0, 22 — 00. (2.8)

— 0 6562

The above radiation condition has been earlier studied in [15,26-28, 31, 32] for layered periodic
structures. It has been shown in [32] for the case of half-plane source problems with an inhomogeneous
period layer that the radiation condition of Definition 2.5 for the inner product (¢,v)x, = 2k /. 0" o dx
is a consequence of the limiting absorption principle by replacing k with k + ie and € > 0. Here, the
function n stands for the refractive index of the inhomogeneous layer.

Assumption 2.6 (Absence of bound states).  There are no bound states to the perturbed scattering
problem, i.e., any solution u € H}(D) of Au+ k?*u =0 in D must vanish identically.

One can remove this assumption if the domain D fulfils the condition (2.3). Note that with this
geometrical condition on D, the unperturbed domain D should also meet the requirement (2.3) and thus
the existence of propagating modes QZ)M is excluded [5].

In this paper, we make Assumptions 2.3, 2.4 and 2.6 without mentioning this any more. We consider
the following two kinds of incoming waves:

(i) Point source waves: u'™(z) := ®(x;y) = iHél)(ldx — y|) with the source position y € Dg.

(i) Plane waves: u'"(z) = eife0 where § = (sin @, — cos ) is the incident direction with some incident
angle 0 € (—n/2,7/2).

Before stating uniqueness and existence results, we recall the Sommerfeld radiation condition used
in [20,28].

Definition 2.7. A function v € C*°(Up,NER) satisfies the Sommerfeld radiation condition in Up,NEx
if v e H) (W, NXg) for all h > hg and all p < 1 and

Ov(x)

5 ikv(z)| =0, a— o0, sup |z|Y?|v(z)] < oo (2.9)

zeUy,

sup  |z|'/?
zeC,NUp,

for all h > hg where r = |z|.

It was shown in Hu and Kirsch’s previous paper [19] that the radiation condition for the radiating
part of the open waveguide radiation condition of Definition 2.5 is equivalent to the above Sommerfeld
radiation condition. We remark that the point source wave ®(x;y) with y € Dg satisfies the Sommerfeld
radiation condition of Definition 2.7 with the index p < 0, because ®(z;y) ~ |z|7'/? as |2| — oo in
R2. However, plane waves and quasi-periodic surface waves are not included. Such kinds of wave modes
belong to H)(W,NYXR) for all h > ho with the index p < —1/2. An integral form of the above Sommerfeld

radiation condition is defined as follows.

Definition 2.8. Let a; be a sequence in R such that a; — oo and suppose that Daj are Lipschitz

domains. A solution v € H}

b (XR) satisfies the Sommerfeld radiation condition in an integral form if

‘&Uikv

—0, j— o0,
ar J

H=1/2(C,)
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where r = |z|.

Lemma 2.9. (i) If v satisfies the Sommerfeld radiation condition of Definition 2.7 with the index
p = 0, then v also fulfills the integral form of the radiation condition defined by Definition 2.8.

(ii) The condition (b) for the radiating part of u in Definition 2.5 is equivalent to the Sommerfeld
radiation condition of Definition 2.7.

Lemma 2.9 and the following well-posedness results for incident plane and point source waves were
proved in Hu and Kirsch’s previous paper [19].

Proposition 2.10 (Well-posedness for point source waves).  Let u'™ := ®(-;y) be an incoming point
source wave with y € Dg. Then the locally perturbed scattering problem admits a unique solution u
such that u — u™ € H}

lOC([)) and u satisfies the open waveguide radiation condition of Definition 2.5.

Furthermore, the radiating part uyaq of u satisfies the Sommerfeld radiation conditions of Definitions 2.7
and 2.8.

If OD is given by a Lipschitz graph (i.e., guided waves are excluded), the results of Proposition 2.10 were
verified in [20] within a more general framework for rough surface scattering problems. We remark that,
in such a case, the scattered field u*¢ := u — u*™ does not satisfy the open waveguide radiation condition
of Definition 2.5 and either the Sommerfeld radiation condition of Definition 2.7, because u'® = ®(-;y)
does not belong to H*(Xg). In fact, u*¢ fulfills the Sommerfeld radiation condition with the index p < 0.
Proposition 2.11 (Well-posedness for plane waves).  Let a := ksin be not a propagative number (see
Definition 2.1(ii)). Then the perturbed scattering problem for a plane wave incidence u™(x) = eika-0
admits a unique solution u = u'™ 4 u*® € Hﬁmo([)) such that the scattered part u*¢ has a decomposition
in the form u®® = Uil e + Upere i1 the region Xg, where Ui o € Hclhloc(D) is the scattered field
corresponding to the unperturbed problem that satisfies the upward Rayleigh expansion (2.2) with the
quasi-periodic parameter a = ksinf. The part uge,. € Hlloc(ER) fulfils the open wavegquide radiation
condition of Definition 2.5 and the radiating part of usl., satisfies the Sommerfeld radiation conditions

per
of Definitions 2.7 and 2.8.

We emphasize in Proposition 2.11 that, since ksiné is assumed to be no critical wavenumber (or
equivalently, no BIC exists at the pair (o, k) € R? with a = ksinf), the unperturbed scattered field
Upnpert 15 unique. In the subsequent Sections 3 and 4, we carry out further studies on forward scattering
problems, including properties of Green’s function to perturbed and unperturbed problems and well-
posedness for a plane wave incidence at a critical wavenumber (i.e., when a BIC occurs). Theorems 3.1,
4.4 and 4.8 will be used later for investigating inverse problems in Section 5.

3 Properties of Green’s function

Let ®(x;y) be the fundamental solution of the Helmholtz equation. Green’s function G for D satisfies
G(-;y) — ®(-;y) € H.(D) for all y € D and the open waveguide radiation condition, i.e., it has the
decomposition in the form

G(ay) = Grad(';y) +Gprop(';y) in Dv

where Gprop (- ;%) is the propagating part. The radiating part Grad(-;y) includes the incoming wave and
satisfies Graa(-;y) € H*(Wi\{Be(y)}) for all h > hg and some € > 0 and also satisfies the Sommerfeld
radiation condition. We prove the following properties of G(x;y).
Theorem 3.1. (i) Green’s function to the perturbed scattering problem satisfies G(x;y) = G(y;z) for
allz,y € D and & # y.

(ii) In the unperturbed case (i.e., D = D), the propagating part Gprop 0f G takes the explicit form

Gonop(0:9) =201 Y- [v1) 3o 5-es@lies ) = v (o) 3 5dey@us)]  (3)

jeJ Ae,;>0 J Ae, ;<0 J

forall xz,y € D and x # y.
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Remark 3.2. In the perturbed case, the propagating part of G can be decomposed into Gprop =
G(mp + G&Lp, where Gfﬂép represents the counterpart corresponding to Green’s function of the
unperturbed problem taking the form (3.1), while Gglrl)p denotes the propagating part caused by the
defect.

To prove Theorem 3.1, we need an auxiliary lemma. Below, we take R > 7 as a variable and suppose
that Dg := {x € D : |z| < R} is always a Lipschitz domain. Otherwise, we can slightly change the shape
of the part Cr to achieve this. In the remaining part of this paper, we do not mention this any more.

Lemma 3.3. Let

Uprop() =T (1) > D ar;dey(@) ¥ (21) Y Y ar; éej()

JEJ A, ;>0 JEJ A, ;<0
orop(#) =T (1) Y D beg beg(@) + 9T (@) D D bey de(x)
jeJ )\Z,j>0 jed )\Z,j<0

be the propagating parts of two solutions satisfying the open waveguide radiation condition. Then

ou ov

prop prop

/ [Uprop oy Upror ds =0 as R— oo.
Cr v v

Remark 3.4. The path Cg can be replaced by dDg because of the boundary condition on 9D.
Since Uprop; Vprop € H'(Dg) and Auprop, Avprop € L?(Dpg), the integral over dDpg is understood in
the dual form of (H~'/2(0Dg), H/?(0Dg)). The integral over Cg is understood in the dual form of
(H=Y2(CR), HY*(CR)) (see, e.g., [36)).

Proof.  We first recall Green’s second formula for any bounded Lipschitz domain Q. For w,v € H(2)
satisfying Aw, Av € L*(Q), we have

/[wAv—vAw]dx:/ [wOyv —voyw]ds,
Q o0

where the right-hand side is understood as the dual forms for ,v, d,w € H~'/2(0Q) and w,v € H'/?(5Q).
Application of Green’s formula to Dg yields

OUpro OVpro
/ [Upmp ap L - Uprop 5 p} ds = / [Vprop (A + kQ)“prOP — Uprop (A + kz)”prop] dz.
Cr v v Dr
From the forms of upyop and vprop, we conclude that

Auprop + k2uprop = Z Z Qg5 (A + kz)[er éﬁ,j] + Z Z Qg j (A + k2)[¢7 Qgﬁ,j]

jeJ)\g‘j>0 jEJA[J‘<0

and the same for vpyop. Therefore, since 7 (z1)y~ (z1) = 0 for all z; € R,
/ Vprop (A + k2)uprop dx
Dr

= Z Z ey, Z Z bg2]2/ 1/] ¢32J2](A+k2)[w ¢€1]1]

Ji1€J )\41 i1 >0 Jo€J )\22 ]2>0
2
I D IS SED DI N Ut BN S AL
J1€J )‘élvjl <0 jo€J Agz J2<O

where D}, = {x € Dr:o— 1<z <o}and D = {x € Dg: —0 < z1 < —o + 1}. Here, we suppose
that both D}; and Dy, are Lipschitz domains by the choice of o > max{R, 27} +1. An analogous formula
holds for uprop and vprop interchanged. Taking the difference and applying Green’s theorem yields for
the integral over DE:

/DJr [¢+ q§£27j2} (A + k2)[¢+ lel,jl] - WJ+ éfl,]&] (A + kQ)[er QASZQ,JQ] dx

R
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. Oty . Ot dy, s,
= /BD; ¥F |:¢€2,j2 LA ;;131.,11] — G014 O 0ts.1] acie = ]}ds

A Oty R O+,

+ / |:a¢[h]l ¢ U252 ¢£2’J2 (b 1,J1:|d8
TR

where SR—{IED |z =R, 0 —1 <z <o}and yg ={r € D: 21 =0, |z| < R}. We remark that,
since gbg] vanish on 9D, the integral over yp is understood in the dual form of (H~'/?(yg), Hé/ (vr))
(see, e.g., [36]). The integral over Sk tends to zero as R — oo because of the exponential decay. The
integral over yg tends to

8(;5[1, 1 (b@z, 2 aq@fl,'l 2 8(2552,*'2 2
/wl_g |: : ¢ la,j2 — . ¢ 1]1:|d8 - /xl_a |: axlj ¢52,*j2 - axlj ¢Zl1j1 ds

because égz),jz = QASZM»Z. Now we conclude from A, j, > 0 and —Ag, —j, = Ag, 5, > 0 that j; # —jo.
Note that ¢; € {1,...,m;, }, b2 € {1,...,m,,} and m;, = m_,,. Therefore, the integral vanishes by the
proof of [28, Lemma 2.6]. O

Below, we carry out the proof of Theorem 3.1 by using Lemma 3.3. The symmetry of Green’s function
will be used in the proof of Theorem 5.4 for our inverse problems. Write B(z, ) := {z € R?: |z — x| < d}.

Proof of Theorem 3.1. (i) We fix z,y € D with x # y and choose § > 0 such that B(z,8)UB(y,d) C D
and B(z,d) N B(y,d) = 0. Then we choose R > 0 sufficiently large and set

Dpgs ::{zeD:|z|<R, |z — x| >0, |z —y| > d}.

Using A,G(z;2) + k*G(z;2) = 0 and A,G(2;y) + k*G(2;y) = 0 in Dg s and the application of Green’s
second formula in Dg s yields

0 :/ [G(z;2) ALG(z;y) — G(z;9) A.G(z;2)] dz
Dr,s

B (/z=R - ~/|z—3c|=6 - /z_y|=5> [886'152?) Glaix) = agsé;@) G(zy)|ds(z).

Here, we have used the vanishing of G(-;y) and G(-;z) on Dg s NT. Note that the normal direction at
Cr is supposed to point into g and that at 0B(z,d) or dB(y,d) to point into Dg 5. We consider first
the integral over dB(x,¢). For |z — x| < §, the terms G(-;y) and G(;x) — ®(+; ) and their gradients are

smooth. Therefore,
9GEY) Gy — 2958 G as(s
/|z . J (s CED T gy G ’yﬂd (=)

= 9G(z1y) 2T _9%(x2) - (2
_/|z a| 5{ ov(z) (7 2) v (z) G( 79)]05 (2) +0O(6)

v(
= G(z;y) + 0(9),

where we applied Green’s representation formula to G(-;y) in the disk B(z,d). For § — 0, we get

/z al 5{ () CE T Ty O vy)]d (2) = G(z;9).

The integral over 0B(y, d) is treated in the same way, just by interchanging the roles of z and y.
It remains to show that the integral over Cg := {2z € D : |z| = R} tends to zero as R tends to infinity.
Substituting the decomposition G(-;¥y) = Grada(-;¥) + Gprop(-; ¥) into the integral yields that

[ S et - 25 G s
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consists of four integrals. The integral

[ [ ) - i) )

tends to zero by the previous lemma. For the other parts, we note that the integral over Cr N W}, tends
to zero as R — oo, because, for example,

0Grad(2;y)
—————" Gprop(2; ) ds(z
/CRGWH 7 o (22) ds(2)

H aCTYmd

H | Goron (2l 2cmrur
H_l/Q(CRﬁWh)

<d IIGrad(~ s (ve) [|Gorop ()| 1 (v

where Vg :={z € DN W}, : |[z] = R| < 1/2}, [|Graa(-;9) | 52 (v, tends to zero and ||Gprop (-, %) || 51 (vy) 18
bounded.

Hence it remains to consider the integral over Cr j, := {z € Cr : z2 > h}. Here, we use the Sommerfeld
radiation condition for Gyaq(+,z) and Gyaq(-;y) which yields that

/om [ ) Cred(58) = 5 3 Gra(zy) | ds(z)

tends to zero. Using the estimates

|Grad(z;x)| + |szrad(z;x)‘ < <

X \/my

for some ¢ > 0 and the same for y replacing x, we obtain

(Gorop (2 2)| + V- Gprop (2:2)| < e

9Gprop(21y) oy _ 9Graa(zi2) .
/c ov(m Crali®) = 5,0y Ceron(5iy)| ds(2)
9Graa(#y) ) 9Gprop(217) .
* CRr,n 6V(Z) GprOp(Z’x) aV(Z) Grad(zay) dS(Z)
R /7r —Rosint
<e——= e osint g 39
VR Jo (3.2)

Using sint > 2t on [0,7/2], one deduces that the right-hand side of (3.2) tends to zero as R — oo,

because P P
/7r e—Rasint dt = 2/7r e—Rosint dt < 2/77 e—2Rat/7r dt = L(l _ e—Ra>.
0 0 0 Ro

(ii) For fixed y € D, we choose € > 0 less than the distance between y and I'. Introduce a cut-
off function x € C§°(R?) with x(z) = 1 for |z — y| < ¢/2 and x(x) = 0 for |z —y| > e. Then
vi=G(;y) — x®(-;y) € HL.(D) coincides with G(-;y) for |z — y| > € and satisfies Av + k*v = —g, in
D and v =0 on I', where

gy = Ax B(-;y) +2Vx - VO(-;y) € L*(D)

has compact support. If o in the definition of the radiation condition is chosen to be larger than |y;| + €
then by [19, Theorem 3.5],

Gpmp<x;y>=vpmp<x>=Z[w+<m1> S des@) ans) +o-(@) Y dus() %(w]

jeJ A, ;>0 Ag, ;<0
for |z1| > o, where the coefficients ay ;(y) are given by

27 =
ar;i(y) = 5 9y (%) ¢ () dx
|)‘£,j| e/2<|z—y|<e
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To calculate ay ;(y), we rewrite g, as g,(z) = (A + k?)(x(2)®(z;y)) for # # y. Consequently, the
application of Green’s formula yields

2mi _
ari(y) = Al gy(x) ¢¢.j(z) dz
el Jepa<iomyl<e

2mi 8454 J(x) 00(z;y) =

" Pl oy *@y) = o de ()| ds(a
RY¥1 |x_y|—6/2[ ov(x) () v (z) j(x)| ds(x)
27’l'i ~

=1, 2 W), 33)
| f,]|

where we have used the facts that x(z) =1 on |z — y| = ¢/2 and x(z) =0 on |z —y| = ¢. -

From the proof of Theorem 3.1, we conclude the following corollary.

Corollary 3.5. Letu € Hﬁ)c,o (D) be an open wave-guide radiating solution to the Helmholtz equation
(A +k%)u =0 in Sg, where Dp is supposed to be a Lipschitz domain. We have the representation

u(ac)—/CR [au(z) Glzia) = 25, )]d (2), w€Tn. (3.4)

Proof. We fix z € Y and choose R’ > R such that z € Dp where Dg is a Lipschitz domain.
Application of Green’s representation formula yields

u(z) = (/CR - /CR ) [ggg Gz ) — agy(f;;”) u(z)] ds(z), z€ g (3.5)

By the proof of Theorem 3.1, the integral over Cgs tends to zero as R’ tends to infinity, which together
with (3.5) finishes the proof of (3.4). O

4 Scattering of plane waves at a propagative number

As shown in Proposition 2.11, uniqueness and existence of a weak solution for an incoming plane wave
are guaranteed under the open waveguide radiation condition, provided that ksin 6 is not a propagative
number. If ksinf = &; is a propagative number , there still exists an &;-quasi-periodic solution ug €
H} (D) of the unperturbed problem (see Lemma 4.1(i) below). However, uniqueness fails and the general
solution takes the form

m;
u:uo—i—Zcuﬁm in D, (4.1)

=1
where <;A$g7j € X; (see (2.4) and (2.6)) and ¢; € C are arbitrary. A general solution to the locally perturbed
scattering problem is described in [19, Corollary 4.10] when k sin 6 is a propagative number. The purpose
of this section is to propose an additional constraint on solutions of the unperturbed problem to fix the
coefficients ¢, in (4.1), so that the forward problem is always uniquely solvable. We employ two methods:
the limiting absorption principle for approximating the wave-number with a positive imaginary part in
Subsection 4.1 and the method of approximating the plane wave by point source waves in Subsection 4.2.

4.1 The limiting absorption principle and singular perturbation arguments

We first consider the scattering problem in a periodic domain D without defects. Let u"(x) =
elk(@isin=z2cos0) with § € (—7/2,7/2) be the incident plane wave. Set

a:=ksinf and B, :=+k*—(n+a)? neN,

where the square root is chosen such that Im v/ > 0 for ¢ < 0. Obviously, u™(x) = el®®1=1#%2 Since the
wave-number k > 0 is fixed, we omit the dependence on k for simplicity. We look for an a-quasi-periodic
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total field u € H} ;(Qn) := {u € H(Qnr) : u = 0 on 8Q, NT} for all h > hg such that u* = u — u™
satisfies the upward a-quasiperiodic Rayleigh expansion (2.2).
Introduce the a-quasi-periodic and periodic, respectively, Sobolev spaces on I', with h > hg by

HY2(Ty) :={f € HY*(T'},) : 7191 f(x1, h) is 27-periodic in ; },
HY2(Ty,) :={f € HY*('},) : f(x1,h) is 2m-periodic in z;}.

per

Define the periodic and quasi-periodic, respectively, Dirichlet-to-Neumann maps on the artificial boundary
L'y, by

(Tif) (@i, h) =Y 1n fu€™™, flar,h) = fae™™ € HYLZ(Th), (4.2)
nez nez

(Tef) (w1, h) =Y iBn fu e TO™ - fay h) =Y fre™F™ € HI/2(TY,). (4.3)
nez nez

It is well known that T}, : HA2(Th) = Hpel 2(Tn) and Ty, : HY*(T),) — Hy Y?(T) are bounded linear
operators. The following variational formulation for v € H, é70(Qh) can be easily derived:

ar(u, ¢) = —2ik cos e~ Fh C059/ e gds for all ¢ € HY 1(Qn), (4.4)
Ty

where

ak(u, @) ::/Q [Vu~V7¢—k2u$]dx—/F Tru ¢ ds, u,(;SEHDl"O(Qh).

Defining v := ey € HY, o(Qn) == {v € HL.(Qn),v = 0on T NIQ,} and ¢ := e "¢ for
¢ e Holho(Qh), we get the periodic form

27

ar(v,v) = —2ik cos § e~k cost Y(x1,h)de; forall ¢ € Héer,O(Qh)7 (4.5)
0

where now

ag(v, 1) ::/Q {V%W—Qiaaa;l—(kz—a%vw] cla;—/F Tv 1 ds

for v, € H),, o(Qn). We equip H], ,(Qn) with the inner product

(v,9) 1= /Q Vo - Vipdx + 27 Z(l +02) 20,9, Yve H o(Qn), (4.6)

neZ

where 1, and v, denote the Fourier coefficients of ¥ (z1,h) and v(z1,h), respectively. By the
representation theorem of Riesz, there exist f(*) € le)er,[)(Qh) and a linear bounded operator Lj from
H!. ,(Qp) into itself with

per,0

2m

(f®) ) = —2ik cos § e~ Fh cos? ; P(x1, h) dey, (4.7)

(Lpv, ) = ag(v, ) = / [Vu -V — 2iksin %’1 U —k%cos? 0 111/)} dx — 27 Z iBaonth,  (4.8)

neN

for all ¢, v € H},, ,(Qn). Then the operator equation (4.5) can be rewritten as

Lo = f% in H, (Qn). (4.9)

One can show that the operator Ky := I — Ly, given by

{Qik sin v ¥ + k2 cos? 901&] dr + 27 Z(\/ 1+n2 +iB,)vnth,

ox
1 nez

(K v,v) 32/

Qn
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for all ¢, v € H}, 4(Qn), is compact as an operator from H}

per,0(@n) into itself. In fact, the first integral

can be reformulated as

ov — — o _
/ {Qiksinﬂv@/ﬁL k2C08201)1/J:| dx = / [2iksin9v¢ + k% cos?0v )| dx,
n 6.131 n 61‘1
which is a compact form due to the compact embedding of H}, ,(Qn) — L*(Qn). The summation in
the definition of K}, is also compact, because of the boundedness of the sequence n — v/1 + n2 +1i3,, for
n € Z.
Below, we collect some properties of the operator L.
Lemma 4.1.  Suppose that a +n # +k for any n € Z, i.e., a is not a cut-off value.

(i) For k > 0, the equation (4.9) admits at least one solution v € H], o(Qn). The null space
N :=N(Ly) = N(L3) is finite-dimensional and consists of surface wave modes only, i.e.,

v(x) = Z vy eI Bel(@2=h) g S (4.10)
n€Z:n+a|>k

(ii) The Riesz number of Ly is one, i.e., N(Ly) = N(L2). Moreover, it holds that the orthogonal
decomposition H, o(Qn) = N'(Lx) ® R(Ly). Here, R(Ly) denotes the range of the operator Ly.

(iii) If Imk > 0, there is a unique solution to (4.9) in Hy., o(Qn) for any h > he.
Proof. (i) The form of v € A given by (4.10) can be derived by setting ¢ = u = ve!®* in the
homogeneous form of (4.4), taking the imaginary part and using the definition of Tr. The adjoint
operator L} of Ly is defined by

(Liv, ) = (v, L) = (L, 0) = an (9, v)
:/ (V- V6 — K2ud)dr + 3 1B tn B
Qn

nez
for all v,9) € H}, 4(Qn), where u = €*“1v and ¢ = €'**1¢). From this, we conclude that N'(Ly) = N'(Lj).
The existence of v € HJ,, o(Qn) follows from the fact that (f®) 4y = 0 for all 9» € A" and the Fredholm
alternative. The space N is finite-dimensional, because K}, is compact.

(ii) It is obvious that A (Ly) C N(L2). To prove the reverse direction, we assume L?w = 0 for some
w e H)., o(Qn) and set v = Lyw € R(Ly). Since v € N'(Ly) = N(Lj), we obtain

H’U||2 = <U’U> = <U’Lkw> = <L;;’U,’LU> =0,

which proves N'(L?) C N(Ly) and thus the coincidence N'(L3) = N(Ly). This also implies N N R =
0 and hence H], 4(Qx) = N @& R. The orthogonality between N and R follows from the relation
N(Ly) = N (L),

(iii) We apply the uniqueness result of [6] to the proof of the third assertion. By the Fredholm
alternative, it suffices to prove uniqueness. Let k € C with Imk > 0 and set « = ksinf € C. Assuming
Lyv = 0 for some v € HJ., o(Qn), we need to prove v = 0. It then follows that ax(v,4) = 0 for all
¢ € H), o(Qn), which implies that v satisfies the elliptic equation (A + 2iad; + k? —a*)v = 0 in D, and
the Dirichlet boundary condition v = 0 on I' together with the periodic expansionv =}, Vel Tifn T2
in o > h.

We claim that Im 3, > 0 for all n € Z, if Imk > 0. Recall that the square root function z — /z
was chosen to be holomorphic in the region {z € C : z ¢ iR¢o}. In particular, we have Im\/z > 0
forall z€ C:={2 € C:Rez < 0or Imz > 0}. It is easily seen that k? — (n + ksinf)? € C for all
k € C with Imk > 0 and Rek > 0 and all n € Z provided that |sinf] < 1. Indeed, if n is such that
|n + Reksinf] < Rek, then

Im[k? — (n + ksin€)?] =2Imk [Rek — (n + Re ksin 6) sin 6]
>2ImkRek (1 —|sinf]) > 0.
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If n is such that |n + Reksinf| > Rek, then

Re[k? — (n + ksinf)?] = (Rek)? — (Imk)? — (n + Reksin)? + (Im k)? sin? 0
= (Rek)? — (n+ Reksind)? — (Imk)? cos® 0 < 0.

This proves Im 3, > 0 for all n € Z.
Setting u® = vel®®1 we deduce that u*® fulfills the homogeneous boundary value problem of the
Helmholtz equation
Au® +k*u®=0 inD, u®*=0 ondD,

and the quasi-periodic Rayleigh expansion condition (2.2) in xo > h. Since Im ,, > 0, the function u*
decays exponentially to zero as 9 — oo in D. By elliptic boundary regularity in Lipschitz domains with
the zero boundary condition, we have u® € C%7(Q;) for any h > hg, where the Holder exponent v > 0
depends on the Lipschitz constant of T'; we refer to [17, Chapter 4, Theorem 4.3] for the proof valid for
C'-smooth boundaries, which is also applicable to Lipschitz curves in R2. The boundary behavior of the
Dirichlet boundary value problem of elliptic equations in a non-smooth domain can be further found in
[33, Chapter 7]. Hence, this together with the interior regularity gives u* € C?(D)NC(D) and u® must be
bounded in the infinite strip Qo := {x € D : 0 < 21 < 27}. On the other hand, the a-quasi-periodicity
of u® gives

u® (1 + 2nm, x) = 2TksInOys () 2o) for all z € D.

This in combination with the boundedness of ||ul||z(q. ) yields the growth condition
|us($)|gcvelmk\sineHﬂ7 reD

for some C' > 0. Now, applying [6, Theorem 3.1], we get «® = 0 in D and thus v = 0 in H}ier,O(Qh) for
all h > hg. O

Now we suppose that ksing = &; for some j € J is a propagative number , which implies N # 0.
Replacing k by k + ie with € > 0, we consider the perturbed operator equation

L(e)ve = f(e) in Hpe, o(Qn)

with L(e) = Lyic and f(e) = i€, We want to study the convergence and limit of v(e) as e — 01 by
applying the following singular perturbation result from [29, Theorem 2.7 and Remark 2.8].

Lemma 4.2. Let I = (0,¢9) for some small ¢ > 0. Let K(€) be compact operators from some Hilbert
space X into itself and f(e) € R(L(€)) for all € € [0,¢p), where L(e) := I — K(€). Furthermore, let
L(e) be one-to-one (thus invertible) for all e € I and let L(0) = I — K(0) have Riesz number one. Let
P: X — N := N(L(0)) be the projection onto the nullspace of L(0) along the direct decomposition
X =N @R, where R = R(L(0)). Finally, let f(e) and K(€) be continuously differentiable functions in
€ € [0,e0) and let PL'(0)|x be an isomorphism from N onto itself, where L'(0) denotes the one-sided
derivative of L(e) at e = 0T.

Then the mapping € — v(e) := [L(€)]71 f(e) has a continuous extension to [0,¢q) into X. The limit
v(0) = lime_, 04 v(€) is the unique solution of the system

L(0)v(0) = £(0), [PL'(0)]v(0) = Py'(0), (4.11)

where f'(0) denotes the right-hand derivative of f(e) at e = 0. Moreover, there exist 6 € (0,¢y) and ¢ > 0
such that

lo(en)l[x <¢| sup [|f(e)llx + sup IIf’(é)Hx} for all e, €10,0].

e€[0,6 e€[0,6

The original version of Lemma 4.2 can be found in [8, Theorem 1.32, Subsection 1.4]. A more direct
proof is presented in [29] with the characterization of the equation (4.11) of the limiting solution. To apply
Lemma 4.2 to the operator equation (4.9), we set X = H]}, ,(Qs) and denote by P : H}, ,(Qn) = N
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the projection operator. For v € H;cr,O(Qh)v it follows from the definitions of f*) and L that (e.g.,
(4.7) and (4.8))

27
(€)= =2k + ie)cos e 4Nt [T R o,
0

L) = [

Qn

=27 Y iv/(k+i6)? = [n + (k +ie) sin 0] v, P, (4.12)
neZ

[Vv -V — 2i(k + i€) sin @ 8671} o — (k +i€)? cos® Gvy | d
1

where v(z1,h) =3, c;vne™ € X and ¢(z1,h) =Y, o, ¥ne™™ € X. From the above expressions, we
observe that f and L are differentiable with respect to € in a neighborhood of 0 provided that ksin6 is
not a cut-off value. By Lemmas 4.1(iii), L(e) is invertible and thus f(e) € R(L(e)) for all € > 0. On the
other hand, we have f(0) € R, because by (i) and (ii) in Lemma 4.1, f(0) is orthogonal to N and X
admits the orthogonal decomposition X = N ® R.

Since the null space A consists of evanescent wave modes only and (I — P)h is orthogonal to A for
any h € H\, o(Qp), it holds that

2

(P(0),9) = (f(0),)) = —2ikcos@e ™0 [ (1, ) de1 =0,
0

27
(Pf(0),9) = (f'(0),9) = 2cos (1 — ikh cos §) e~ khcos? P(x1,h)dx; =0
0

for all vp € N. This implies that f(0), f/(0) € R and Pf(0) = Pf’(0) = 0. On the other hand, simple
calculations show for v, € A that

(PL'(0)v,4) = (L'(0)v,¥)
. 0v — . — . (n+a)sinf—k —
= 2sin 6 — 1) — 2ik cos? 6 w]d +2 § w7, (4.13
/Qh { sin 921 1k cos”™ v x 1 e CETEE v ( )

It remains to justify the one-to-one property of the mapping PL’(0)|x from N onto itself, which is given
by the lemma below.

Lemma 4.3. PL'(0) is one-to-one on N.
Proof.  First, we show that

(PL'(0)v,) = 2/ [sin@ g—::l b —ikcos® Qv | dx (4.14)

oo

for all v,9 € N, where v and 1 are extended into Q \ @Qn by

_ 212 (g — ;
'U(.’E) — Z Uy, € vV (n+a)?2—k2(z2 h)+1na:1, Ty > h,
neZ:|n+a|>k

1/)(33) — Z Un ef\/(nJra)?ka(a:th)Jrinml’ z9 > h.

n€Z:n+a|>k
Indeed, we compute

2/ {sinﬁavw—ikcofﬁvw} dx
Qoc\@n 9

€1

— 4ri / S T (sindn — kcos? 8) eV IT ) gy,
h n€Z: Inta|>k

: . 2
_ o Z Unmsuﬂn k cos= 0

T 12
nEZ: Into|>k (n+a)?—k
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_ o Z Unm(n—l—a)mnO—k

nEZ: Inta|>k V(n+a)? — k2

This in combination with (4.13) yields (4.14).
Assume now that (PL’(0)v,-) vanishes identically on A for some v € N. Then (PL’(0)v,v) = 0 and
thus

sine/ ﬁmxzikco&o/ o |2dz. (4.15)
Qs 971 Qe

We substitute v(x) = e~ *s1021(z) again and have

sin@/ [—ik sin @ |ul? + auu} dr =ik cosQG/ lu|*dz,
Qe Oz Qe

sin@Im/ a—uﬂdx = k/ lu|?dz.
Qw0 01 Q

oo

ie.,

Now we use the fact that u is also an eigenfunction and thus

/ [[Vul? — k*|ul?*] dz = 0.

Qoo
Hence,

sin 6 Im —uﬂdx
Q- 011

IVulliz(g.) = K lullz2 .l = &
Supposing that Vu does not vanish identically, we can estimate using |sinf| < 1 that

IVulZe g < kllullzz@u) l01ulli2@u) = I Vullzz@u) |01ull 12w,

ie., [[Vullrzo.) < [|01ullr2(g..), which is impossible. This implies that Vu vanishes identically.
Therefore, u is constant and thus zero by the boundary condition. O

Now, applying Lemma 4.2, we conclude that the unique solution v(e€) to (4.9) converges to v in X and
the limiting function v fulfils the equations

Liw=f® and PL'(0)v=0.

The second equation provides an additional constraint on v € X (see (4.14)), i.e.,

O:/ {sinﬁngdx—ikcoﬁﬂvﬂ dr for all ) € N. (4.16)

T
Setting u = #5071 and ¢ = #5014} we return to quasi-periodic settings to get

sino/ ﬂadx:ik/ u b dr
Qoo 81‘1

oo

ie.,

/ (sinﬂgu — iku) ¢dr =0 forall ¢ € X, (4.17)
=) L1

where X; C Holéyo(Qh) for all h > R denotes the eigenspace (2.4) corresponding to the propagative number
&; = ksinf. If we make the ansatz (4.18) for u:

U= ug + ZC@ (ﬁ&j inD, ¢ €C, (4.18)
=1
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where ug € H}, ((Qp) for all h > hg is a particular solution (for example, given by Lemma 4.1(i)), then
it follows from (4.17) that

Z {sinﬂ/ d)“ ¢dx — ik (,Zgg,j gbda:}cl/ (sint‘)é)w}iku())qﬁd:c
Q- 011 o

1=1 Qoo oo

for all ¢ € X;. Therefore, the coefficients c, should fulfill the finite-dimensional algebraic system
(A—B)C =Y with

C= (Cl,CQ,. . .,Cm].)—r c (ij><1’ A= diag(ag’g) c ijij7
B = (bew)gjey €C™ML Y = (y1,y2,- - Ym,) | € CTX

given by
Ao -
Yo = sin 0— —ikug | ¢y ; dz,
[e) a 1 :
beo =ik be.j uj dz,
Qoo

Qe = 1/2 sin @ )\g_’j

for £,0' =1,2,...,m;. Note that in deriving the entries of A, we have used the normalizations (see (2.6))

3¢e, . e,
/ L by jd 2] Op,r.

oo

The well-posedness of scattering from unperturbed and perturbed periodic curves of Dirichlet kind is
summarized as follows.

Theorem 4.4. Let k > 0 be fized and 0 € (—7n/2,7/2) be an arbitrary angle. Set o = ksin6 and
suppose that a« +n # +k for any n € Z (i.e., a is not a cut-off value).
(i) In the unperturbed case, there exists a unique solution Uynpert € Ha loc,0(D) such that uyg e =

Uunpert — u'™ satisfies the upward a-quasiperiodic Rayleigh expansion (2.2) as well as the constraint
condition

auun er . o
/Oo <aagjt — 1k2uunpcrt) ¢pjdr =0 (4.19)

forallt=1,2,...,m;, if a« = ksinb = «; for some j € {1,2,...,J} is a propagative number.

Joc,ol D) such that
U= U 4 U e+ USRSy I DR, where ulS . is given by the assertion (i) and ui,, € H). (XR) fulfills
the open waveguide radiation condition of Definition 2.5 and the radiating part of ugg,, satisfies the
Sommerfeld radiation conditions of Definitions 2.7 and 2.8.

(ii) For lOCally perturbed periodic curves, there exists a unique solution u € H}

Proof. (i) By Lemma 4.1(i), existence of tunpert € Ha,loc,0(D) follows from the Fredholm alternative
and uniqueness holds if « is not a propagative number. Now suppose that o = ¢&; for some j € J.
Multiplying the identity (4.17) by k gives the constraint condition (4.19). Assume that there are two
solutions ul(lln)pert and uﬁ)pert and set w = uﬁln)pert — ul(il)pert. It then follows from the limiting absorption
argument that the periodic function v = e™**1 € N fulfills the relation (4.16), i.e., (PK'(0)v,) = 0
for all ¢ € N'. Applying Lemma 4.3 yields v = 0 and thus w = vel®®t = 0.

(ii) Once the unperturbed scattering problem is uniquely solvable, the uniqueness and existence of

uge, can be justified in the same way as in [19, Theorem 4.7]. O

As a corollary of Theorem 4.4(i), we obtain well-posedness of the following quasi-periodic boundary
value problem:

Av+kv=0 inD, v=-—g onl, (4.20)
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where g = w|r € Hi/Q(F) with the function w of the form
w(z) = Z cpel@tmTi=ifnze 0 e C e Qo
neZ: |a,|<k

Corollary 4.5. Let o € R be arbitrary. The quasi-periodic boundary value problem (4.20) always
admits a unique solution v € HX(Qp) for all h > hg, which fulfills the Rayleigh expansion condition (2.2).
In the case where o = &; 1is a critical wavenumber, the unique solution v is additionally required to satisfy

/oc <a8(va;w) —ik?(v + w))%dx =0

the orthogonal relation

forall€=1,2,...,m;.
Remark 4.6. It remains unclear to us whether the boundary value problem (4.20) with a general
g€E Y 2(F) is well-posed. For example, g is the restriction to I' of the incoming surface wave e'®n®1~18n2
with |ay,| > k. In such a case, the function f (%) on the right-hand side of the variational formulation
(4.9), which can be expressed as
2T
(f®) ) = —2iB, e~ (1, h)e™™ dxy  for all € X
0
does not belong to the range of L*). In fact, f*) is not orthogonal to the null space A" of L*). However,
if T is given by a Lipschitz graph, it is well known that the boundary value problem (4.20) admits a
unique solution satisfying the a-quasiperiodic upward Rayleigh expansion condition.

Remark 4.7. For plane waves, the approach of using the limiting absorption principle presented in
this subsection also applies to the Neumann boundary condition as well as transmission conditions for
penetrable gratings.

4.2 Methods of approximation by point sources

In this section, we provide another proof of Theorem 4.4 by approximating a plane wave with point source
waves. We prove that, when the location of the source tends to infinity, the total fields excited by point
sources converge to the total field of a plane wave and the limiting solution fulfills the same orthogonal
constraint condition (4.19) at a critical wavenumber.

We first consider the unperturbed scattering problem.

Theorem 4.8. Let Assumptions 2.3 and 2.4 hold and write 6 = (sinf, —cosf)" € R? with a fized
0 € (—n/2,7m/2). Assume that

(i) a := ksin@ is not a cut-off value in the sense of Definition 2.1(i);

(ii) the function v(-;0) € Hi,loc,o(D) given by Theorem 4.4(1) is the unique solution to the unperturbed
scattering problem corresponding to the plane wave u'™(x; é) — eiked
Let Gy = G(+; 2) with z, = —t0 = (—tsin 6, tcos ) be the unique total field of the unperturbed scattering

problem of the point source at z; for tcos > 2hg (see Proposition 2.10). Then we have the convergence

1 . . ei7r/4
= lim [Vte MG = ) in H' , =
5 Jim [Vite (@) =v(@:0) in H(Qn), v NI

(4.21)

for any h > hg.

Remark 4.9.  The limiting function in (4.21) relies essentially on the form of the unique solution v(-; 6)
to the unperturbed scattering problem, if k siné happens to be a critical wavenumber. In this paper, v is
derived from the LAP for approximating wave-numbers. However, the analytical continuation arguments
with respect to a or the LAP for approximating the refractive index in a slab lead to a limiting solution
satisfying constraint conditions different from (4.19); see [29]. If ksin is not a critical wavenumber, the
limiting solutions obtained from these different approximation arguments are identical.
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Proof.  'We carry out the proof following the lines in the proof of [29, Theorem 5.2] for inhomogeneous
periodic layers. The proof will be divided into four steps.

Step 1. Reduction to the convergence proof for part of the radiating part.

As done in the proof of Theorem 3.1(ii), for each z; we choose a t-dependent cut-off function x; €
Cs°(R?) with x;(z) = 1 for |z — 2| < €/2 and x;(x) = 0 for |z — 2| > €, where € > 0 is fixed. Then
wy := Gy — x4t ®(5 2¢) € HL (D) coincides with G for |z — z;| > € and satisfies Aw; + k*w; = —f; in D
and wy = 0 on I', where

fri= Dxs (-, 20) +2Vxe - Va@(, 2) = (A + K?)[(xe — D@(:, 2)] € L*(D)

has compact support. Let w; raqa and wy prop be the radiating and propagating parts of w;, respectively.
The radiating part w; raq satisfies the inhomogeneous Helmholtz equation

(A + k2)wt,rad = _ft — 0t in D7 Wt,rad = 0 on Fa (422)
where
gt = (A + E*) Wt prop = Z Z a;(t) ¢
jeJ I=1
and .
Oy i(x - .
2%, o) 228D gt o) (e, i Mg >0,
X1
Pej(x) = S0 (2) (4.23)
297 (1) =2 = U (@1) Geg(@), i A <0,

Note that g¢; is supported in the zi-direction and exponentially decays in the zo-direction and that
the well-posedness of wy ,aq is a consequence of [19, Theorem 4.5]. The coefficients a; ;(t) € C of the
propagating part w; prop have been computed explicitly in Theorem 3.1(ii), given by (see (3.3))

2m =
a;(t) = Wﬁqbg,j(zt) foralljeJ, [1=1,2,...,m;.
J

This implies that
lag ; (t)] < ce™%, llgellLe=(p) < ce™%  for all t > 2hg/ cos?), (4.24)
with some ¢ > 0 independent of ¢t. The same estimate holds for the propagating part (see (2.7)):
m;
lwe,propllL(py < C ZZ la ;(t)] < Ce™®" for all t > 2hg/ cos . (4.25)
jed i=1
The form of w; leads to a decomposition of Gy as follows:
Gi = wi +x:P(-; 2) = Wi rad + Wi prop + X P (-5 21).

Hence, the radiating part Gyraa of Gy equals Wy aqa + X+ ®(-;2¢), while the propagating part Gy prop
coincides with w prop. By (4.25) and the definition of xy,
\/Ee_iktnwtq,pwp(') +x:®(-; Zt)HHl(Qh,) —0 ast— o0

for any fixed h > hg. Therefore, it remains to consider the convergence of wy raq as t — oo.

Step 2.  Floquet-Bloch transform wy yaq to a family of quasi-periodic problems.
For g € C§°(R), the Floquet-Bloch transform F is defined by

(Fg)(z1,a) := Zg(m +2mn)e 2™ g € R, ac€[-1/2,1/2].
nez
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The transform F extends to a unitary operator from L?(R) to L?((—1/2,1/2) x (0,2x)). If g depends
on two variables 1 and x5, then the symbol F means the Floquet-Bloch transform with respect to xj.
The inverse Floquet-Bloch transform is defined by g = f—1{32(F g)(+, @)da. Taking the Floquet-Bloch
transform on both sides of the equation (4.22) yields

(A+E)wi o = —(Ff)(,a) — (Fgo)(-,@) in Quo, wWio =0 onT, (4.26)

where wy,q = (Fwgraa)( ) € L*((=1/2,1/2), H}, ((Q)) (see [34]). Here, H} ;(Qoo) is defined as the

restriction of H} (D) to @>°. The above equation is understood in the variational sense that

a,loc,0

/ (Vi - V0 — K2y o] dz — / (FF)(z,0) + (Fg)(z, )] do (4.27)

oo oo

for all 1) € H} ((Qso). We know from Theorem 3.1(ii) and [19, Theorem 3.5] that for each ¢ > 2hq/ cos 0,
this variational formulation is solvable for all & € R under the generalized Rayleigh expansion condition
(2.8) of wy 4, due to the orthogonality of the right-hand side of (4.26) with the null space X, by the
choice of a; ;(t). Let vy, € H(Up,) be the unique solution of the equation

(A+ k2)vt7a =—(Ff)(,0) = (Fg)(-,) inUpy, v =0 onTy,,

together with the generalized Rayleigh expansion condition (2.8) in xy > hg. It is easy to observe that

/ (V(wha = vr.0) - VT — K (wg.0 — v1.0) 5] da = / (Trwe.a) B ds (4.28)
Ung r

ho

for all 1) € H}, 4(Qoo), where Ty denotes the a-quasiperiodic Dirichlet-to-Neumann map defined by (4.3).
Simple calculations using (4.27) and (4.28) show that the variational equation for w; , can be equivalently
written as

(La'lUt’a,’(/J)Hl(Qho) ::/ [Vwe o -V — k2wt,a@] dr — / Tkwt’a@ds

ho Ty

_ /Q ho(th)(x,a)deJr / %Eds (4.29)

FhO

for all ¥ € H], ;(Qn,), which is defined as the restriction of H} ;(Qs) to Qn,. Note that by the choice
of the cut-off function x; with ¢cosf > 2hg, the function f; and thus Ff; vanish in Qp,. Moreover, we
recall from [29, Lemma 5.3] that the normal derivative d,v; (21, ho) can be computed explicitly as

vy D4(‘%.17]7’0 Z iv/k2—(l+a)?(t cos 6—hg) l(l-‘roz)(wl-&-tsm@)
8$2

leZ

o= [ (Fan, eVt gy e,
LEZ Y

where (Fg;);(y2, ) are the Fourier coefficients of (Fg;);(+, y2, @), defined by

—i(l+a)y1

(th)z(yz,a)=\/%—w / " (Foon(ys, yor a)e .

Hence, we get a family of quasi-periodic operator equations
Lawt,a =Tt in Holz,O(QhO)’

where 7o € H) 4(Qh,) is defined by

(Tt,mw)Hl(QhO) ::/Q (Fgo)(z, )0 dz + —— \/7 ZC in/k2—(I+a)2(t cos O—ho)+i(l+a)tsin @ ¢l(h0)

ho l€Z
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+ Zm/ (th)l(yQ,a)ei\/m(yrho) dys.
ho

IeZ

By the definition of g;, F' and the estimate of a; ;(t) (see (4.24)), it follows that
|(Fge)(z, )| + |0a(Fge) (2, )| < ce™®EHe2Din 29 > by (4.30)

forall t >0 and o € [-1/2,1/2].

Step 3. Prove the convergence of the dominant part of G; as ¢ tends to infinity.

Let k = [+« with [ € Z and & € (—1/2,1/2]. Then +x are cut-off values, and they can decompose
the interval [—1/2,1/2] into at most three open intervals I; U I U I5 such that their interiors are disjoint.
Note that some of these intervals can degenerate into points, and the cut-off values are contained in the
boundary points of I,,,, m = 1,2,3. Write ksinf = [+awithl € Zand a € (—1/2,1/2]. Since ksinf
is not a cut-off value, we suppose without loss of generality that & € I is an interior point for some
m € {1,2,3}. Next, we find a subset £ C {—I,...,I} C Z such that

la+1 <k forallaely, €L,
la+1| >k forall o€z, |€Z\L.

To find the dominant part of GG, we decompose the Floquet-Bloch transform of the fundamental
solution @4 () = ®(x; ;) with tcosd > 2hy and = € Qp, into

i ei(a—i—l)(xl—i-tsin 0)+iy/k2—(l4+)2(t cos 0—x2)
Dp o) = (FP)(z,0) = —

r <~ k2 — (1 + a)?

= o) + o)

t,a

where <I)§2(1 =Dy — @51(1 with

: it[(a+1) sin O++4/k2—(I4+a)? cos 6
_ 1 e [« ) ( ) ] vim (l‘) Vi (J?) — ei((aJrl)zlf\/k27(l+a)2m2)
A L2 _ (l T 04)2 l,a ) l,a . .

Note that the Floquet-Bloch transform of ®(z;y) is nothing else but the quasi-periodic fundamental
solution to the Helmholtz equation. For [ € L, v}, is an incident plane wave with the unit direction
(a+1,—/k? — (I + @)?)/k. We denote by vy, the unique a-quasiperiodic total field generated by vl”fl
(see Theorem 4.4(i)). In particular, v; , = v(;; 0) when [ = [ and o = &. We remark that v o, is required
to satisfy the orthogonal condition (4.19), if « is a critical wavenumber. By linear superposition, the

1 (1)

total field excited by 3" which we denote by w; /, can be represented as

t,a t,a
w]gl)(x) _ L Z eit[(a+l)sin0+\/k27(l+a)2 cos 0] " (x) W, (x)
R 4 3 3 Mo’ ,Q )
m leL\{l} k=l +a)
i eitl(a+])sin§+1/k2 —(I+a)? cos 6]
Wt’a(.T) = E = ’Ul”,a(l').
k2 — (I + )2

glo)[ (more precisely, W, ) constitutes

the dominant part of G as t — oo. In fact, using stationary arguments, one deduces that (see, e.g., [29,
Section 5])

It was proved in [29] that the inverse Floquet-Bloch transform of w

itk

Wea(x) da = v —=o(a:6) + oft~1/2),

I, \/E

and using partial integration yields (see Appendix A.2)

/ wiD(@) = Wa(z)] da = O, / W (@) dor = O(t™), (4.31)
I [=1/2,1/2)\ I

m
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as t — oo. This proves

1/2 .
hm [\fe_‘kt/ wt(lo)t(a:) da} =v(x;0) in HY(Qn), h > he.
—1/2
Step 4. Show the decay of the remaining part.
To prove (4.21), we only need to show for w? = Wiq — w) that

t,oo " t,a

12
lim [\/ie_lkt/ wizo)t(x) da} =0 in HY(Qn), h > ho. (4.32)

t—o0 —1/2

Recalling the variational formulation for the total field w) (see (4.29) for the definition of L), i.e.,

t,a

(L aWe, aa¢)H1 (Qny) = r Ze \/m(tmse ho)~+i(l4a)tsin 6 W (ho)

lel

for all ¥ € H}, 4(Qn,), we find that wﬁg are solutions of L, w(2) = Zj 1 rt(@, where

(@ = [ Falaabds,
ho
( a,’l/)) Qho) \/726 \/m(tcose h0)+1(l+a)tsm€w(h0)

1¢c

(rho )i (@ng) = Y tilho) / (Fgu)i(ya, a)elVi -l 6ho) gy,

leZ

Since every cut-off value is assumed to be no critical wavenumber, one may divide the interval [—1/2,1/2]
into the union A; U A5 of two types of closed sub-intervals with non-intersecting interiors, where A; does
not contain any critical wavenumber and A; contains no cut-values. In Aj, one can deduce from the
decaying of Fg; (see (4.30)) and partial integration that (see [29] for the details)

1/2
/ ng?o)z”Hl(Q;m) dOé (Z —t4/ (l+a)2,k2 Cos@da> < Ctil.
Aq

1gc M

Since rt(Jc)t are differentiable with respect to o € Ay for j = 1,2, 3, the integral over Ay can be estimated

by applying Lemma 4.2 to get (see also [29])

/ Hng,Qg”Hl(QhD) do < cte™® for all tcosf > 2hg.

Ao
Combining the previous two estimates yields (4.32) and thus finishes the proof of Theorem 4.8. O

Now we study the limit of Green’s function to the locally perturbed scattering problem when the source
position tends to infinity.

Theorem 4.10. Let Assumptions 2.3, 2.4 and 2.6 hold and write § = (sin,—cos)T € R2? with
0 € (—m/2,7/2). Assume that a := ksin is not a cut-off value in the sense of Definition 2.1(i). Let
up = u(+; z¢) with z; := —t0 be the unique total field of the perturbed scattering problem of the point source

at z¢ for tcosf > 2hg (see Proposition 2.10), which satisfies the open waveguide radiation condition of
Definition 2.5. Then we have the convergence

ei7r/4

! lim [Vie #u,(2)] = w(z;0) in H'(Dg), ~:=

(4.33)
y t—o0 8km

for any R > m, where w € H}_ O(D) with the decomposition w = u™ + usf . + uisy in X denotes

the unique solution to the perturbed scattering problem corresponding to the plane wave u'™™(z; 9) = eikad
specified in Theorem 4.4(ii).
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Remark 4.11. In the absence of the defect, u; coincides with Green’s function G; to the scattering
sc

problem in perfectly periodic structures, and w = u™ + Udert

coincides with the limiting function v
specified in Theorem 4.8.

Proof. By the proof of Proposition 2.10 (see [19]), the total field u; can be decomposed into u; = G
+ uf%ers in Xg, where Gy is Green’s function to the unperturbed scattering problem and ui(e
corresponding to the defect satisfies the open waveguide radiation condition. It follows from Theorem 4.8

that

1 . X .
= lim [Vte * G = u'™ + Upppert = W' in HY(Qp) (4.34)

vy t—o0

for all h > hg. To prove the convergence (4.33), we define

vp = 1/’7\/Ee_iktut —w in D,

which can be considered as the total field corresponding to vi" := 1/yv/te *'G; —w™. It is obvious that
vy — vi" fulfills the open waveguide radiation condition.

Choose R > m such that there is no bound state to the Helmholtz equation over the domain ¥ i and that
k? is not the Dirichlet eigenvalue of the negative Laplacian operator over Dg. We suppose without loss
of generality that the domain Dy is Lipschitz. Otherwise, one can slightly change the shape of Cr to get
a Lipschitz domain. On the artificial curve Cg, one may construct the Dirichlet-to-Neumann operator A
that is equivalent to the open waveguide radiation condition. The operator A : Hé/Z(CR) — H=Y2(CR)
has been proved to be bounded and —A can be decomposed into the sum of a coercive operator and a
compact operator; see [19, Lemma 3.9]. With the aid of this DtN operator, one deduces the following
boundary value problem for v; € {u € H'(Dg) : u=0o0n dDrNT}:

(A + kz)vt =0 in ﬁR,

(BVP) : ) _
Byt = Mvi+ (@i — Auf")  on Cr,

where v denotes the normal direction at Cr pointing into X . The well-posedness of the above boundary
value problem follows from mapping properties of the DtN operator together with the assumption that
there is no bound state over D (see [19, Theorem 2.9(ii)]). Hence, using (4.34) and the boundedness of
A, we arrive at

[0l i1 5y < NBV™ = Aof™ | r-172(cy < €llv" (D) = O,

as t — 0o, which proves (4.34). O

5 Uniqueness results to inverse scattering

This section is concerned with uniqueness in determining the shape and location of the defect f\F from
near/far-field data incited by plane or point source waves at a fixed wavenumber. We suppose that the
unperturbed grating profile I' = 9D is a priori known with the period 27. Although we only discuss a
localized defect appearing on the scattering interface, the uniqueness results of this section carry over to
a perturbation caused by a bounded Dirichlet obstacle embedded inside D.

5.1 TUniqueness with infinitely many point source waves

Let G(z;y) (x # y) be the total field (Green’s function) to the perturbed scattering problem with
ui™ = ®(x;y); see Proposition 2.10.

Theorem 5.1. Let T be a local perturbation of the periodic curve T and suppose that max{xy : x €
FTUT} < h for some h € R. Then T’ can be uniquely determined by the near-field measurement data
{G(z1,h;y;) : x1 € (a,b),y; € Up,j =1,2,...}, incited by infinitely many point source waves.
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Proof.  Suppose that there are two local perturbations I'; and I's which both lie below the line z5 = h.
Denote by G¢(z;y;) (¢ = 1,2) the total fields corresponding to I'; and the incoming source wave ®(x;y;),
and let D; be the domain above I';. Assuming

Gi(z1,hyy;) = Ga(xr, hyy;) for all 2y € (a,b), j €N, (5.1)

we need to prove I'; = T'y. By the analyticity of Gy(-; yj) on xo = h, we deduce from (5.1) that Gy (z;y;) =
Ga(z;y;) on x9 = h for all j € N. With the open waveguide radiation condition of Definition 2.5, there
exists a unique solution to the Dirichlet boundary value problem of the Helmholtz equation in the upper
half-plane x5 > h; we refer to Lemma 5.2 and Remark 5.3 below for the proof. Hence, for fixed j € N,
the functions Gi(-;y;) and Ga(-;y;) must coincide in 2o > h and by unique continuation also coincide
in Q\{y;}, where Q denotes the unbounded component of Dy N Dy. Consequently, the total fields Gy
(¢ =1,2) vanish on 99.

If Ty # T, we derive a contradiction as follows. Switching the notation if necessary, we can assume
that (see Figure 2)

D* =[(D, UDy)\Q] N Dy #0.
It is obvious that dD* C T'; U (T2 N Q). Noting that y; ¢ D* and G1 = G5 = 0 on [y NI, we obtain
(A +k*)G1(z;y;) =0 in D*, Gi(;y;)=0 on dD*

for all j € N. This implies that there exist infinitely many Dirichlet eigenfunctions Gi(-;y;) for the
negative Laplacian operator over the bounded domain D* with the eigenvalue k2. Now, it suffices to
show the linear independence of G ( - ; y;), which together with the finite-dimensional Dirichlet eigenspace
(irrespective of boundary regularities) could lead to a contradiction. Assume that

M
ZAJ' Gl(:z:;yj)zo, Zl?ED*
j=1

for some constants A; € C, where y; € Uy, for j =1,2,..., M are distinct point sources. Since D* C Dy,
applying the unique continuation yields

J
Z)\j Gi(z;y;) =0 forallz e ﬁl\{yj}jj\il. (5.2)

j=1

T2

measurement |position

e e e e

Figure 2 (Color online) Illustration of the gap domain D* C Dl\Bg between two local perturbations. Here, I'n=Tis
identical with the unperturbed grating curve
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Now, letting x — y; in (5.2) and using the boundedness of G (y;;ye) for £ # j, we obtain A\; = 0. The
arbitrariness of j = 1,2,...,J implies that the total fields corresponding to different point sources are
indeed linearly independent. This finishes the proof of I'y = I's. O

In the proof of Theorem 5.1, we need the following uniqueness result to the homogeneous Dirichlet
boundary value problem of the Helmholtz equation in the half plane x5 > h. Let o > 0 be the parameter
of the cut-off function given in Definition 2.5.

Lemma 5.2. Letu € H} _(Uy) be a solution of the Helmholtz equation Au+ k*u =0 in Uy, such that
u =0 on xo = h. Furthermore, let u be of the form u = Urad + Uprop Where Urag € HY (U, \ Ugy) for all

H > h satisfies the generalized angular spectrum radiation condition (2.8) and Uprop = Y .. ; u; where

jeJ
u; = Z;"':jl afjaﬁg’j for +x1 > 0. Then u vanishes in Uy.
Proof. Let I C R be any bounded interval. Set I,, = {t + 27n : ¢t € I} for n € Z. Then, for sufficiently

large n > 0,

Ze%""‘fi/uj(xl,h) dxy :Z/uj(wl + 27, h) dxq :/ Uprop (Z1, 1) dxq
I I

jed jeJ In

= —/ Urad (T1,h) dz1 — 0
In

as n — oo. Here, we have used the quasiperiodicity of qgl,j and the definition of uprop. Set b; :=

J;uj(z1,h)dxy for abbreviation. Then Zjel, bje*™ il tends to zero as n — oco. By induction with

respect to |J| (number of elements), one proves that all b; vanish. Indeed, this is obviously true for

|J| = 1. Let it hold for |J| =p and let J = J U {a,} with |J| =p and a; ¢ {a; : j € J} and

Z b 2™t 4?5 (0 n - oo. (5.3)
j€d

Multiplication of this formula by e?"*¢! yields the first of the following formula:

ij eZ‘n’najie27ro¢gi + bZ 627r(n+1)o¢gi N 07 n — 00,
=
ij eZﬂ'(n+1)a_,-i + by eZﬂ'(n+1)o¢gi =0, n—oo.
JjeJ
Note that the second one is (5.3) for n 4+ 1 instead of n. Subtraction of the previous two relations yields

E bj e27rnocj1 [e2ﬂ'a£1 o e27ro¢j1] — O, n — 00.
JjeJ

Now we apply the assumption of induction to l;j = [e?maed e2mii]bj which gives b; = 0 for all j € J and
thus also b, = 0.

Therefore, |, ;uj(z1,h)dry = 0 for all j € J and all intervals I. This proves that up.ep vanishes for
z1 > 0. The same argument for n — —oo yields that upyop vanishes for 1 < —o. Therefore, u itself
satisfies the generalized angular spectrum radiation condition and vanishes for x5 = h. This yields u =0
by arguing the same as in the proof of the last assertion of [28, Appendix, Lemma 7.1]. O

Remark 5.3. If u vanishes on a locally perturbed periodic curve I instead of the straight line zo = h,
it follows from [19, Theorem 2.8] that we still have uprop = 0. However, u = Upaq € H&(D) becomes a
bound state over the domain D; see [19, Theorem 2.9]. The above lemma presents a simple proof for the
vanishing of the propagating part when I =0dDisa straight line.

The proof of Theorem 5.1 does not carry over to the Neumann boundary condition, because
the property of a finite-dimensional eigenspace in the Neumann case requires boundary smoothness
assumptions which usually cannot be fulfilled. Below, we present another proof relying on the blowing
up argument of [22,30], which applies to the Neumann and impedance boundary conditions, provided
that the well-posedness of forward scattering problems can be justified.
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Theorem 5.4.  Under the assumption of Theorem 5.1, the locally perturbed defect I can be uniquely
determined by the near-field measurement data

{G(z1,h;y1,h) : 21 € (a,b),y1 € (¢,d)}.

Here, (a,b), (c,d) C R are finite intervals without intersections.

Proof. ~ We keep the notations in the proof of Theorem 5.1 to obtain
Gi(z;y1,h) = Ga(z;y1,h) forallz € Q, y1 € (¢, d). (5.4)

Using the symmetry of Gy(z;y) (see Theorem 3.1), we deduce from (5.4) and the unique continuation
that

Gi(zy) = G3(wyy) forallz,y €, x#y. (5:5)

If Ty # Ty, without loss of generality, we can choose a point y* and a sub-boundary S of I’y such that
y* eScC (aﬁﬁfl)ﬂDg and

y(m) =y +vy*)/menn D,

for all m > M with some M € N, where v(y*) € S := {z € R? : |z| = 1} denotes the unit normal
direction at y* € I'y pointing into D;. Since y* is bounded away from I's, well-posdness of the forward
scattering problem for I's implies that

1G5 (@3 4" r/2(s) = 1G5 (@35 | r/2(s) < 0. (5.6)

lim
m—o0

On the other hand, it follows from the Dirichlet boundary condition G§¢(z;y*) = —®(z;y*) on S that
Tim GGy ) sy = [0 lmags) = oo (5.7)

due to the singular behaviour ®(z;y*) = O(In |z — y*|) as |z — y*| — 0. The previous two relations (5.6)
and (5.7) obviously contradict the identity (5.5). This contradiction proves that I'y = I's. O

5.2 Uniqueness with infinitely many plane waves

Let u™ be a plane wave with a fixed wavenumber k > 0. To specify the dependence on the incident angle
0 € (—m/2,m/2), we rewrite the unique total field u € Hlloc,a,O(D) to the perturbed scattering problem
as (e.g., Theorem 4.4(ii))

u(2;0) = Uunpert (75 0) + Uy (7;0)  in Xpg, (5.8)
where Uunpert (43 0) = u'™ (23 0) +usl o (2:0) € H(ly,loc,O(D) is the total field to the unperturbed scattering
problem, and uS,(x;0) € H, (Xg) is caused by the local defect which fulfils the open waveguide

radiation condition of Definition 2.5. Note that, if £sinf = &; + n for some n € Z and some critical
wavenumber &; (j € J), the unperturbed total field uynpers is supposed to fulfil the additional constraint
of Theorems 4.4 and 4.8.

Theorem 5.5. Let T be a local perturbation of the periodic curve T' and suppose that max{zs : x €
TUT} < h for some h € R. Then I' can be uniquely determined by the near-field measurement data
{u(z1,h;0,) : 1 € (a,b),m = 1,2,...}, incited by infinitely many plane waves with distinct incident
angles O, € (—7/2,7/2).
Proof.  We carry out the proof in the same way as in the proof of Theorem 5.1. It suffices to prove the
linear independence of the total fields caused by different directions.

Set a(n) := ksinf,, for n = 1,..., N. We recall that the total field u,, corresponding to the incident
U peres where uf? () = 2PV,

iyl 3 — ain sc
angle ,, has the decomposition into u, = u" + Up’ynper
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Uphert Satisfies the open waveguide radiation condition and up%,,per 18 @(n)-quasi-periodic, i.e., it has a
Rayleigh expansion in the form

Z Ug,n Re=(tta(m)es gittra(m)es g > p,

n unpert )
Ja<y/

Let now 227:1 Antln, = 0 in D. For fixed m € {1,...,N}, R > 0 and x5 > h, we have

1 & R
— —ia(m)z
= 3R nzzlA” /_R”"(”T)e s
N | R
:E :>\n ol k2,a(n)2w27/ cilam)—a(m)er g,
2R J_

+ Z Z A Up.p € \/k:2 (t+a(n))2xze _~ / 1(Z+o¢ n)—a(m))z: dx,
n=1LcZ 2R
I .
* 3R | Upen(@) e day, (5.9)

We first estimate the first and second terms on the right-hand side of the above relation. It is obvious
that there exists § > 0 such that

min{|l + a(n) —a(m)|:n,m e {1,...,N}, L € Z, £+ a(n) — a(m) # 0} > 4.
In the particular case where ¢ = 0, we have
la(n) —a(m)| >0 forallm#m, nm=12...,N,

because a(n) # a(m) for n # m. We explicitly compute the first and second integrals as follows:

N 1 R
A e—i k2_a(n)2w27/ ei(a(n)—a(m))zl dr,
2, o5 )

N .
e VEmAmT o § ) omi/Eae 1 sin[a(n) — a(m)R]

i R a(n) —a(m)

_ /\m e—i\/kz—a(m)ng + O(l/R)

and

N 1 R
Z Z A Up ei\/k2—(€+a(n))2x2 ﬁ ei(l—&-a(n)—a(m))an dx,

n=1/¢€Z —R

N
_ - oV a(n)Pes sin[(€ + a(n) — a(m))R]
;Z;A o ((+a(m) —a(m)R

= VRmemi N, + O(1L/R).

n,l:l+a(n)=a(m)

Next, we estimate the third term of (5. ) By the definition of the open waveguide radiation condition,

sc,prop sc,rad . sc,rad

we can decompose Uy e Into the sum ug =u +Up, pert 11 D, where the radiating part Up, bert €

n pert n,pert
sc,prop

npert 18 of the form (2.7). The term involving un,p:rdt converges to

HY(W}), and the propagating part u
zero as R — 0o, because

R
sc, rad —ia(m)zy 1 sc,rad
‘/ npert Il,l‘g)() dzi| < 2R un,pert(x17x2)|dz1
—R
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,rad
||uflc,pr§rt('7 IQ) HLQ(]R)

1
< —
T V2R
for all x5 > h. To estimate the propagating part, we observe that for x5 > h, it has the form

SC,PFOP w-‘r xl Z Z C;- o~V (E+8;)?—k?zs Gi(l+b;)m

Up, pert Jsm
JEJ L:|l+aj >k

_ A2 k2 i 5
w (331) § : § CZJ e —/ (U+é;)2—k2xo e1(£+a])m1
JEJ b:|l+a,|>k

for some coefficients cz,tj - Therefore,
s

sc prop —ia(m)x
2R/ npert (1,22) € s day

— Z Z C+ —/ (E+é;)2 —k2zo 2R/ ’L/)+ -Tl /+aj—a m))zy dl‘l

Z,Jn
JEJ L:|l+éa;|>k

A )2—k2x 1 n — i aj—a(m))x

JEJ L[+, >k

and

1 (B rn
ﬁ/ ¢+(m1)el(2+%‘—a(7n))r1 dz;
-R

1 (ra Y S

N ) lras—atm)ar g 4 L / ol(E+a;—altm)ar g,

TR w (m)e "R ), !

converges to zero as R tends to infinity uniformly with respect to ¢ by the same arguments as in the
part (i) since [¢ 4+ &;| > k > |a(m)|. The same argument applies to the term involving ¢~ (z1). Letting
R tend to infinity in (5.9), we conclude that

k2—a(m)?zs + ei k2—a(m)?xs |: Z A uf,ﬂil —0.
n,:l+a(n)=a(m)

The linear independence of the exponential terms yields that A,, = 0. This ends the proof of the linear
independence of the total fields with different directions.

Finally, repeating the lines in the proof of Theorem 5.1 with G1(z;y;) = w1 (z;6,,), we can prove the
uniqueness by the same contradiction argument. O

In Appendix A, we provide another proof of the linear independence of the total fields {u(z;6,)}_;
for any NV € N.

5.3 Uniqueness with a finite number of plane waves

In Theorems 5.1 and 5.5, there is no requirement on the location, width and height of the defect. If some
a priori information on the defect is available, we can prove uniqueness with a finite number of incoming
waves by adopting Colton and Slemann’s idea of determining a bounded sound-soft obstacle [9].

Theorem 5.6. Let kK > 0 be fixed and let [ be a local perturbation of the periodic curve I'. Suppose
that max{zs : x € TUT'} < h for some h € R and that both T\T' and T'\I" are contained in the rectangular
domain Dy = (0,2r) x (0,h). Let N > hk?/2 be an integer. Then T can be uniquely determined by the
near-field measurement data {u(xyi,h;0y,) : z1 € (a,b),n =1,2,...,N + 1}, where 0,, € (—7/2,7/2) are
distinct angles.

Proof.  Suppose that there are two local perturbations I'y and T’y lying below the line zo = h, which
produce identical near-field data for each incident direction 6,,. Denote by uy(z;0,,) (¢ = 1,2) the unique
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total field incited by the incoming plane wave u'"(x;6,,) = k(@1 sinfm =2 cosm) incident onto ['y. We
proceed as in the proof of Theorem 5.1 to obtain

(A + EHuy(2;0,) =0 in D*, wuy(-60,) =0 on dD*

for all m = 1,2,...,N,N + 1, where D* C Dy is a bounded domain. This implies that there exist
N + 1 Dirichlet eigenfunctions u1(+;6,) € Hg(D*) for the negative Laplacian operator over the bounded
domain D* with the eigenvalue k2. Recalling the linear independence of ui(+;6,) (see the proof of
Theorem 5.5), we conclude that the dimension of the Dirichlet eigenspace over D* associated with k2
must be greater than or equal to NV + 1. Below, we prove that this dimension cannot exceed N, which
leads to a contradiction.

Denote by A; (j € N) the Dirichlet eigenvalues of D*, which are arranged according to increasing
magnitude and taken with respective to multiplicity. Let the multiplicity of k2 be m* € N and suppose
that k2 is the m-th (m > m*) eigenvalue such that

>\m+1 > k2 =dn = A1 = = Apmmr—1 > A —2 = )\mfm*73 = > A >0

Analogously, let 0 < p1 < po < -+ + < iy be the first m eigenvalues of Dy. By the strong monotonicity
property of the Dirichlet eigenvalues with respect to the domain, it holds that f,, < A, = k? due to the
fact that D* C Dy. This further implies that m* is less than or equal to (Dy, k2)* € N, which is defined
as the sum of the multiplicities of the Dirichlet eigenvalues for Dy that are less than k2. On the other
hand, if k2 is a Dirichlet eigenvalue of the rectangular domain Dy, it is easy to derive, using the method
of separating variables, the associated eigenfunctions

v, (21, 22) = sin 2x1 sin hazg ,

where [, 7 € N satisfy the relation

l2 j27r2
2—7
e

(5.10)

Therefore, (Dg, k?)? coincides with the number of grid points (I,5) € N x N lying in the positive orthant

X1 2 To 2
it <1
(%) ! (hk/w)
Hence, (Dy, k?)* can be bounded by hk?/2, one fourth of the area of the above ellipse. By the choice of

N, we have (Do, k%)* < N. This contradicts the fact that there are N + 1 linearly independent functions
u(x;0m) € HY(D*) for m=1,2,...,N + 1. O

of the ellipse

As a direct consequence of the proof of Theorem 5.6, we can obtain a uniqueness result with one plane
wave with a fixed direction and frequency.

Corollary 5.7. Let k > 0 be fized and let T be a local perturbation of the periodic curve T'. Suppose
that max{xs : x € I‘Uf‘} < h for some h € R and that both F\f and f‘\F are contained in the rectangular
domain Dy = (0,2m)x (0,h). Ifk < \/1/4+ w2/h2, thenT can be uniquely determined by single near-field
measurement data {u(x1,h;0): x1 € (a,b)}, where 8 € (—7/2,7/2) is arbitrary.

Proof.  From the proof of Theorem 5.6, we conclude that k2 must be greater than or equal to the first
Dirichlet eigenvalue p; of the negative Laplacian operator over the domain Dg. In view of (5.10), one
obtains p; = /1/4 + 72/h? < k?, which is a contradiction to the condition that k < \/1/4 + 72 /h2.
Hence, u(z;0) cannot be a Dirichlet eigenfunction over any subdomain of Dy. This proves the desired
uniqueness result by applying the same contradiction arguments of Theorem 5.6. O
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Below, we present a counterexample to show that, if k > \/1/4 + 72 /h2?, it is in general impossible to
uniquely determine the defect using a single plane wave when the Rayleigh frequency occurs. Such an
example is motivated by the classification of unidentifiable polygonal gratings with one acoustic or elastic
plane wave [10,11]. Let the incident angle be # = 0 and set k = 2, leading to u’™(z;6) = e~12%2, Define
the piecewise linear function (see Figure 3)

x1, it 1 € (0,7/2),
xy = f(a1) = .

-z +7, ifx € (n/2,m).
Let T be the m-periodic extensions of {xs = f(z1) : 21 € (0,7)} in the z;-direction, and let T be the local
perturbation of I" in (0, 27) shown as in Figure 3, where the dashed line segments denote the defect and
D* denotes the gap domain between D and D. In this case, we have

k> \/1/4+ 72/h?

for all h > 7. Since I" is the graph of a piecewise linear function, there exists a unique scattered field
uss € HL . (D) to the unperturbed scattering problem, taking the explicit form

unpert loc,a

Ugnpert (T) = el?v2 _ o281 _ o728 e D
Note that the Rayleigh frequency occurs, since k = 2 and o = 0 (i.e., k = a + n with n = 2). Moreover,
the guide modes (surface waves) are excluded for the unperturbed scattering problem. Hence, the unique
total field to the unperturbed problem can be expressed as

Unnpert = u™ 4 Ugnpert = 2(c08 2T9 — cos 271) = 4sin(zy + x2) sin(zy —x2), z € D.

Observing that T is also the graph of a piecewise linear function, by [20] there exists a unique total field
Upert € Hp,e o(D) of the form upers = Uunpert + %y in Xr, where us,, € Hyl, (D) consists of the radiating

part only satisfying the Sommerfeld radiation conditions of Definitions 2.7 and 2.8. On the other hand,
since the defect lies on the straight lines

Ty =21, X2 = —x1+2m, 1’1€R,

we conclude that uynperp also vanishes on I. By uniqueness, this implies that uge,, = 0 in D and thus
Uperp = Uunperp- 10 other words, the presence of the local defect does not produce any perturbation to
Uunperp- We remark that uynpert is a real-valued Dirichlet eigenfunction of the negative Laplacian operator
over the rectangular domain D*. Therefore, it is impossible to determine the perturbed boundary f‘\F

from the near-field measurement data of uperp o0 z2 = h for all A > 7.

T2
r
T
/2 -’ D* r
x1
0 7T 27 3T 4

Figure 3 Illustration of I' and its local perturbation I" which generate identical wave fields with § = 0 and k = 2. Here,
D* = D\D represents the difference domain between D and D
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5.4 Uniqueness using far-field data of point source waves

The symmetry of Green’s function (see Theorem 3.1) together with Theorem 4.10 yields

u™®(—0; ) := lim [Vte *tu(z; x)]

t—o0

= lim [Vte *lu(z; z)]

t—o0

= yw(z;0) (5.11)

in H'(Dg) for any R > 7 with  := £ / Here, z = t0 and w(x;0) denotes the total field excited by the

im/4
R V8km'
plane wave u”‘(m 0) = e**? (see Theorem 4.10). This means that the far-field data at the observation

direction —6 generated by the point source wave emitting from z € D is identical with the value of the
ikz-0

total field at « of the plane wave e multiplied by the constant . This is exactly the mixed reciprocity
relation between point source and plane wave incidences in a perturbed periodic structure. Using this
relation, we can prove uniqueness in determining the defect from the far-field patterns of one or many

point source waves.

Theorem 5.8. Let I be a local perturbation of the periodic curve T and suppose that max{xy : x €
Tru f‘} < h for some h € R. Then I can be uniquely determined by the far-field measurement data
{u*(=bp;2) :m = 1,2,...,2 = (z1,h),z1 € (a,b)} incited by infinitely many point waves lying on
the line segment {(x1,h) : x1 € (a,b)}. The same uniqueness result holds if we replace u>®(—0;z) by

Uporp(— 0; ), the far-field pattern of the radiating part of the scattered field upe,p (t0; ) as t — oo.

Proof.  The first assertion follows directly from the mixed reciprocity relation (5.11) and the uniqueness
result of Theorem 5.5. To prove the second assertion, we recall from Proposition 2.10 a decomposition
of u(x;2¢) into

w(w; ze) = u'™ (@3 20) + U perp (T3 2) + Uleyp (23 2¢)  in Sp, (5.12)

where 3§ o (75 2¢) denotes the scattered field to the unperturbed scattering problem and w3¢,, (5 z¢)
denotes the part caused by the defect. Note that both wugg ...(z;2¢) and ugé, (w5 2) fulfil the open
waveguide radiation condition. Since the propagating part of ugg e, (;2¢) (resp. up, (@5 2¢)) decays

exponentially as ¢ — 0o, one deduces from (5.12) the corresponding decomposition of the far-field pattern:
u™ (év I) = eik@-x + uunperp (9 ) + uperp (é 33),

where uunpcrp((‘) x) represents the far-field pattern of the radiating part of the scattered field u?
as t — o0o. Since the unperturbed structure I' is a priori given, the far-field pattern u

ikf-a

unpcrp (te, CL’)
0;x) is

Q;m) is equivalent to knowing

unperp(

uniquely determined by e and I'. Hence, the knowledge of u

perp(
> (f;z) for any fixed € S and z € D. This proves the second assertion of Theorem 5.8. O
If a priori information on the height and size of the defect is available, one can also determine the
defect by taking the far-field measurement data at a finite number of observation directions excited by
infinitely many point source waves.

Corollary 5.9. Let the conditions of Theorem 5.6 hold. Then T' can be uniquely determined by the
far-field data uoo(én;scl, h) (or uperp(On;xl, h)) for all 1 € (a,b), n=1,2,...,N + 1, where 0, € Sy =
{(z1,22) € S : 22 > 0} are distinct observation directions. Moreover, the far-field data at a single
observation direction (i.e., N = 0) are sufficient under the additional conditions of Corollary 5.7.

Remark 5.10. The uniqueness with far-field patterns of plane wave incidences is unclear to us, due
to the lack of the one-to-one correspondence between the far-field pattern and near-field data.
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Appendix A

Appendix A.1 An alternative proof of the linear independence of total fields with different
directions

Here, we present another proof by adopting the arguments of [39, Lemma 2.2]. Let u(x;0,,) with 6,, €
(—=m/2,7/2) be the uniquely determined total field of the perturbed scattering problem; see Theorems 4.4
and 4.8. Suppose that Zi\r{:l cmu(x;0,,) = 0 for all z € D, where ¢,, € C, m = 1,2,..., M with some
M €N. By (5.8),

M M
Z CmUunpert (T3 Om) + Z cmuf)‘ért(x; 0,) =0 forallz €U, h>ho.
m=1
In view of the definition of the open waveguide radiation condition, uzS e+ can be decomposed into two
parts, i.e.,

230,,) = u?d (230,,) +uPP (230,,) in Xg, (A1)

u unpert unpert

unpert(

rad
unpert

where the radiating part u (z;0,,) decays as |z|~*/2 in Uy, as |z| — oo, whereas the propagating part

Upnert (73 0m) exponentially decays as xa — o0o. This leads to
2H _— L
I}E)noo ‘ / pcrt m)el CO8nT2 dos| < lgnoo ﬁ/ |U;irt($; Qm)‘ drea =0
H

for all n,m = 1,2,..., M and uniformly in all 2 € [0,27]. Now, multiplying elfcosOn2 with some

n € {1,2,..., M} to both sides of (A.1), integrating over (H,2H) with respect to z2 and taking the limit
as H — oo, we have

2H M ‘
lim H‘ / cm Uunpert (; Gm)e”C c080nv2 00| =0 for all x1 € (0, 2m).

H—oc0

Since the unperturbed total field wynpert (2; 01,) is k sin 6,,-quasiperiodic, the above relation also holds for
all z1 € R. Therefore,

2H M )
lim H‘ / 1k51n97n$1 + Uunpert(x; em))elk c0s fn2s dzo| =0, z1 €R.

H—o0
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By the proof of [39, Lemma 2.2], the previous relation implies ¢, = 0. Using the arbitrariness of
1 < n < M, one obtains ¢,, = 0 for all m = 1,2, ..., M. This proves that {u(z;6,,)}_, must be linearly
independent for all M € N.

Appendix A.2 Proof of the asymptotics in (4.31)

We suppose that I, = (a,b) C [—1/2,1/2], where the two ending points a and b may be the cut-off values
of k. For any | € L\{l}, it holds that & > |l + a|. Set f(«) := (I + a)sind + /k? — (I + @)% cos 8 for
a € (a,b). It is easy to see that

[+«

m cosf # 0 for alll S L\{ZN}, o€ (a, b)
— [e%

f(a) =sinf —

and

gla) =k = (I+a)? f'(a) = k2= (I +a)?sinf — (I + a)cosd

keeps a positive distance from zero for all [ € £\{l} and « € [a,b]. Here and below, the prime always
denotes the derivative with respect to a. Direct calculations show that

b i . b
eltf(a) (U dov — ;1 / VI, deitf(o‘)
a

o V= +aZ  t ) gla)
L Gl ey wa

—i [eitf(a) Vi
We note that g(a) does not vanish at the boundary points a and b for [ # [ and that

Tt gla)
/ "\ (@) = / b

because ¢’ has integrable singularities at the possible cut-off values on a or b. On the other hand,
Vo € H) e (D) can be chosen to depend continuously on « € [~1/2,1/2] (see [19, Theorem 3.3])
and v, € WH([—1/2,1/2]; H'(Qp,)) has only square-root singularities at cut-off values, which can be
verified following the same arguments as in the proof of [28, Theorem 4.3] for inhomogeneous layers.
Hence, the right-hand side of (A.2) decays as O(t!) as t tends to infinity. This together with the
arbitrariness of I € £\{I} proves the first relation in (4.31). The second one can be verified analogously
by noting that f/(a) #0 for alll € £ and o € [-1/2,1/2]\(a, b).

[+«

m81n9+0080
— (0%

da < o0,
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