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Abstract This is a continuation of Hu and Kirsch’s previous work (2024) on well-posedness of time-harmonic
scattering by locally perturbed periodic curves of Dirichlet kind. The scattering interface is supposed to be
given by a non-self-intersecting Lipschitz curve. We study properties of Green’s function and prove new well-
posedness results for scattering of plane waves at a propagative number. In such a case, there exist guided waves
to the unperturbed problem, which are also known as bound states in the continuum (BICs) in physics. In
this paper, the uniqueness of the forward scattering follows from an orthogonal constraint condition enforced on
the total field to the unperturbed scattering problem. This constraint condition, which is also valid under the
Neumann boundary condition, is derived from the singular perturbation arguments and also from the approach
of approximating a plane wave by point source waves. For the inverse problem of determining the defect, we
prove several uniqueness results using a finite or infinite number of point sources and plane waves, depending
on whether a priori information on the size and height of the defect is available.
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1 Introduction

This paper is concerned with the transverse electric (TE) polarization of time-harmonic electromagnetic
scattering from perfectly conducting gratings with a localized defect. The first part deals with well-
posedness of the mathematical model for plane wave incidences and properties of Green’s function. In
the second part, we study uniqueness of the inverse problems of determining the local perturbation from
near/far-field data excited by plane and point source waves. Throughout this paper, the cross-section of
the scattering surface is supposed to be a non-self-intersecting periodic curve with a local perturbation.
In the TE polarization case, the grating diffraction problem can be modeled by the Dirichlet boundary
value problem of the two-dimensional Helmholtz equation in the unbounded domain above the interface,

*Corresponding author

http://crossmark.crossref.org/dialog/?doi=10.1007/s11425-024-2491-6&domain=pdf
https://doi.org/10.1007/s11425-024-2491-6
math.scichina.com
link.springer.com
https://doi.org/10.1007/s11425-024-2491-6


2 Hu G H et al. Sci China Math

complemented with a proper radiation condition at infinity. We refer to [2, 37] for a comprehensive
introduction to electromagnetic scattering theory for diffraction gratings.

In the absence of the defect, the wave field for a plane wave incidence is well-known to be quasiperiodic,
due to the periodicity of the scattering interface and the quasi-periodicity of the incoming plane wave.
The Rayleigh expansion radiation condition (which was originally proposed by Rayleigh [38] in 1907) has
been widely used in the literature concerning the mathematical analysis and numerical approximation
of wave scattering in periodic structures. With the Fredholm theory, it is also well known that the
forward scattering model is well-posed for all incident frequencies excluding a discrete set with the only
accumulating point at infinity. However, the Rayleigh expansion radiation condition does not always
lead to uniqueness (although existence can always be justified via a variational argument), because of
the existence of guided/Floquet wave modes to the homogeneous problem, which exponentially decay
in the direction orthogonal to the periodicity direction [3, 16, 21, 24]. If the interface is given by the
graph of some periodic function (a weaker condition was proposed in [4, 5]), uniqueness and existence
can be proved (which implies the absence of guided waves) for the Dirichlet boundary value problem of
the Helmholtz equation at an arbitrary frequency; see [12, 25]. Since an incoming point source is not
quasi-periodic, the Rayleigh expansion condition is not valid any more. Instead, the upward propagation
radiation condition [7] or the angular spectrum representation condition [4, 5] can be used for proving
well-posedness within the framework of rough surface scattering problems, provided that the domain with
a geometrical condition admits no guided waves. Since a locally perturbed periodic curve can be treated
as a special rough curve, it was proved in [20] that Green’s function to the perturbed scattering problem
satisfies a half-plane Sommerfeld radiation condition and the scattered field generated by a plane wave
and caused by the defect fulfills the same radiation condition, as long as guided modes can be excluded.

The mathematical analysis is more involved for locally perturbed scattering problems when guided
waves exist in periodic structures. An open wave-guide radiation condition (which is equivalent to the
closed wave-guide radiation condition [14] based on dispersion curves) was proposed in [31] for acoustic
scattering by inhomogeneous periodic layers in a half-plane. Such a radiation condition was derived
from the limiting absorption principle (LAP) and the Floquet-Bloch transform and was later extended
to investigate well-posedness of wave scattering by layered periodic media in R2 and by periodic tubes
in R3; see [15,26–28,31,32]. This open wave guide radiation condition consists of a radiating part and a
propagating (guided) part. It was recently shown in [28] that the radiating part satisfies a Sommerfeld-
type radiation condition and, due to the existence of cut-off values, the radiating part decays as |x1|−1/2 in
the periodicity direction. In Hu and Kirsch’s previous work [19], the open wave guide radiation condition
has been adopted to prove well-posedness of Dirichlet and Neumann boundary value problems of the
Helmholtz equation in a locally perturbed periodic structure. By constructing a Dirichlet-to-Neumann
operator on the boundary of a truncated domain, uniqueness and existence of time-harmonic scattering
by incoming point source waves, plane waves and surface waves are established. This has generalized
the results of [20] to scattering interfaces given by non-self-intersecting curves, for which the forward
solutions may contain guided wave modes.

For an incident plane wave, the well-posedness results of [19] are based on the uniqueness assumption
on the forward scattering model in periodic structures. This is equivalent to the statement that the quasi-
periodicity of the incoming plane wave (i.e., k sin θ, where θ is the incident angle) is not a propagative
number; see Definition 2.1(ii). Otherwise, solutions to the unperturbed scattering problem are not unique,
and neither are those for the perturbed problem; see Section 4 for detailed discussions. In the first part
of this paper, we propose an additional constraint condition on solutions of the unperturbed problem to
ensure uniqueness. For this purpose, we adopt two different approaches to the Dirichlet boundary value
problem: the limiting absorption principle by replacing k by k+iϵ (Subsection 4.1) and the approximation
by point source waves (Subsection 4.2). It is shown in Theorems 4.4(i) and 4.8 that both methods yield
the same constraint condition. The limiting absorption arguments for approximating wave-numbers
have complemented the work of [29], where the LAP for approximating refractive indices, the continuity
with respect to incident angles together with the method of approximating plane waves by point source
waves were justified for scattering by layered periodic media. In the first part, we also justify some
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properties of Green’s function to perturbed and unperturbed scattering problems; see Sections 3 and 4.
In particular, the mixed reciprocity relation between point source and plane wave incidences will be
verified in Theorem 4.10.

We remark that radiation conditions and numerical approximations with exact boundary conditions
(DtN maps) were also considered in [13, 23] for wave propagating in a closed periodic wave-guide and
in a photonic crystal containing a local perturbation. We refer to [35, 42] for numerical methods based
on LAP and the Floquet-Bloch transform and to [40] using the boundary integral equation method in
combination with perfectly matched absorbing layers.

The second part of this paper concerns inverse scattering problems of recovering the localized defect by
assuming a priori knowledge of the unperturbed periodic structure. Using infinitely many point sources
or plane waves at a fixed energy, we prove that the position and shape of the local defect can be uniquely
determined by the corresponding near-field data measured on a line segment above the interface; see
Subsection 5.1. As is seen in the proof of Theorem 5.5, the complexity of the solution structure gives rise
to essential difficulties in justifying linear independence of the wave fields for different angles. If some a
priori information on the defect is available, one can prove uniqueness with a finite number of incoming
waves by adopting Colton and Slemann’s idea of determining a bounded sound-soft obstacle [9]; see also
[18] for the corresponding results in periodic structures with a fixed direction. A counterexample will
be constructed to show that one incident plane wave is impossible to imply uniqueness in general. In
Subsection 5.4, we discuss uniqueness results using far-field patterns of incoming point source waves over
a finite or infinite number of observation directions.

In this paper, we choose the square root function to be holomorphic in the cutted plane C \ (iR⩽0).
In particular,

√
t = i

√
|t| for t ∈ R<0. The functions ϕ are called guided (or propagating or Floquet)

modes. The Fourier transform is defined as

(Fϕ)(ω) := 1√
2π

∫ ∞

−∞
ϕ(s) e−isω ds, ω ∈ R,

which can be considered as a unitary operator from L2(R) onto itself. For a domain Ω ⊂ R2, the weighted
Sobolev space H1

ρ(Ω) is defined by

H1
ρ(Ω) := {u : (|1 + |x1|2)ρ/2u ∈ H1(Ω)}, ρ ∈ R.

2 Radiation conditions and well-posedness results

In this section, we describe the mathematical model for the TE polarization of time-harmonic
electromagnetic scattering from a perfectly conducting periodic surface with local perturbations. We
first recall some notations, define the open wave-guide radiation, and then present some well-posedness
results from Hu and Kirsch’s previous work [19].

Let D ⊂ R2 be a 2π-periodic domain with respect to the x1-direction. The boundary Γ := ∂D is
supposed to be given by a non-self-intersecting Lipschitz curve which is bounded in the x2-direction and
2π-periodic with respect to x1. Let D̃ be a local perturbation of D in the way that Γ \ Γ̃ and Γ̃ \ Γ are
bounded, where Γ̃ = ∂D̃ is the perturbed boundary, which is also assumed to be a non-self-intersecting
curve (see Figure 1). Suppose that D̃ is filled by a homogeneous and isotropic medium and that Γ̃ is a
perfectly reflecting curve of Dirichlet kind. Let uin be an incoming wave incident onto Γ̃. The scattered
field usc can be governed by the boundary value problem of the Helmholtz equation

∆usc + k2usc = 0 in D̃, usc = −uin on Γ̃,

complemented by some radiation condition in D̃ explained below. To specify this radiation condition, we
need to introduce several definitions and make some assumptions.

For the forward scattering problem, we suppose without loss of generality (changing the period of
the periodic structure if otherwise) that the perturbations Γ \ Γ̃ and Γ̃ \ Γ are contained in the disc
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Figure 1 (Color online) Illustration of wave scattering from a perfectly reflecting periodic curve with a local perturbation
in (0, 2π). The red area denotes the perturbed domain. The scattering interface is supposed to be a non-self-intersecting
curve

{x ∈ R2 : (x1 − π)2 + x22 < π2}. We fix R, h0 > π throughout this paper and use the following notations
for h > h0 (see Figure 1):

Qh := {x ∈ D : 0 < x1 < 2π, x2 < h}, Q∞ := {x ∈ D : 0 < x1 < 2π},
Γh := (0, 2π)× {h}, Wh := {x ∈ D : x2 < h}, Uh := {x ∈ D : x2 > h},
CR := {x ∈ D : (x1 − π)2 + x22 = R2}, ΣR := {x ∈ D : (x1 − π)2 + x22 > R2},
DR := {x ∈ D : (x1 − π)2 + x22 < R2}, D̃R := {x ∈ D̃ : (x1 − π)2 + x22 < R2}.

We recall that a function ϕ ∈ L2
loc(R) is called α-quasi-periodic if ϕ(x1 + 2π) = e2παiϕ(x1) for all

x1 ∈ R. Below, we introduce some function spaces1)

H1
loc(D̃) := {u|D̃ : u ∈ H1

loc(R2)},
H1

loc,0(D̃) := {u ∈ H1
loc(D̃) : u = 0 on ∂D̃},

H1
∗ (ΣR) :=

{
u ∈ H1

loc(ΣR) :
u|Wh∩ΣR

∈ H1(Wh ∩ ΣR) for all h > h0,

u = 0 on ∂ΣR ∩ ∂D

}
,

H1
α,loc(D) := {u ∈ H1

loc(D) : u(·, x2) is α-quasi-periodic},
H1

α,loc,0(D) := {u ∈ H1
α,loc(D) : u = 0 on ∂D}.

Definition 2.1. (i) α ∈ [−1/2, 1/2] is called a cut-off value if there exists ℓ ∈ Z such that |α+ ℓ| = k.
(ii) α ∈ [−1/2, 1/2] is called a propagative number if there exists a non-trivial ϕ ∈ H1

α,loc,0(D) such
that

∆ϕ+ k2ϕ = 0 in D, (2.1)

and ϕ satisfies the upward Rayleigh expansion

ϕ(x) =
∑
ℓ∈Z

ϕℓ e
i(ℓ+α)x1 ei

√
k2−(ℓ+α)2(x2−h0) for x2 > h0 (2.2)

for some ϕℓ ∈ C, where the convergence is uniform for x2 ⩾ h0 + ε for every ε > 0.
Remark 2.2. The solutions to (2.1) and (2.2) are usually referred to as guided modes. It will be
proved in Lemma 4.1(i) that the Rayleigh coefficient ϕl must vanish if k2 > (l + a)2. Hence, the non-
trivial solution to the homogeneous problem must exponentially decay in the positive x2-direction, if
|α + l| 6= k for all l ∈ Z. In physical literature (see, e.g., [1, 41]), the guided model ϕ(·, α, k) of (2.2) is
called a BIC if |α| < k.

1) The definitions hold also for D instead of D̃.
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In Definition 2.1, we restrict the quasi-periodic parameter α to the interval [−1/2, 1/2], because an
α-quasi-periodic function must be also (α + j)-quasi-periodic for any j ∈ N. The possible existence of
guided waves leads to essential difficulties in proving well-posedness of forward scattering problems under
the Rayleigh expansion condition (2.2), because they are solutions to the homogeneous problem when
uin = 0. It is worthy mentioning that the set of propagative numbers must be empty, if the unperturbed
domain D fulfills the following geometrical condition (see [4, 5]):

(x1, x2) ∈ D ⇒ (x1, x2 + s) ∈ D for all s > 0. (2.3)

In the special case where Γ is given by the graph of some function, uniqueness was verified in [12, 25]
under different regularity assumptions enforced on Γ. Below, we discuss the existence of propagative
numbers. Throughout this paper, we make the following assumptions.
Assumption 2.3. Let |ℓ+ α| 6= k for every propagative number α ∈ [−1/2, 1/2] and every ℓ ∈ Z, i.e.,
no cut-off value is a propagative number.

Note that this assumption can be automatically fulfilled if the geometrical condition (2.3) holds. Under
Assumption 2.3, it can be shown (see, e.g., [32, Lemma 4.2(d)] for the case of a flat curve Γ = Γ0 and an
additional index of refraction) that at most a finite propagative number exists in the interval [−1/2, 1/2].
Furthermore, if α is a propagative number with mode ϕ, then −α is a propagative number with mode ϕ.
Therefore, we can number the propagative numbers in [−1/2, 1/2] such that they are given by {α̂j : j ∈ J},
where J ⊂ Z is finite and symmetric with respect to 0 and α̂−j = −α̂j for j ∈ J . Furthermore, it is
known that (under Assumption 2.3) every mode ϕ is evanescent, i.e., it exponentially decays as x2 tends
to infinity in D, and it satisfies |ϕ(x)| ⩽ c e−δ|x2| for x2 ⩾ h0 and some c, δ > 0, which are independent
of x. The corresponding space

Xj := {ϕ ∈ H1
α̂j ,loc,0(D) : u satisfies (2.1) and (2.2) for α = α̂j} (2.4)

of modes is finite-dimensional with some dimension mj > 0. We refer to Lemma 4.1 for discussions on
these properties in periodic Sobolev spaces.

On Xj , we define the sesquilinear form B : Xj ×Xj → C by

B(ϕ, ψ) := −2i

∫
Q∞

∂ϕ

∂x1
ψ dx, ϕ, ψ ∈ Xj . (2.5)

The sesquilinear form B coincides with the derivative of the variational formulation with respect to α

and thus B(ϕ, ϕ) physically represents the energy flux of the guided mode ϕ. Using integration by parts
and the exponential decay of ϕ ∈ Xj , we obtain B(ϕ, ψ) = B(ψ, ϕ) for all ϕ, ψ ∈ Xj . This implies that
B is Hermitian and that B(ϕ, ϕ) is real-valued for all ϕ ∈ Xj . Now we assume that B is non-degenerate
on every Xj in the sense that the following assumption holds.
Assumption 2.4. For every j ∈ J , ψ ∈ Xj and ψ 6= 0, the linear form B(·, ψ) : Xj → C is non-trivial
on Xj, i.e., there exists ϕ ∈ Xj with B(ϕ, ψ) 6= 0.

The Hermitian sesquilinear form B defines the cones {ψ ∈ Xj : B(ψ,ψ) ≷ 0} of propagating waves
traveling to the right and left, respectively (see also [14, 26, 28, 32]). We construct a basis of Xj with
elements in these cones by taking the inner product (·, ·)Xj and consider the following eigenvalue problem
in Xj for every fixed j ∈ J . Determine λℓ,j ∈ R and non-trivial ϕ̂ℓ,j ∈ Xj with

B(ϕ̂ℓ,j , ψ) = −2i

∫
Q∞

∂ϕ̂ℓ,j
∂x1

ψ dx = λℓ,j
(
ϕ̂ℓ,j , ψ

)
Xj

for all ψ ∈ Xj (2.6)

and ℓ = 1, . . . ,mj . We normalize the basis such that (ϕ̂ℓ,j , ϕ̂ℓ′,j)Xj
= δℓ,ℓ′ for ℓ, ℓ′ = 1, . . . ,mj . Then

λℓ,j = B(ϕ̂ℓ,j , ϕ̂ℓ,j) and Assumption 2.4 is equivalent to λℓ,j 6= 0 for all ℓ = 1, . . . ,mj and j ∈ J .
Physically, the assumption (2.4) is equivalent to the assumption that the group velocity of each guided
mode is non-vanishing (see [28, Remark 1.4]).

Now we are able to formulate the open waveguide radiation condition for our Dirichlet boundary value
problem (see [19]).
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Definition 2.5. Let ψ+, ψ− ∈ C∞(R) be any functions with ψ±(x1) = 1 for ±x1 ⩾ σ (for some
σ > max{R, 2π}+ 1) and ψ±(x1) = 0 for ±x1 ⩽ σ − 1.

A solution u ∈ H1
loc(ΣR) of the Helmholtz equation (∆ + k2)u = 0 satisfies the open waveguide

radiation condition with respect to an inner product (·, ·)Xj
in Xj if u has in ΣR a decomposition into

u = urad + uprop which satisfies the following conditions.
(a) The propagating part uprop has the form

uprop(x) =
∑
j∈J

[
ψ+(x1)

∑
ℓ:λℓ,j>0

aℓ,j ϕ̂ℓ,j(x) + ψ−(x1)
∑

ℓ:λℓ,j<0

aℓ,j ϕ̂ℓ,j(x)

]
(2.7)

for x ∈ ΣR and some aℓ,j ∈ C. Here, for every j ∈ J , the scalars λℓ,j ∈ R and ϕ̂ℓ,j ∈ X̂j for ℓ = 1, . . . ,mj

are given by the eigenvalues and corresponding eigenfunctions, respectively, of the self-adjoint eigenvalue
problem (2.6).

(b) The radiating part urad ∈ H1
∗ (ΣR) satisfies the generalized angular spectrum radiation condition∫ ∞

−∞

∣∣∣∣∂(Furad)(ω, x2)∂x2
− i

√
k2 − ω2 (Furad)(ω, x2)

∣∣∣∣2 dω → 0, x2 → ∞. (2.8)

The above radiation condition has been earlier studied in [15, 26–28, 31, 32] for layered periodic
structures. It has been shown in [32] for the case of half-plane source problems with an inhomogeneous
period layer that the radiation condition of Definition 2.5 for the inner product (ϕ, ψ)Xj

= 2k
∫
Q∞

nϕψ dx

is a consequence of the limiting absorption principle by replacing k with k + iϵ and ϵ > 0. Here, the
function n stands for the refractive index of the inhomogeneous layer.
Assumption 2.6 (Absence of bound states). There are no bound states to the perturbed scattering
problem, i.e., any solution u ∈ H1

0 (D̃) of ∆u+ k2u = 0 in D̃ must vanish identically.
One can remove this assumption if the domain D̃ fulfils the condition (2.3). Note that with this

geometrical condition on D̃, the unperturbed domain D should also meet the requirement (2.3) and thus
the existence of propagating modes ϕ̂ℓ,j is excluded [5].

In this paper, we make Assumptions 2.3, 2.4 and 2.6 without mentioning this any more. We consider
the following two kinds of incoming waves:

(i) Point source waves: uin(x) := Φ(x; y) = i
4H

(1)
0 (k|x− y|) with the source position y ∈ D̃R.

(ii) Plane waves: uin(x) = eikx·θ̂, where θ̂ = (sin θ,− cos θ) is the incident direction with some incident
angle θ ∈ (−π/2, π/2).

Before stating uniqueness and existence results, we recall the Sommerfeld radiation condition used
in [20,28].
Definition 2.7. A function v ∈ C∞(Uh0

∩ΣR) satisfies the Sommerfeld radiation condition in Uh0
∩ΣR

if v ∈ H1
ρ(Wh ∩ ΣR) for all h > h0 and all ρ < 1 and

sup
x∈Ca∩Uh

|x|1/2
∣∣∣∣∂v(x)∂r

− ikv(x)

∣∣∣∣ → 0, a→ ∞, sup
x∈Uh

|x|1/2|v(x)| <∞ (2.9)

for all h > h0 where r = |x|.
It was shown in Hu and Kirsch’s previous paper [19] that the radiation condition for the radiating

part of the open waveguide radiation condition of Definition 2.5 is equivalent to the above Sommerfeld
radiation condition. We remark that the point source wave Φ(x; y) with y ∈ DR satisfies the Sommerfeld
radiation condition of Definition 2.7 with the index ρ < 0, because Φ(x; y) ∼ |x|−1/2 as |x| → ∞ in
R2. However, plane waves and quasi-periodic surface waves are not included. Such kinds of wave modes
belong to H1

ρ(Wh∩ΣR) for all h > h0 with the index ρ < −1/2. An integral form of the above Sommerfeld
radiation condition is defined as follows.
Definition 2.8. Let aj be a sequence in R such that aj → ∞ and suppose that D̃aj

are Lipschitz
domains. A solution v ∈ H1

loc(ΣR) satisfies the Sommerfeld radiation condition in an integral form if∥∥∥∥∂v∂r − ikv

∥∥∥∥
H−1/2(Caj

)

→ 0, j → ∞,
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where r = |x|.
Lemma 2.9. (i) If v satisfies the Sommerfeld radiation condition of Definition 2.7 with the index
ρ ⩾ 0, then v also fulfills the integral form of the radiation condition defined by Definition 2.8.

(ii) The condition (b) for the radiating part of u in Definition 2.5 is equivalent to the Sommerfeld
radiation condition of Definition 2.7.

Lemma 2.9 and the following well-posedness results for incident plane and point source waves were
proved in Hu and Kirsch’s previous paper [19].
Proposition 2.10 (Well-posedness for point source waves). Let uin := Φ(· ; y) be an incoming point
source wave with y ∈ D̃R. Then the locally perturbed scattering problem admits a unique solution u

such that u − uin ∈ H1
loc(D̃) and u satisfies the open waveguide radiation condition of Definition 2.5.

Furthermore, the radiating part urad of u satisfies the Sommerfeld radiation conditions of Definitions 2.7

and 2.8.
If ∂D̃ is given by a Lipschitz graph (i.e., guided waves are excluded), the results of Proposition 2.10 were

verified in [20] within a more general framework for rough surface scattering problems. We remark that,
in such a case, the scattered field usc := u− uin does not satisfy the open waveguide radiation condition
of Definition 2.5 and either the Sommerfeld radiation condition of Definition 2.7, because uin = Φ(·; y)
does not belong to H1(ΣR). In fact, usc fulfills the Sommerfeld radiation condition with the index ρ < 0.
Proposition 2.11 (Well-posedness for plane waves). Let α := k sin θ be not a propagative number (see
Definition 2.1(ii)). Then the perturbed scattering problem for a plane wave incidence uin(x) = eikx·θ̂

admits a unique solution u = uin + usc ∈ H1
loc,0(D̃) such that the scattered part usc has a decomposition

in the form usc = uscunpert + uscpert in the region ΣR, where uscunpert ∈ H1
α,loc(D) is the scattered field

corresponding to the unperturbed problem that satisfies the upward Rayleigh expansion (2.2) with the
quasi-periodic parameter α = k sin θ. The part uscpert ∈ H1

loc(ΣR) fulfils the open waveguide radiation
condition of Definition 2.5 and the radiating part of uscpert satisfies the Sommerfeld radiation conditions
of Definitions 2.7 and 2.8.

We emphasize in Proposition 2.11 that, since k sin θ is assumed to be no critical wavenumber (or
equivalently, no BIC exists at the pair (α, k) ∈ R2 with α = k sin θ), the unperturbed scattered field
uscunpert is unique. In the subsequent Sections 3 and 4, we carry out further studies on forward scattering
problems, including properties of Green’s function to perturbed and unperturbed problems and well-
posedness for a plane wave incidence at a critical wavenumber (i.e., when a BIC occurs). Theorems 3.1,
4.4 and 4.8 will be used later for investigating inverse problems in Section 5.

3 Properties of Green’s function

Let Φ(x; y) be the fundamental solution of the Helmholtz equation. Green’s function G for D̃ satisfies
G(· ; y) − Φ(· ; y) ∈ H2

loc(D̃) for all y ∈ D̃ and the open waveguide radiation condition, i.e., it has the
decomposition in the form

G(· ; y) = Grad(· ; y) +Gprop(· ; y) in D̃,

where Gprop(· ; y) is the propagating part. The radiating part Grad(· ; y) includes the incoming wave and
satisfies Grad(· ; y) ∈ H1(Wh\{Bϵ(y)}) for all h > h0 and some ϵ > 0 and also satisfies the Sommerfeld
radiation condition. We prove the following properties of G(x; y).
Theorem 3.1. (i) Green’s function to the perturbed scattering problem satisfies G(x; y) = G(y;x) for
all x, y ∈ D̃ and x 6= y.

(ii) In the unperturbed case (i.e., D̃ = D), the propagating part Gprop of G takes the explicit form

Gprop(x; y) = 2πi
∑
j∈J

[
ψ+(x1)

∑
λℓ,j>0

1

λℓ,j
ϕ̂ℓ,j(x)ϕ̂ℓ,j(y)− ψ−(x1)

∑
λℓ,j<0

1

λℓ,j
ϕ̂ℓ,j(x)ϕ̂ℓ,j(y)

]
(3.1)

for all x, y ∈ D and x 6= y.
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Remark 3.2. In the perturbed case, the propagating part of G can be decomposed into Gprop =

G
(0)
prop + G

(1)
prop, where G

(0)
prop represents the counterpart corresponding to Green’s function of the

unperturbed problem taking the form (3.1), while G
(1)
prop denotes the propagating part caused by the

defect.
To prove Theorem 3.1, we need an auxiliary lemma. Below, we take R > π as a variable and suppose

that DR := {x ∈ D : |x| < R} is always a Lipschitz domain. Otherwise, we can slightly change the shape
of the part CR to achieve this. In the remaining part of this paper, we do not mention this any more.
Lemma 3.3. Let

uprop(x) = ψ+(x1)
∑
j∈J

∑
λℓ,j>0

aℓ,j ϕ̂ℓ,j(x) + ψ−(x1)
∑
j∈J

∑
λℓ,j<0

aℓ,j ϕ̂ℓ,j(x),

vprop(x) = ψ+(x1)
∑
j∈J

∑
λℓ,j>0

bℓ,j ϕ̂ℓ,j(x) + ψ−(x1)
∑
j∈J

∑
λℓ,j<0

bℓ,j ϕ̂ℓ,j(x)

be the propagating parts of two solutions satisfying the open waveguide radiation condition. Then∫
CR

[
vprop

∂uprop
∂ν

− uprop
∂vprop
∂ν

]
ds→ 0 as R→ ∞.

Remark 3.4. The path CR can be replaced by ∂DR because of the boundary condition on ∂D.
Since uprop, vprop ∈ H1(DR) and ∆uprop,∆vprop ∈ L2(DR), the integral over ∂DR is understood in
the dual form of 〈H−1/2(∂DR),H

1/2(∂DR)〉. The integral over CR is understood in the dual form of
〈H−1/2(CR),H

1/2
0 (CR)〉 (see, e.g., [36]).

Proof. We first recall Green’s second formula for any bounded Lipschitz domain Ω. For w, v ∈ H1(Ω)

satisfying ∆w,∆v ∈ L2(Ω), we have∫
Ω

[w∆v − v∆w] dx =

∫
∂Ω

[w ∂νv − v ∂νw] ds,

where the right-hand side is understood as the dual forms for ∂νv, ∂νw ∈ H−1/2(∂Ω) and w, v ∈ H1/2(∂Ω).
Application of Green’s formula to DR yields∫

CR

[
vprop

∂uprop
∂ν

− uprop
∂vprop
∂ν

]
ds =

∫
DR

[vprop (∆ + k2)uprop − uprop (∆ + k2)vprop] dx.

From the forms of uprop and vprop, we conclude that

∆uprop + k2uprop =
∑
j∈J

∑
λℓ,j>0

aℓ,j (∆ + k2)[ψ+ ϕ̂ℓ,j ] +
∑
j∈J

∑
λℓ,j<0

aℓ,j (∆ + k2)[ψ− ϕ̂ℓ,j ]

and the same for vprop. Therefore, since ψ+(x1)ψ
−(x1) = 0 for all x1 ∈ R,∫

DR

vprop (∆ + k2)uprop dx

=
∑
j1∈J

∑
λℓ1,j1

>0

aℓ1,j1
∑
j2∈J

∑
λℓ2,j2

>0

bℓ2,j2

∫
D+

R

[ψ+ ϕ̂ℓ2,j2 ] (∆ + k2)[ψ+ ϕ̂ℓ1,j1 ] dx

+
∑
j1∈J

∑
λℓ1,j1

<0

aℓ1,j1
∑
j2∈J

∑
λℓ2,j2

<0

bℓ2,j2

∫
D−

R

[ψ− ϕ̂ℓ2,j2 ] (∆ + k2)[ψ− ϕ̂ℓ1,j1 ] dx,

where D+
R = {x ∈ DR : σ − 1 < x1 < σ} and D−

R = {x ∈ DR : −σ < x1 < −σ + 1}. Here, we suppose
that both D+

R and D−
R are Lipschitz domains by the choice of σ > max{R, 2π}+1. An analogous formula

holds for uprop and vprop interchanged. Taking the difference and applying Green’s theorem yields for
the integral over D+

R :∫
D+

R

[ψ+ ϕ̂ℓ2,j2 ] (∆ + k2)[ψ+ ϕ̂ℓ1,j1 ]− [ψ+ ϕ̂ℓ1,j1 ] (∆ + k2)[ψ+ ϕ̂ℓ2,j2 ] dx
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=

∫
∂D+

R

ψ+

[
ϕ̂ℓ2,j2

∂[ψ+ϕ̂ℓ1,j1 ]

∂ν
− ϕ̂ℓ1,j1

∂[ψ+ϕ̂ℓ2,j2 ]

∂ν

]
ds

=

∫
SR

ψ+

[
ϕ̂ℓ2,j2

∂[ψ+ϕ̂ℓ1,j1 ]

∂ν
− ϕ̂ℓ1,j1

∂[ψ+ϕ̂ℓ2,j2 ]

∂ν

]
ds

+

∫
γR

[
∂ϕ̂ℓ1,j1
∂x1

ϕ̂ℓ2,j2 −
∂ϕ̂ℓ2,j2
∂x1

ϕ̂ℓ1,j1

]
ds,

where SR = {x ∈ D : |x| = R, σ − 1 < x1 < σ} and γR = {x ∈ D : x1 = σ, |x| < R}. We remark that,
since ϕ̂ℓ,j vanish on ∂D, the integral over γR is understood in the dual form of 〈H−1/2(γR),H

1/2
0 (γR)〉

(see, e.g., [36]). The integral over SR tends to zero as R → ∞ because of the exponential decay. The
integral over γR tends to∫

x1=σ

[
∂ϕ̂ℓ1,j1
∂x1

ϕ̂ℓ2,j2 −
∂ϕ̂ℓ2,j2
∂x1

ϕ̂ℓ1,j1

]
ds =

∫
x1=σ

[
∂ϕ̂ℓ1,j1
∂x1

ϕ̂ℓ2,−j2 −
∂ϕ̂ℓ2,−j2

∂x1
ϕ̂ℓ1,j1

]
ds

because ϕ̂ℓ2,−j2 = ϕ̂ℓ2,j2 . Now we conclude from λℓ1,j1 > 0 and −λℓ2,−j2 = λℓ2,j2 > 0 that j1 6= −j2.
Note that ℓ1 ∈ {1, . . . ,mj1}, ℓ2 ∈ {1, . . . ,mj2} and mj2 = m−j2 . Therefore, the integral vanishes by the
proof of [28, Lemma 2.6].

Below, we carry out the proof of Theorem 3.1 by using Lemma 3.3. The symmetry of Green’s function
will be used in the proof of Theorem 5.4 for our inverse problems. Write B(x, δ) := {z ∈ R2 : |z−x| < δ}.
Proof of Theorem 3.1. (i) We fix x, y ∈ D̃ with x 6= y and choose δ > 0 such that B(x, δ)∪B(y, δ) ⊂ D̃

and B(x, δ) ∩B(y, δ) = ∅. Then we choose R > 0 sufficiently large and set

DR,δ := {z ∈ D̃ : |z| < R, |z − x| > δ, |z − y| > δ}.

Using ∆zG(z;x) + k2G(z;x) = 0 and ∆zG(z; y) + k2G(z; y) = 0 in DR,δ and the application of Green’s
second formula in DR,δ yields

0 =

∫
DR,δ

[G(z;x)∆zG(z; y)−G(z; y)∆zG(z;x)] dz

=

(∫
|z|=R

−
∫
|z−x|=δ

−
∫
|z−y|=δ

)[
∂G(z; y)

∂ν(z)
G(z;x)− ∂G(z;x)

∂ν(z)
G(z; y)

]
ds(z).

Here, we have used the vanishing of G(· ; y) and G(· ;x) on ∂DR,δ ∩ Γ̃. Note that the normal direction at
CR is supposed to point into ΣR and that at ∂B(x, δ) or ∂B(y, δ) to point into DR,δ. We consider first
the integral over ∂B(x, δ). For |z− x| ⩽ δ, the terms G(· ; y) and G(·;x)−Φ(·;x) and their gradients are
smooth. Therefore, ∫

|z−x|=δ

[
∂G(z; y)

∂ν(z)
G(z;x)− ∂G(z;x)

∂ν(z)
G(z; y)

]
ds(z)

=

∫
|z−x|=δ

[
∂G(z; y)

∂ν(z)
Φ(z;x)− ∂Φ(z;x)

∂ν(z)
G(z; y)

]
ds(z) +O(δ)

= G(x; y) +O(δ),

where we applied Green’s representation formula to G(· ; y) in the disk B(x, δ). For δ → 0, we get∫
|z−x|=δ

[
∂G(z; y)

∂ν(z)
G(z;x)− ∂G(z;x)

∂ν(z)
G(z; y)

]
ds(z) → G(x; y).

The integral over ∂B(y, δ) is treated in the same way, just by interchanging the roles of x and y.
It remains to show that the integral over CR := {z ∈ D : |z| = R} tends to zero as R tends to infinity.

Substituting the decomposition G(· ; y) = Grad(· ; y) +Gprop(· ; y) into the integral yields that∫
CR

[
∂G(z; y)

∂ν(z)
G(z;x)− ∂G(z;x)

∂ν(z)
G(z; y)

]
ds(z)
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consists of four integrals. The integral∫
CR

[
∂Gprop(z; y)

∂ν(z)
Gprop(z;x)−

∂Gprop(z;x)

∂ν(z)
Gprop(z; y)

]
ds(z)

tends to zero by the previous lemma. For the other parts, we note that the integral over CR ∩Wh tends
to zero as R→ ∞, because, for example,∣∣∣∣∫

CR∩Wh

∂Grad(z; y)

∂ν(z)
Gprop(z;x) ds(z)

∣∣∣∣
⩽ c

∥∥∥∥∂Grad(· ; y)
∂ν

∥∥∥∥
H−1/2(CR∩Wh)

‖Gprop(·, x)‖H1/2(CR∩Wh)

⩽ c′ ‖Grad(· ; y)‖H1(VR) ‖Gprop(·, x)‖H1(VR),

where VR := {z ∈ D ∩Wh : ||z| −R| < 1/2}, ‖Grad(· ; y)‖H1(UR) tends to zero and ‖Gprop(·, x)‖H1(VR) is
bounded.

Hence it remains to consider the integral over CR,h := {z ∈ CR : z2 > h}. Here, we use the Sommerfeld
radiation condition for Grad(·, x) and Grad(· ; y) which yields that∫

CR,h

[
∂Grad(z; y)

∂ν(z)
Grad(z;x)−

∂Grad(z;x)

∂ν(z)
Grad(z; y)

]
ds(z)

tends to zero. Using the estimates

|Grad(z;x)|+ |∇zGrad(z;x)| ⩽
c√
|z|
, |Gprop(z;x)|+ |∇zGprop(z;x)| ⩽ c e−σz2

for some c > 0 and the same for y replacing x, we obtain∫
CR,h

∣∣∣∣∂Gprop(z; y)

∂ν(z)
Grad(z;x)−

∂Grad(z;x)

∂ν(z)
Gprop(z; y)

∣∣∣∣ ds(z)
+

∫
CR,h

∣∣∣∣∂Grad(z; y)

∂ν(z)
Gprop(z;x)−

∂Gprop(z;x)

∂ν(z)
Grad(z; y)

∣∣∣∣ ds(z)
⩽ c

R√
R

∫ π

0

e−Rσ sin t dt. (3.2)

Using sin t ⩾ 2
π t on [0, π/2], one deduces that the right-hand side of (3.2) tends to zero as R → ∞,

because ∫ π

0

e−Rσ sin t dt = 2

∫ π/2

0

e−Rσ sin t dt ⩽ 2

∫ π/2

0

e−2Rσt/π dt =
π

Rσ
(1− e−Rσ).

(ii) For fixed y ∈ D, we choose ϵ > 0 less than the distance between y and Γ. Introduce a cut-
off function χ ∈ C∞

0 (R2) with χ(x) = 1 for |x − y| < ϵ/2 and χ(x) = 0 for |x − y| ⩾ ϵ. Then
v := G(· ; y)− χΦ(· ; y) ∈ H1

loc(D) coincides with G(· ; y) for |x− y| ⩾ ϵ and satisfies ∆v + k2v = −gy in
D and v = 0 on Γ, where

gy := ∆χΦ(· ; y) + 2∇χ · ∇Φ(· ; y) ∈ L2(D)

has compact support. If σ in the definition of the radiation condition is chosen to be larger than |y1|+ ϵ

then by [19, Theorem 3.5],

Gprop(x; y) = vprop(x) =
∑
j∈J

[
ψ+(x1)

∑
λℓ,j>0

ϕ̂ℓ,j(x) aℓ,j(y) + ψ−(x1)
∑

λℓ,j<0

ϕ̂ℓ,j(x) aℓ,j(y)

]

for |x1| ⩾ σ, where the coefficients aℓ,j(y) are given by

aℓ,j(y) =
2πi

|λℓ,j |

∫
ϵ/2<|x−y|<ϵ

gy(x) ϕ̂ℓ,j(x) dx.
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To calculate aℓ,j(y), we rewrite gy as gy(x) = (∆ + k2)(χ(x)Φ(x; y)) for x 6= y. Consequently, the
application of Green’s formula yields

aℓ,j(y) =
2πi

|λℓ,j |

∫
ϵ/2<|x−y|<ϵ

gy(x) ϕ̂ℓ,j(x) dx

=
2πi

|λℓ,j |

∫
|x−y|=ϵ/2

[
∂ϕ̂ℓ,j(x)

∂ν(x)
Φ(x; y)− ∂Φ(x; y)

∂ν(x)
ϕ̂ℓ,j(x)

]
ds(x)

=
2πi

|λℓ,j |
ϕ̂ℓ,j(y), (3.3)

where we have used the facts that χ(x) = 1 on |x− y| = ϵ/2 and χ(x) = 0 on |x− y| = ϵ.
From the proof of Theorem 3.1, we conclude the following corollary.

Corollary 3.5. Let u ∈ H1
loc,0(D̃) be an open wave-guide radiating solution to the Helmholtz equation

(∆ + k2)u = 0 in ΣR, where D̃R is supposed to be a Lipschitz domain. We have the representation

u(x) =

∫
CR

[
∂u(z)

∂ν(z)
G(z;x)− ∂G(z;x)

∂ν(z)
u(z)

]
ds(z), x ∈ ΣR. (3.4)

Proof. We fix x ∈ ΣR and choose R′ > R such that x ∈ D̃R′ where D̃R′ is a Lipschitz domain.
Application of Green’s representation formula yields

u(x) =

(∫
CR

−
∫
CR′

)[
∂u(z)

∂ν(z)
G(z;x)− ∂G(z;x)

∂ν(z)
u(z)

]
ds(z), x ∈ ΣR. (3.5)

By the proof of Theorem 3.1, the integral over CR′ tends to zero as R′ tends to infinity, which together
with (3.5) finishes the proof of (3.4).

4 Scattering of plane waves at a propagative number

As shown in Proposition 2.11, uniqueness and existence of a weak solution for an incoming plane wave
are guaranteed under the open waveguide radiation condition, provided that k sin θ is not a propagative
number. If k sin θ = α̂j is a propagative number , there still exists an α̂j-quasi-periodic solution u0 ∈
H1

loc(D) of the unperturbed problem (see Lemma 4.1(i) below). However, uniqueness fails and the general
solution takes the form

u = u0 +

mj∑
ℓ=1

cℓ ϕ̂ℓ,j in D, (4.1)

where ϕ̂ℓ,j ∈ Xj (see (2.4) and (2.6)) and cℓ ∈ C are arbitrary. A general solution to the locally perturbed
scattering problem is described in [19, Corollary 4.10] when k sin θ is a propagative number. The purpose
of this section is to propose an additional constraint on solutions of the unperturbed problem to fix the
coefficients cℓ in (4.1), so that the forward problem is always uniquely solvable. We employ two methods:
the limiting absorption principle for approximating the wave-number with a positive imaginary part in
Subsection 4.1 and the method of approximating the plane wave by point source waves in Subsection 4.2.

4.1 The limiting absorption principle and singular perturbation arguments

We first consider the scattering problem in a periodic domain D without defects. Let uin(x) =

eik(x1 sin θ−x2 cos θ) with θ ∈ (−π/2, π/2) be the incident plane wave. Set

α := k sin θ and βn :=
√
k2 − (n+ α)2, n ∈ N,

where the square root is chosen such that Im
√
t ⩾ 0 for t ⩽ 0. Obviously, uin(x) = eiαx1−iβ0x2 . Since the

wave-number k > 0 is fixed, we omit the dependence on k for simplicity. We look for an α-quasi-periodic
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total field u ∈ H1
α,0(Qh) := {u ∈ H1

α(Qh) : u = 0 on ∂Qh ∩ Γ} for all h > h0 such that usc = u − uin

satisfies the upward α-quasiperiodic Rayleigh expansion (2.2).
Introduce the α-quasi-periodic and periodic, respectively, Sobolev spaces on Γh with h > h0 by

H1/2
α (Γh) := {f ∈ H1/2(Γh) : e

−iαx1f(x1, h) is 2π-periodic in x1},
H1/2

per (Γh) := {f ∈ H1/2(Γh) : f(x1, h) is 2π-periodic in x1}.

Define the periodic and quasi-periodic, respectively, Dirichlet-to-Neumann maps on the artificial boundary
Γh by

(Tkf)(x1, h) :=
∑
n∈Z

iβn fn e
inx1 , f(x1, h) =

∑
n∈Z

fn e
inx1 ∈ H1/2

per (Γh), (4.2)

(T̃kf̃)(x1, h) :=
∑
n∈Z

iβn f̃n e
i(n+α)x1 , f̃(x1, h) =

∑
n∈Z

f̃ne
i(n+α)x1 ∈ H1/2

α (Γh). (4.3)

It is well known that Tk : H
1/2
per (Γh) → H

−1/2
per (Γh) and T̃k : H

1/2
α (Γh) → H

−1/2
α (Γh) are bounded linear

operators. The following variational formulation for u ∈ H1
α,0(Qh) can be easily derived:

ãk(u, ϕ) = −2ik cos θ e−ikh cos θ

∫
Γh

eiαx1 ϕds for all ϕ ∈ H1
α,0(Qh), (4.4)

where
ãk(u, ϕ) :=

∫
Qh

[∇u · ∇ϕ− k2uϕ] dx−
∫
Γh

T̃kuϕ ds, u, ϕ ∈ H1
α,0(Qh).

Defining v := e−iαx1u ∈ H1
per,0(Qh) := {v ∈ H1

per(Qh), v = 0 on Γ ∩ ∂Qh} and ψ := e−iαx1ϕ for
ϕ ∈ H1

α,0(Qh), we get the periodic form

ak(v, ψ) = −2ik cos θ e−ikh cos θ

∫ 2π

0

ψ(x1, h) dx1 for all ψ ∈ H1
per,0(Qh), (4.5)

where now
ak(v, ψ) :=

∫
Qh

[
∇v · ∇ψ − 2iα

∂v

∂x1
ψ − (k2 − α2) v ψ

]
dx−

∫
Γh

Tkv ψ ds

for v, ψ ∈ H1
per,0(Qh). We equip H1

per,0(Qh) with the inner product

〈v, ψ〉 :=
∫
Qh

∇v · ∇ψ dx+ 2π
∑
n∈Z

(1 + n2)1/2vn ψn, ψ, v ∈ H1
per,0(Qh), (4.6)

where ψn and vn denote the Fourier coefficients of ψ(x1, h) and v(x1, h), respectively. By the
representation theorem of Riesz, there exist f (k) ∈ H1

per,0(Qh) and a linear bounded operator Lk from
H1

per,0(Qh) into itself with

〈f (k), ψ〉=−2ik cos θ e−ikh cos θ

∫ 2π

0

ψ(x1, h) dx1, (4.7)

〈Lkv, ψ〉= ak(v, ψ) =

∫
Qh

[
∇v · ∇ψ − 2ik sin θ

∂v

∂x1
ψ − k2 cos2 θ v ψ

]
dx− 2π

∑
n∈N

iβnvnψn (4.8)

for all ψ, v ∈ H1
per,0(Qh). Then the operator equation (4.5) can be rewritten as

Lkv = f (k) in H1
per,0(Qh). (4.9)

One can show that the operator Kk := I − Lk, given by

〈Kk v, ψ〉 :=
∫
Qh

[
2ik sin θ

∂v

∂x1
ψ + k2 cos2 θ v ψ

]
dx + 2π

∑
n∈Z

(
√

1 + n2 + iβn)vnψn
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for all ψ, v ∈ H1
per,0(Qh), is compact as an operator from H1

per,0(Qh) into itself. In fact, the first integral
can be reformulated as∫

Qh

[
2ik sin θ

∂v

∂x1
ψ + k2 cos2 θ v ψ

]
dx =

∫
Qh

[
−2ik sin θ v

∂ψ

∂x1
+ k2 cos2 θ v ψ

]
dx,

which is a compact form due to the compact embedding of H1
per,0(Qh) → L2(Qh). The summation in

the definition of Kk is also compact, because of the boundedness of the sequence n 7→
√
1 + n2 + iβn for

n ∈ Z.
Below, we collect some properties of the operator Lk.

Lemma 4.1. Suppose that α+ n 6= ±k for any n ∈ Z, i.e., α is not a cut-off value.
(i) For k > 0, the equation (4.9) admits at least one solution v ∈ H1

per,0(Qh). The null space
N := N (Lk) = N (L∗

k) is finite-dimensional and consists of surface wave modes only, i.e.,

v(x) =
∑

n∈Z:|n+α|>k

vn e
inx1−|βn|(x2−h), x2 > h. (4.10)

(ii) The Riesz number of Lk is one, i.e., N (Lk) = N (L2
k). Moreover, it holds that the orthogonal

decomposition H1
per,0(Qh) = N (Lk)⊕R(Lk). Here, R(Lk) denotes the range of the operator Lk.

(iii) If Im k > 0, there is a unique solution to (4.9) in H1
per,0(Qh) for any h > h0.

Proof. (i) The form of v ∈ N given by (4.10) can be derived by setting ϕ = u = veiαx1 in the
homogeneous form of (4.4), taking the imaginary part and using the definition of T̃k. The adjoint
operator L∗

k of Lk is defined by

〈L∗
kv, ψ〉= 〈v, Lkψ〉 = 〈Lkψ, v〉 = ak(ψ, v)

=

∫
Qh

[∇u · ∇ϕ− k2uϕ] dx+
∑
n∈Z

iβn un ϕn

for all v, ψ ∈ H1
per,0(Qh), where u = eiαx1v and ϕ = eiαx1ψ. From this, we conclude that N (Lk) = N (L∗

k).
The existence of v ∈ H1

per,0(Qh) follows from the fact that 〈f (k), ψ〉 = 0 for all ψ ∈ N and the Fredholm
alternative. The space N is finite-dimensional, because Kk is compact.

(ii) It is obvious that N (Lk) ⊂ N (L2
k). To prove the reverse direction, we assume L2

kw = 0 for some
w ∈ H1

per,0(Qh) and set v = Lkw ∈ R(Lk). Since v ∈ N (Lk) = N (L∗
k), we obtain

‖v‖2 = 〈v, v〉 = 〈v, Lkw〉 = 〈L∗
kv, w〉 = 0,

which proves N (L2
k) ⊂ N (Lk) and thus the coincidence N (L2

k) = N (Lk). This also implies N ∩ R =

∅ and hence H1
per,0(Qh) = N ⊕ R. The orthogonality between N and R follows from the relation

N (Lk) = N (L∗
k).

(iii) We apply the uniqueness result of [6] to the proof of the third assertion. By the Fredholm
alternative, it suffices to prove uniqueness. Let k ∈ C with Im k > 0 and set α = k sin θ ∈ C. Assuming
Lkv = 0 for some v ∈ H1

per,0(Qh), we need to prove v ≡ 0. It then follows that ak(v, ψ) = 0 for all
ψ ∈ H1

per,0(Qh), which implies that v satisfies the elliptic equation (∆+ 2iα∂1 + k2 −α2)v = 0 in D, and
the Dirichlet boundary condition v = 0 on Γ together with the periodic expansion v =

∑
n∈Z vne

inx1+iβnx2

in x2 > h.
We claim that Imβn > 0 for all n ∈ Z, if Im k > 0. Recall that the square root function z 7→

√
z

was chosen to be holomorphic in the region {z ∈ C : z /∈ iR⩽0}. In particular, we have Im
√
z > 0

for all z ∈ C := {z ∈ C : Re z < 0 or Im z > 0}. It is easily seen that k2 − (n + k sin θ)2 ∈ C for all
k ∈ C with Im k > 0 and Re k > 0 and all n ∈ Z provided that |sin θ| < 1. Indeed, if n is such that
|n+Re k sin θ| ⩽ Re k, then

Im[k2 − (n+ k sin θ)2] = 2 Im k [Re k − (n+Re k sin θ) sin θ]

⩾ 2 Im kRe k (1− |sin θ|) > 0.
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If n is such that |n+Re k sin θ| > Re k, then

Re[k2 − (n+ k sin θ)2] = (Re k)2 − (Im k)2 − (n+Re k sin θ)2 + (Im k)2 sin2 θ

= (Re k)2 − (n+Re k sin θ)2 − (Im k)2 cos2 θ < 0.

This proves Imβn > 0 for all n ∈ Z.
Setting us = v eiαx1 , we deduce that us fulfills the homogeneous boundary value problem of the

Helmholtz equation
∆us + k2us = 0 in D, us = 0 on ∂D,

and the quasi-periodic Rayleigh expansion condition (2.2) in x2 > h. Since Imβn > 0, the function us

decays exponentially to zero as x2 → ∞ in D. By elliptic boundary regularity in Lipschitz domains with
the zero boundary condition, we have us ∈ C0,γ(Qh) for any h > h0, where the Hölder exponent γ > 0

depends on the Lipschitz constant of Γ; we refer to [17, Chapter 4, Theorem 4.3] for the proof valid for
C1-smooth boundaries, which is also applicable to Lipschitz curves in R2. The boundary behavior of the
Dirichlet boundary value problem of elliptic equations in a non-smooth domain can be further found in
[33, Chapter 7]. Hence, this together with the interior regularity gives us ∈ C2(D)∩C(D) and us must be
bounded in the infinite strip Q∞ := {x ∈ D : 0 < x1 < 2π}. On the other hand, the α-quasi-periodicity
of us gives

us(x1 + 2nπ, x2) = ei2πnk sin θus(x1, x2) for all x ∈ D.

This in combination with the boundedness of ‖u‖|L∞(Q∞) yields the growth condition

|us(x)| ⩽ C eIm k |sin θ| |x|, x ∈ D

for some C > 0. Now, applying [6, Theorem 3.1], we get us ≡ 0 in D and thus v = 0 in H1
per,0(Qh) for

all h > h0.

Now we suppose that k sin θ = α̂j for some j ∈ J is a propagative number , which implies N 6= ∅.
Replacing k by k + iϵ with ϵ > 0, we consider the perturbed operator equation

L(ϵ) vϵ = f(ϵ) in H1
per,0(Qh)

with L(ϵ) = Lk+iϵ and f(ϵ) = f (k+iϵ). We want to study the convergence and limit of v(ϵ) as ϵ→ 0+ by
applying the following singular perturbation result from [29, Theorem 2.7 and Remark 2.8].
Lemma 4.2. Let I = (0, ϵ0) for some small ϵ0 > 0. Let K(ϵ) be compact operators from some Hilbert
space X into itself and f(ϵ) ∈ R(L(ϵ)) for all ϵ ∈ [0, ϵ0), where L(ϵ) := I − K(ϵ). Furthermore, let
L(ϵ) be one-to-one (thus invertible) for all ϵ ∈ I and let L(0) = I −K(0) have Riesz number one. Let
P : X → N := N(L(0)) be the projection onto the nullspace of L(0) along the direct decomposition
X = N ⊕R, where R = R(L(0)). Finally, let f(ϵ) and K(ϵ) be continuously differentiable functions in
ϵ ∈ [0, ϵ0) and let PL′(0)|N be an isomorphism from N onto itself, where L′(0) denotes the one-sided
derivative of L(ϵ) at ϵ = 0+.

Then the mapping ϵ 7→ v(ϵ) := [L(ϵ)]−1f(ϵ) has a continuous extension to [0, ϵ0) into X. The limit
v(0) = limϵ→0+ v(ϵ) is the unique solution of the system

L(0) v(0) = f(0), [PL′(0)] v(0) = Pf ′(0), (4.11)

where f ′(0) denotes the right-hand derivative of f(ϵ) at ϵ = 0. Moreover, there exist δ ∈ (0, ϵ0) and c > 0

such that

‖v(ϵ1)‖X ⩽ c
[

sup
ϵ∈[0,δ]

‖f(ϵ)‖X + sup
ϵ∈[0,δ]

‖f ′(ϵ)‖X
]

for all ϵ1 ∈ [0, δ].

The original version of Lemma 4.2 can be found in [8, Theorem 1.32, Subsection 1.4]. A more direct
proof is presented in [29] with the characterization of the equation (4.11) of the limiting solution. To apply
Lemma 4.2 to the operator equation (4.9), we set X = H1

per,0(Qh) and denote by P : H1
per,0(Qh) → N
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the projection operator. For ψ ∈ H1
per,0(Qh), it follows from the definitions of f (k) and Lk that (e.g.,

(4.7) and (4.8))

〈f(ϵ), ψ〉 = −2i(k + iϵ) cos θ e−i(k+iϵ)h cos θ

∫ 2π

0

ψ(x1, h) dx1,

〈L(ϵ)v, ψ〉 =
∫
Qh

[
∇v · ∇ψ − 2i(k + iϵ) sin θ

∂v

∂x1
ψ − (k + iϵ)2 cos2 θvψ

]
dx

− 2π
∑
n∈Z

i
√
(k + iϵ)2 − [n+ (k + iϵ) sin θ]2 vn ψn, (4.12)

where v(x1, h) =
∑

n∈Z vne
inx1 ∈ X and ψ(x1, h) =

∑
n∈Z ψne

inx1 ∈ X. From the above expressions, we
observe that f and L are differentiable with respect to ϵ in a neighborhood of 0 provided that k sin θ is
not a cut-off value. By Lemmas 4.1(iii), L(ϵ) is invertible and thus f(ϵ) ∈ R(L(ϵ)) for all ϵ > 0. On the
other hand, we have f(0) ∈ R, because by (i) and (ii) in Lemma 4.1, f(0) is orthogonal to N and X

admits the orthogonal decomposition X = N ⊕R.
Since the null space N consists of evanescent wave modes only and (I − P )h is orthogonal to N for

any h ∈ H1
per,0(Qh), it holds that

〈Pf(0), ψ〉 = 〈f(0), ψ〉 = −2ik cos θ e−ikh cos θ

∫ 2π

0

ψ(x1, h) dx1 = 0,

〈Pf ′(0), ψ〉 = 〈f ′(0), ψ〉 = 2 cos θ(1− ikh cos θ) e−ikh cos θ

∫ 2π

0

ψ(x1, h) dx1 = 0

for all ψ ∈ N . This implies that f(0), f ′(0) ∈ R and Pf(0) = Pf ′(0) = 0. On the other hand, simple
calculations show for v, ψ ∈ N that

〈PL′(0)v, ψ〉= 〈L′(0)v, ψ〉

=

∫
Qh

[
2 sin θ

∂v

∂x1
ψ − 2ik cos2 θvψ

]
dx+ 2iπ

∑
n∈Z:|n+α|>k

(n+ α) sin θ − k√
(n+ α)2 − k2

vn ψn. (4.13)

It remains to justify the one-to-one property of the mapping PL′(0)|N from N onto itself, which is given
by the lemma below.
Lemma 4.3. PL′(0) is one-to-one on N .
Proof. First, we show that

〈PL′(0)v, ψ〉 = 2

∫
Q∞

[
sin θ

∂v

∂x1
ψ − ik cos2 θ v ψ

]
dx (4.14)

for all v, ψ ∈ N , where v and ψ are extended into Q∞ \Qh by

v(x) =
∑

n∈Z:|n+α|>k

vn e
−
√

(n+α)2−k2(x2−h)+inx1 , x2 > h,

ψ(x) =
∑

n∈Z:|n+α|>k

ψn e
−
√

(n+α)2−k2(x2−h)+inx1 , x2 > h.

Indeed, we compute

2

∫
Q∞\Qh

[
sin θ

∂v

∂x1
ψ − ik cos2 θ v ψ

]
dx

= 4πi

∫ ∞

h

∑
n∈Z: |n+α|>k

vn ψn (sin θ n− k cos2 θ) e−2
√

(n+α)2−k2(x2−h)dx2

= 2πi
∑

n∈Z: |n+α|>k

vn ψn
sin θ n− k cos2 θ√

(n+ α)2 − k2
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= 2πi
∑

n∈Z: |n+α|>k

vn ψn
(n+ α) sin θ − k√

(n+ α)2 − k2
.

This in combination with (4.13) yields (4.14).
Assume now that 〈PL′(0)v, ·〉 vanishes identically on N for some v ∈ N . Then 〈PL′(0)v, v〉 = 0 and

thus

sin θ

∫
Q∞

∂v

∂x1
v dx = ik cos2 θ

∫
Q∞

|v|2dx. (4.15)

We substitute v(x) = e−ik sin θx1u(x) again and have

sin θ

∫
Q∞

[
−ik sin θ |u|2 + ∂u

∂x1
u

]
dx = ik cos2 θ

∫
Q∞

|u|2dx,

i.e.,
sin θ Im

∫
Q∞

∂u

∂x1
u dx = k

∫
Q∞

|u|2dx.

Now we use the fact that u is also an eigenfunction and thus∫
Q∞

[|∇u|2 − k2|u|2] dx = 0.

Hence,

‖∇u‖2L2(Q∞) = k2‖u‖2L2(Q∞)‖ = k

∣∣∣∣sin θ Im ∫
Q∞

∂u

∂x1
u dx

∣∣∣∣.
Supposing that ∇u does not vanish identically, we can estimate using |sin θ| < 1 that

‖∇u‖2L2(Q∞) < k‖u‖L2(Q∞)‖∂1u‖L2(Q∞) = ‖∇u‖L2(Q∞)‖∂1u‖L2(Q∞),

i.e., ‖∇u‖L2(Q∞) < ‖∂1u‖L2(Q∞), which is impossible. This implies that ∇u vanishes identically.
Therefore, u is constant and thus zero by the boundary condition.

Now, applying Lemma 4.2, we conclude that the unique solution v(ϵ) to (4.9) converges to v in X and
the limiting function v fulfils the equations

Lkv = f (k) and PL′(0)v = 0.

The second equation provides an additional constraint on v ∈ X (see (4.14)), i.e.,

0 =

∫
Q∞

[
sin θ

∂v

∂x1
ψ dx− ik cos2 θv ψ

]
dx for all ψ ∈ N . (4.16)

Setting u = eik sin θx1v and ϕ = eik sin θx1ψ, we return to quasi-periodic settings to get

sin θ

∫
Q∞

∂u

∂x1
ϕdx = ik

∫
Q∞

u ϕ dx

i.e., ∫
Q∞

(
sin θ

∂u

∂x1
− iku

)
ϕdx = 0 for all ϕ ∈ Xj , (4.17)

where Xj ⊂ H1
α,0(Qh) for all h > R denotes the eigenspace (2.4) corresponding to the propagative number

α̂j = k sin θ. If we make the ansatz (4.18) for u:

u = u0 +

mj∑
ℓ=1

cℓ ϕ̂ℓ,j in D, cℓ ∈ C, (4.18)



Hu G H et al. Sci China Math 17

where u0 ∈ H1
α,0(Qh) for all h > h0 is a particular solution (for example, given by Lemma 4.1(i)), then

it follows from (4.17) that
mj∑
l=1

[
sin θ

∫
Q∞

∂ϕ̂ℓ,j
∂x1

ϕdx− ik

∫
Q∞

ϕ̂ℓ,j ϕdx

]
cl =

∫
Q∞

(
sin θ

∂u0
∂x1

− iku0

)
ϕdx

for all ϕ ∈ Xj . Therefore, the coefficients cℓ should fulfill the finite-dimensional algebraic system
(A−B) C = Y with

C = (c1, c2, . . . , cmj
)⊤ ∈ Cmj×1, A = diag(aℓ,ℓ) ∈ Cmj×mj ,

B = (bℓ,ℓ′)
mj

ℓ,ℓ′=1 ∈ Cmj×mj , Y = (y1, y2, . . . , ymj )
⊤ ∈ Cmj×1

given by

yℓ :=

∫
Q∞

(
sin θ

∂u0
∂x1

− iku0

)
ϕl,j dx,

bℓ,ℓ′ := ik

∫
Q∞

ϕ̂ℓ′,j ϕ̂ℓ,j dx,

aℓ,ℓ := i/2 sin θ λℓ,j

for ℓ, ℓ′ = 1, 2, . . . ,mj . Note that in deriving the entries of A, we have used the normalizations (see (2.6))∫
Q∞

∂ϕ̂ℓ,j
∂x1

ϕ̂ℓ′,j dx = i
λℓ,j
2

δℓ,ℓ′ .

The well-posedness of scattering from unperturbed and perturbed periodic curves of Dirichlet kind is
summarized as follows.
Theorem 4.4. Let k > 0 be fixed and θ ∈ (−π/2, π/2) be an arbitrary angle. Set α = k sin θ and
suppose that α+ n 6= ±k for any n ∈ Z (i.e., α is not a cut-off value).

(i) In the unperturbed case, there exists a unique solution uunpert ∈ H1
α,loc,0(D) such that uscunpert :=

uunpert − uin satisfies the upward α-quasiperiodic Rayleigh expansion (2.2) as well as the constraint
condition ∫

Q∞

(
α
∂uunpert
∂x1

− ik2uunpert

)
ϕ̂ℓ,j dx = 0 (4.19)

for all ℓ = 1, 2, . . . ,mj, if α = k sin θ = αj for some j ∈ {1, 2, . . . , J} is a propagative number.
(ii) For locally perturbed periodic curves, there exists a unique solution u ∈ H1

α,loc,0(D̃) such that
u = uin + uscunpert + uscpert in ΣR, where uscunpert is given by the assertion (i) and uscpert ∈ H1

loc(ΣR) fulfills
the open waveguide radiation condition of Definition 2.5 and the radiating part of uscpert satisfies the
Sommerfeld radiation conditions of Definitions 2.7 and 2.8.
Proof. (i) By Lemma 4.1(i), existence of uunpert ∈ Hα,loc,0(D) follows from the Fredholm alternative
and uniqueness holds if α is not a propagative number. Now suppose that α = α̂j for some j ∈ J .
Multiplying the identity (4.17) by k gives the constraint condition (4.19). Assume that there are two
solutions u(1)unpert and u

(2)
unpert and set w = u

(1)
unpert − u

(2)
unpert. It then follows from the limiting absorption

argument that the periodic function v = e−iαx1w ∈ N fulfills the relation (4.16), i.e., 〈PK ′(0)v, ψ〉 = 0

for all ψ ∈ N . Applying Lemma 4.3 yields v = 0 and thus w = veiαx1 = 0.
(ii) Once the unperturbed scattering problem is uniquely solvable, the uniqueness and existence of

uscpert can be justified in the same way as in [19, Theorem 4.7].

As a corollary of Theorem 4.4(i), we obtain well-posedness of the following quasi-periodic boundary
value problem:

∆v + k2v = 0 in D, v = −g on Γ, (4.20)
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where g = w|Γ ∈ H
1/2
α (Γ) with the function w of the form

w(x) =
∑

n∈Z: |αn|<k

cn e
i(α+n)x1−iβnx2 , cn ∈ C, x ∈ Q∞.

Corollary 4.5. Let α ∈ R be arbitrary. The quasi-periodic boundary value problem (4.20) always
admits a unique solution v ∈ H1

α(Qh) for all h > h0, which fulfills the Rayleigh expansion condition (2.2).
In the case where α = α̂j is a critical wavenumber, the unique solution v is additionally required to satisfy
the orthogonal relation ∫

Q∞

(
α
∂(v + w)

∂x1
− ik2(v + w)

)
ϕ̂ℓ,j dx = 0

for all ℓ = 1, 2, . . . ,mj.
Remark 4.6. It remains unclear to us whether the boundary value problem (4.20) with a general
g ∈ H

1/2
α (Γ) is well-posed. For example, g is the restriction to Γ of the incoming surface wave eiαnx1−iβnx2

with |αn| > k. In such a case, the function f (k) on the right-hand side of the variational formulation
(4.9), which can be expressed as

〈f (k), ψ〉 := −2iβn e
−iβnh

∫ 2π

0

ψ(x1, h)e
inx1 dx1 for all ψ ∈ X

does not belong to the range of L(k). In fact, f (k) is not orthogonal to the null space N of L(k). However,
if Γ is given by a Lipschitz graph, it is well known that the boundary value problem (4.20) admits a
unique solution satisfying the α-quasiperiodic upward Rayleigh expansion condition.
Remark 4.7. For plane waves, the approach of using the limiting absorption principle presented in
this subsection also applies to the Neumann boundary condition as well as transmission conditions for
penetrable gratings.

4.2 Methods of approximation by point sources

In this section, we provide another proof of Theorem 4.4 by approximating a plane wave with point source
waves. We prove that, when the location of the source tends to infinity, the total fields excited by point
sources converge to the total field of a plane wave and the limiting solution fulfills the same orthogonal
constraint condition (4.19) at a critical wavenumber.

We first consider the unperturbed scattering problem.
Theorem 4.8. Let Assumptions 2.3 and 2.4 hold and write θ̂ = (sin θ,− cos θ)⊤ ∈ R2 with a fixed
θ ∈ (−π/2, π/2). Assume that

(i) α := k sin θ is not a cut-off value in the sense of Definition 2.1(i);
(ii) the function v(·; θ̂) ∈ H1

α,loc,0(D) given by Theorem 4.4(i) is the unique solution to the unperturbed
scattering problem corresponding to the plane wave uin(x; θ̂) = eikx·θ̂.

Let Gt = G(·; zt) with zt := −tθ̂ = (−t sin θ, t cos θ) be the unique total field of the unperturbed scattering
problem of the point source at zt for t cos θ > 2h0 (see Proposition 2.10). Then we have the convergence

1

γ
lim
t→∞

[
√
te−iktGt(x)] = v(x; θ̂) in H1(Qh), γ :=

eiπ/4√
8kπ

(4.21)

for any h > h0.
Remark 4.9. The limiting function in (4.21) relies essentially on the form of the unique solution v(·; θ̂)
to the unperturbed scattering problem, if k sin θ̂ happens to be a critical wavenumber. In this paper, v is
derived from the LAP for approximating wave-numbers. However, the analytical continuation arguments
with respect to α or the LAP for approximating the refractive index in a slab lead to a limiting solution
satisfying constraint conditions different from (4.19); see [29]. If k sin θ̂ is not a critical wavenumber, the
limiting solutions obtained from these different approximation arguments are identical.
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Proof. We carry out the proof following the lines in the proof of [29, Theorem 5.2] for inhomogeneous
periodic layers. The proof will be divided into four steps.
Step 1. Reduction to the convergence proof for part of the radiating part.

As done in the proof of Theorem 3.1(ii), for each zt we choose a t-dependent cut-off function χt ∈
C∞

0 (R2) with χt(x) = 1 for |x − zt| < ϵ/2 and χt(x) = 0 for |x − zt| ⩾ ϵ, where ϵ > 0 is fixed. Then
wt := Gt − χt Φ(·; zt) ∈ H1

loc(D) coincides with Gt for |x− zt| ⩾ ϵ and satisfies ∆wt + k2wt = −ft in D

and wt = 0 on Γ, where

ft := ∆χt Φ(·, zt) + 2∇χt · ∇xΦ(·, zt) = (∆ + k2)[(χt − 1)Φ(·, zt)] ∈ L2(D)

has compact support. Let wt,rad and wt,prop be the radiating and propagating parts of wt, respectively.
The radiating part wt,rad satisfies the inhomogeneous Helmholtz equation

(∆ + k2)wt,rad = −ft − gt in D, wt,rad = 0 on Γ, (4.22)

where

gt := (∆ + k2)wt,prop =
∑
j∈J

mj∑
l=1

al,j(t)φl,j

and

φℓ,j(x) =


2ψ′

+(x1)
∂ϕ̂ℓ,j(x)

∂x1
+ ψ′′

+(x1) ϕ̂ℓ,j(x), if λℓ,j > 0,

2ψ′
−(x1)

∂ϕ̂ℓ,j(x)

∂x1
+ ψ′′

−(x1) ϕ̂ℓ,j(x), if λℓ,j < 0.

(4.23)

Note that gt is supported in the x1-direction and exponentially decays in the x2-direction and that
the well-posedness of wt,rad is a consequence of [19, Theorem 4.5]. The coefficients al,j(t) ∈ C of the
propagating part wt,prop have been computed explicitly in Theorem 3.1(ii), given by (see (3.3))

al,j(t) =
2πi

|λℓ,j |
ϕ̂ℓ,j(zt) for all j ∈ J, l = 1, 2, . . . ,mj .

This implies that

|al,j(t)| ⩽ ce−δt, ‖gt‖L∞(D) ⩽ ce−δt for all t ⩾ 2h0/ cos θ, (4.24)

with some c > 0 independent of t. The same estimate holds for the propagating part (see (2.7)):

‖wt,prop‖L∞(D) ⩽ C
∑
j∈J

mj∑
l=1

|al,j(t)| ⩽ Ce−δt for all t ⩾ 2h0/ cos θ. (4.25)

The form of wt leads to a decomposition of Gt as follows:

Gt = wt + χtΦ(· ; zt) = wt,rad + wt,prop + χtΦ(· ; zt).

Hence, the radiating part Gt,rad of Gt equals wt,rad + χtΦ(· ; zt), while the propagating part Gt,prop

coincides with wt,prop. By (4.25) and the definition of χt,
√
te−ikt‖wt,prop(·) + χtΦ(· ; zt)‖H1(Qh) → 0 as t→ ∞

for any fixed h > h0. Therefore, it remains to consider the convergence of wt,rad as t→ ∞.
Step 2. Floquet-Bloch transform wt,rad to a family of quasi-periodic problems.

For g ∈ C∞
0 (R), the Floquet-Bloch transform F is defined by

(Fg)(x1, α) :=
∑
n∈Z

g(x1 + 2πn) e−i2πnα, x1 ∈ R, α ∈ [−1/2, 1/2].
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The transform F extends to a unitary operator from L2(R) to L2((−1/2, 1/2) × (0, 2π)). If g depends
on two variables x1 and x2, then the symbol F means the Floquet-Bloch transform with respect to x1.
The inverse Floquet-Bloch transform is defined by g =

∫ 1/2

−1/2
(Fg)(·, α)dα. Taking the Floquet-Bloch

transform on both sides of the equation (4.22) yields

(∆ + k2)wt,α = −(Fft)(·, α)− (Fgt)(·, α) in Q∞, wt,α = 0 on Γ, (4.26)

where wt,α = (Fwt,rad)(·, α) ∈ L2((−1/2, 1/2),H1
α,0(Q∞)) (see [34]). Here, H1

α,0(Q∞) is defined as the
restriction of H1

α,loc,0(D) to Q∞. The above equation is understood in the variational sense that∫
Q∞

[∇wt,α · ∇ψ − k2wt,αψ] dx =

∫
Q∞

[(Fft)(x, α) + (Fgt)(x, α)]ψ dx (4.27)

for all ψ ∈ H1
α,0(Q∞). We know from Theorem 3.1(ii) and [19, Theorem 3.5] that for each t > 2h0/ cos θ,

this variational formulation is solvable for all α ∈ R under the generalized Rayleigh expansion condition
(2.8) of wt,α, due to the orthogonality of the right-hand side of (4.26) with the null space Xα by the
choice of al,j(t). Let vt,α ∈ H1

α(Uh0
) be the unique solution of the equation

(∆ + k2)vt,α = −(Fft)(·, α)− (Fgt)(·, α) in Uh0 , vt,α = 0 on Γh0 ,

together with the generalized Rayleigh expansion condition (2.8) in x2 > h0. It is easy to observe that∫
Uh0

[∇(wt,α − vt,α) · ∇ψ − k2(wt,α − vt,α)ψ] dx =

∫
Γh0

(T̃kwt,α) ψ ds (4.28)

for all ψ ∈ H1
α,0(Q∞), where T̃k denotes the α-quasiperiodic Dirichlet-to-Neumann map defined by (4.3).

Simple calculations using (4.27) and (4.28) show that the variational equation for wt,α can be equivalently
written as

(Lαwt,α, ψ)H1(Qh0
) :=

∫
Qh0

[∇wt,α · ∇ψ − k2wt,αψ] dx−
∫
Γh0

T̃kwt,αψ ds

=

∫
Qh0

(Fgt)(x, α)ψ dx+

∫
Γh0

∂vt,α
∂ν

ψ ds (4.29)

for all ψ ∈ H1
α,0(Qh0

), which is defined as the restriction of H1
α,0(Q∞) to Qh0

. Note that by the choice
of the cut-off function χt with t cos θ > 2h0, the function ft and thus Fft vanish in Qh0

. Moreover, we
recall from [29, Lemma 5.3] that the normal derivative ∂νvt,α(x1, h0) can be computed explicitly as

∂vt,α(x1, h0)

∂x2
=

1

2π

∑
l∈Z

ei
√

k2−(l+α)2(t cos θ−h0) ei(l+α)(x1+t sin θ)

+
1√
2π

∑
l∈Z

∫ ∞

h0

(Fgt)l(y2, α)e
i
√

k2−(l+α)2(y2−h0) dy2 e
i(l+α)x1 ,

where (Fgt)l(y2, α) are the Fourier coefficients of (Fgt)l(·, y2, α), defined by

(Fgt)l(y2, α) =
1√
2π

∫ 2π

0

(Fgt)l(y1, y2, α)e
−i(l+α)y1dy1.

Hence, we get a family of quasi-periodic operator equations

Lαwt,α = rt,α in H1
α,0(Qh0

),

where rt,α ∈ H1
α,0(Qh0) is defined by

(rt,α, ψ)H1(Qh0
) :=

∫
Qh0

(Fgt)(x, α)ψ dx+
1√
2π

∑
l∈Z

ei
√

k2−(l+α)2(t cos θ−h0)+i(l+α)t sin θ ψl(h0)
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+
∑
l∈Z

ψl(h0)

∫ ∞

h0

(Fgt)l(y2, α)e
i
√

k2−(l+α)2(y2−h0) dy2.

By the definition of gt, F and the estimate of al,j(t) (see (4.24)), it follows that

|(Fgt)(x, α)|+ |∂α(Fgt)(x, α)| ⩽ c e−δ(t+|x2|) in x2 > h0 (4.30)

for all t > 0 and α ∈ [−1/2, 1/2].
Step 3. Prove the convergence of the dominant part of Gt as t tends to infinity.

Let k = l̃ + κ with l̂ ∈ Z and κ ∈ (−1/2, 1/2]. Then ±κ are cut-off values, and they can decompose
the interval [−1/2, 1/2] into at most three open intervals I1 ∪ I2 ∪ I3 such that their interiors are disjoint.
Note that some of these intervals can degenerate into points, and the cut-off values are contained in the
boundary points of Im, m = 1, 2, 3. Write k sin θ = l̃ + α̃ with l̃ ∈ Z and α̃ ∈ (−1/2, 1/2]. Since k sin θ
is not a cut-off value, we suppose without loss of generality that α̃ ∈ Im̃ is an interior point for some
m̃ ∈ {1, 2, 3}. Next, we find a subset L ⊂ {−l̃, . . . , l̃} ⊂ Z such that

|α+ l| < k for all α ∈ Im̃, l ∈ L,
|α+ l| > k for all α ∈ Im̃, l ∈ Z\L.

To find the dominant part of Gt, we decompose the Floquet-Bloch transform of the fundamental
solution Φt(x) = Φ(x; zt) with t cos θ > 2h0 and x ∈ Qh0 into

Φt,α(x) = (FΦt)(x, α) =
i

4π

∑
l∈Z

ei(α+l)(x1+t sin θ)+i
√

k2−(l+α)2(t cos θ−x2)√
k2 − (l + α)2

= Φ
(1)
t,α +Φ

(2)
t,α,

where Φ
(2)
t,α := Φt,α − Φ

(1)
t,α with

Φ
(1)
t,α(x) :=

i

4π

∑
l∈L

eit[(α+l) sin θ+
√

k2−(l+α)2 cos θ]√
k2 − (l + α)2

vinl,α(x), vinl,α(x) := ei((α+l)x1−
√

k2−(l+α)2x2).

Note that the Floquet-Bloch transform of Φ(x; y) is nothing else but the quasi-periodic fundamental
solution to the Helmholtz equation. For l ∈ L, vinl,α is an incident plane wave with the unit direction
(α + l,−

√
k2 − (l + α)2)/k. We denote by vl,α the unique α-quasiperiodic total field generated by vinl,α

(see Theorem 4.4(i)). In particular, vl̃,α̃ = v(·; θ̂) when l = l̃ and α = α̃. We remark that vl,α is required
to satisfy the orthogonal condition (4.19), if α is a critical wavenumber. By linear superposition, the
total field excited by Φ

(1)
t,α, which we denote by w(1)

t,α, can be represented as

w
(1)
t,α(x) =

i

4π

∑
l∈L\{l̃}

eit[(α+l) sin θ+
√

k2−(l+α)2 cos θ]√
k2 − (l + α)2

vl,α(x) +Wt,α(x),

Wt,α(x) :=
i

4π

eit[(α+l̃) sin θ+
√

k2−(l̃+α)2 cos θ]√
k2 − (l̃ + α)2

vl̃,α(x).

It was proved in [29] that the inverse Floquet-Bloch transform of w(1)
t,α (more precisely, Wt,α) constitutes

the dominant part of Gt as t→ ∞. In fact, using stationary arguments, one deduces that (see, e.g., [29,
Section 5]) ∫

Im̃

Wt,α(x) dα = γ
eitk√
t
v(x; θ̂) + o(t−1/2),

and using partial integration yields (see Appendix A.2)∫
Im̃

[w
(1)
t,α(x)−Wt,α(x)] dα = O(t−1),

∫
[−1/2,1/2]\Im̃

w
(1)
t,α(x) dα = O(t−1), (4.31)
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as t→ ∞. This proves

lim
t→∞

[√
te−ikt

∫ 1/2

−1/2

w
(1)
t,α(x) dα

]
= v(x; θ̂) in H1(Qh), h > h0.

Step 4. Show the decay of the remaining part.
To prove (4.21), we only need to show for w(2)

t,α := wt,α − w
(1)
t,α that

lim
t→∞

[√
te−ikt

∫ 1/2

−1/2

w
(2)
t,α(x) dα

]
= 0 in H1(Qh), h > h0. (4.32)

Recalling the variational formulation for the total field w
(1)
t,α (see (4.29) for the definition of Lα), i.e.,

(Lαw
(1)
t,α, ψ)H1(Qh0

) :=
1√
2π

∑
l∈L

ei
√

k2−(l+α)2(t cos θ−h0)+i(l+α)t sin θ ψl(h0)

for all ψ ∈ H1
α,0(Qh0), we find that w(2)

t,α are solutions of Lαw
(2)
t,α =

∑3
j=1 r

(j)
t,α, where

(r
(1)
t,α, ψ)H1(Qh0

) :=

∫
Qh0

(Fgt)(x, α)ψ dx,

(r
(2)
t,α, ψ)H1(Qh0

) :=
1√
2π

∑
l/∈L

e−
√

(l+α)2−k2(t cos θ−h0)+i(l+α)t sin θ ψl(h0),

(r
(3)
t,α, ψ)H1(Qh0

) :=
∑
l∈Z

ψl(h0)

∫ ∞

h0

(Fgt)l(y2, α)e
i
√

k2−(l+α)2(y2−h0) dy2.

Since every cut-off value is assumed to be no critical wavenumber, one may divide the interval [−1/2, 1/2]

into the union Λ1 ∪Λ2 of two types of closed sub-intervals with non-intersecting interiors, where Λ1 does
not contain any critical wavenumber and Λ1 contains no cut-values. In Λ1, one can deduce from the
decaying of Fgt (see (4.30)) and partial integration that (see [29] for the details)∫

Λ1

‖w(2)
t,α‖H1(Qh0

) dα ⩽ c

(∑
l/∈L

∫
Λ1

e−t
√

(l+α)2−k2 cos θdα

)1/2

⩽ c t−1.

Since r(j)t,α are differentiable with respect to α ∈ Λ2 for j = 1, 2, 3, the integral over Λ2 can be estimated
by applying Lemma 4.2 to get (see also [29])∫

Λ2

‖w(2)
t,α‖H1(Qh0

) dα ⩽ c te−δt for all t cos θ ⩾ 2h0.

Combining the previous two estimates yields (4.32) and thus finishes the proof of Theorem 4.8.

Now we study the limit of Green’s function to the locally perturbed scattering problem when the source
position tends to infinity.
Theorem 4.10. Let Assumptions 2.3, 2.4 and 2.6 hold and write θ̂ = (sin θ,− cos θ)⊤ ∈ R2 with
θ ∈ (−π/2, π/2). Assume that α := k sin θ is not a cut-off value in the sense of Definition 2.1(i). Let
ut = u(·; zt) with zt := −tθ̂ be the unique total field of the perturbed scattering problem of the point source
at zt for t cos θ > 2h0 (see Proposition 2.10), which satisfies the open waveguide radiation condition of
Definition 2.5. Then we have the convergence

1

γ
lim
t→∞

[
√
te−iktut(x)] = w(x; θ̂) in H1(D̃R), γ :=

eiπ/4√
8kπ

(4.33)

for any R > π, where w ∈ H1
loc,0(D̃) with the decomposition w = uin + uscunpert + uscpert in ΣR denotes

the unique solution to the perturbed scattering problem corresponding to the plane wave uin(x; θ̂) = eikx·θ̂

specified in Theorem 4.4(ii).
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Remark 4.11. In the absence of the defect, ut coincides with Green’s function Gt to the scattering
problem in perfectly periodic structures, and w = uin + uscpert coincides with the limiting function v

specified in Theorem 4.8.
Proof. By the proof of Proposition 2.10 (see [19]), the total field ut can be decomposed into ut = Gt

+ usct,pert in ΣR, where Gt is Green’s function to the unperturbed scattering problem and usct,pert
corresponding to the defect satisfies the open waveguide radiation condition. It follows from Theorem 4.8
that

1

γ
lim
t→∞

[
√
te−ikt Gt] = uin + uscunpert =: win in H1(Qh) (4.34)

for all h > h0. To prove the convergence (4.33), we define

vt := 1/γ
√
te−iktut − w in D̃,

which can be considered as the total field corresponding to vint := 1/γ
√
te−iktGt−win. It is obvious that

vt − vint fulfills the open waveguide radiation condition.
Choose R > π such that there is no bound state to the Helmholtz equation over the domain ΣR and that

k2 is not the Dirichlet eigenvalue of the negative Laplacian operator over D̃R. We suppose without loss
of generality that the domain D̃R is Lipschitz. Otherwise, one can slightly change the shape of CR to get
a Lipschitz domain. On the artificial curve CR, one may construct the Dirichlet-to-Neumann operator Λ

that is equivalent to the open waveguide radiation condition. The operator Λ : H
1/2
0 (CR) → H−1/2(CR)

has been proved to be bounded and −Λ can be decomposed into the sum of a coercive operator and a
compact operator; see [19, Lemma 3.9]. With the aid of this DtN operator, one deduces the following
boundary value problem for vt ∈ {u ∈ H1(D̃R) : u = 0 on ∂D̃R ∩ Γ̃}:

(BVP) :

{
(∆ + k2)vt = 0 in D̃R,

∂νvt = Λ vt + (∂νv
in
t − Λvint ) on CR,

where ν denotes the normal direction at CR pointing into ΣR. The well-posedness of the above boundary
value problem follows from mapping properties of the DtN operator together with the assumption that
there is no bound state over D̃ (see [19, Theorem 2.9(ii)]). Hence, using (4.34) and the boundedness of
Λ, we arrive at

‖vt‖H1(D̃R) ⩽ c ‖∂νvint − Λvint ‖H−1/2(CR) ⩽ c ‖vint ‖H1(DR) → 0,

as t→ ∞, which proves (4.34).

5 Uniqueness results to inverse scattering

This section is concerned with uniqueness in determining the shape and location of the defect Γ̃\Γ from
near/far-field data incited by plane or point source waves at a fixed wavenumber. We suppose that the
unperturbed grating profile Γ = ∂D is a priori known with the period 2π. Although we only discuss a
localized defect appearing on the scattering interface, the uniqueness results of this section carry over to
a perturbation caused by a bounded Dirichlet obstacle embedded inside D.

5.1 Uniqueness with infinitely many point source waves

Let G(x; y) (x 6= y) be the total field (Green’s function) to the perturbed scattering problem with
uin = Φ(x; y); see Proposition 2.10.
Theorem 5.1. Let Γ̃ be a local perturbation of the periodic curve Γ and suppose that max{x2 : x ∈
Γ ∪ Γ̃} < h for some h ∈ R. Then Γ̃ can be uniquely determined by the near-field measurement data
{G(x1, h; yj) : x1 ∈ (a, b), yj ∈ Uh, j = 1, 2, . . .}, incited by infinitely many point source waves.
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Proof. Suppose that there are two local perturbations Γ̃1 and Γ̃2 which both lie below the line x2 = h.
Denote by Gℓ(x; yj) (ℓ = 1, 2) the total fields corresponding to Γ̃ℓ and the incoming source wave Φ(x; yj),
and let D̃j be the domain above Γ̃j . Assuming

G1(x1, h; yj) = G2(x1, h; yj) for all x1 ∈ (a, b), j ∈ N, (5.1)

we need to prove Γ̃1 = Γ̃2. By the analyticity of Gℓ(·; yj) on x2 = h, we deduce from (5.1) that G1(x; yj) =

G2(x; yj) on x2 = h for all j ∈ N. With the open waveguide radiation condition of Definition 2.5, there
exists a unique solution to the Dirichlet boundary value problem of the Helmholtz equation in the upper
half-plane x2 > h; we refer to Lemma 5.2 and Remark 5.3 below for the proof. Hence, for fixed j ∈ N,
the functions G1(·; yj) and G2(·; yj) must coincide in x2 > h and by unique continuation also coincide
in Ω\{yj}, where Ω denotes the unbounded component of D̃1 ∩ D̃2. Consequently, the total fields Gℓ

(ℓ = 1, 2) vanish on ∂Ω.
If Γ̃1 6= Γ̃2, we derive a contradiction as follows. Switching the notation if necessary, we can assume

that (see Figure 2)

D∗ = [(D̃1 ∪ D̃2) \Ω ] ∩ D̃1 6= ∅.

It is obvious that ∂D∗ ⊂ Γ̃1 ∪ (Γ̃2 ∩ ∂Ω). Noting that yj /∈ D∗ and G1 = G2 = 0 on Γ̃2 ∩ ∂Ω, we obtain

(∆ + k2)G1(x; yj) = 0 in D∗, G1(·; yj) = 0 on ∂D∗

for all j ∈ N. This implies that there exist infinitely many Dirichlet eigenfunctions G1( · ; yj) for the
negative Laplacian operator over the bounded domain D∗ with the eigenvalue k2. Now, it suffices to
show the linear independence of G1( · ; yj), which together with the finite-dimensional Dirichlet eigenspace
(irrespective of boundary regularities) could lead to a contradiction. Assume that

M∑
j=1

λj G1(x; yj) = 0, x ∈ D∗

for some constants λj ∈ C, where yj ∈ Uh for j = 1, 2, . . . ,M are distinct point sources. Since D∗ ⊂ D̃1,
applying the unique continuation yields

J∑
j=1

λj G1(x; yj) = 0 for all x ∈ D̃1\{yj}Mj=1. (5.2)

Figure 2 (Color online) Illustration of the gap domain D∗ ⊂ D̃1\D̃2 between two local perturbations. Here, Γ̃1 = Γ is
identical with the unperturbed grating curve
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Now, letting x → yj in (5.2) and using the boundedness of G1(yj ; yℓ) for ℓ 6= j, we obtain λj = 0. The
arbitrariness of j = 1, 2, . . . , J implies that the total fields corresponding to different point sources are
indeed linearly independent. This finishes the proof of Γ̃1 = Γ̃2.

In the proof of Theorem 5.1, we need the following uniqueness result to the homogeneous Dirichlet
boundary value problem of the Helmholtz equation in the half plane x2 > h. Let σ > 0 be the parameter
of the cut-off function given in Definition 2.5.
Lemma 5.2. Let u ∈ H1

loc(Uh) be a solution of the Helmholtz equation ∆u+ k2u = 0 in Uh such that
u = 0 on x2 = h. Furthermore, let u be of the form u = urad + uprop where urad ∈ H1(Uh \ UH) for all
H > h satisfies the generalized angular spectrum radiation condition (2.8) and uprop =

∑
j∈J uj where

uj =
∑mj

ℓ=1 a
±
ℓ,j ϕ̂ℓ,j for ±x1 ⩾ σ. Then u vanishes in Uh.

Proof. Let I ⊂ R be any bounded interval. Set In = {t+ 2πn : t ∈ I} for n ∈ Z. Then, for sufficiently
large n > 0, ∑

j∈J

e2πnαj i

∫
I

uj(x1, h) dx1 =
∑
j∈J

∫
I

uj(x1 + 2πn, h) dx1 =

∫
In

uprop(x1, h) dx1

=−
∫
In

urad(x1, h) dx1 → 0

as n → ∞. Here, we have used the quasiperiodicity of ϕ̂l,j and the definition of uprop. Set bj :=∫
I
uj(x1, h) dx1 for abbreviation. Then

∑
j∈J bj e

2πnαj i tends to zero as n → ∞. By induction with
respect to |J | (number of elements), one proves that all bj vanish. Indeed, this is obviously true for
|J | = 1. Let it hold for |J | = p and let Ĵ = J ∪ {αℓ} with |J | = p and αℓ /∈ {αj : j ∈ J} and∑

j∈J

bj e
2πnαj i + bℓ e

2πnαℓi → 0, n→ ∞. (5.3)

Multiplication of this formula by e2παℓi yields the first of the following formula:∑
j∈J

bj e
2πnαj i e2παℓi + bℓ e

2π(n+1)αℓi → 0, n→ ∞,

∑
j∈J

bj e
2π(n+1)αj i + bℓ e

2π(n+1)αℓi → 0, n→ ∞.

Note that the second one is (5.3) for n+ 1 instead of n. Subtraction of the previous two relations yields∑
j∈J

bj e
2πnαj i [e2παℓi − e2παj i] → 0, n→ ∞.

Now we apply the assumption of induction to b̃j = [e2παℓi − e2παj i]bj which gives bj = 0 for all j ∈ J and
thus also bℓ = 0.

Therefore,
∫
I
uj(x1, h) dx1 = 0 for all j ∈ J and all intervals I. This proves that uprop vanishes for

x1 > σ. The same argument for n → −∞ yields that uprop vanishes for x1 < −σ. Therefore, u itself
satisfies the generalized angular spectrum radiation condition and vanishes for x2 = h. This yields u = 0

by arguing the same as in the proof of the last assertion of [28, Appendix, Lemma 7.1].

Remark 5.3. If u vanishes on a locally perturbed periodic curve Γ̃ instead of the straight line x2 = h,
it follows from [19, Theorem 2.8] that we still have uprop = 0. However, u = urad ∈ H1

0 (D̃) becomes a
bound state over the domain D̃; see [19, Theorem 2.9]. The above lemma presents a simple proof for the
vanishing of the propagating part when Γ̃ = ∂D̃ is a straight line.

The proof of Theorem 5.1 does not carry over to the Neumann boundary condition, because
the property of a finite-dimensional eigenspace in the Neumann case requires boundary smoothness
assumptions which usually cannot be fulfilled. Below, we present another proof relying on the blowing
up argument of [22, 30], which applies to the Neumann and impedance boundary conditions, provided
that the well-posedness of forward scattering problems can be justified.
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Theorem 5.4. Under the assumption of Theorem 5.1, the locally perturbed defect Γ̃ can be uniquely
determined by the near-field measurement data

{G(x1, h; y1, h) : x1 ∈ (a, b), y1 ∈ (c, d)}.

Here, (a, b), (c, d) ⊂ R are finite intervals without intersections.
Proof. We keep the notations in the proof of Theorem 5.1 to obtain

G1(x; y1, h) = G2(x; y1, h) for all x ∈ Ω, y1 ∈ (c, d). (5.4)

Using the symmetry of Gℓ(x; y) (see Theorem 3.1), we deduce from (5.4) and the unique continuation
that

Gsc
1 (x; y) = Gsc

2 (x; y) for all x, y ∈ Ω, x 6= y. (5.5)

If Γ̃1 6= Γ̃2, without loss of generality, we can choose a point y∗ and a sub-boundary S of Γ̃1 such that
y∗ ∈ S ⊂ (∂Ω ∩ Γ̃1) ∩ D̃2 and

y(m) := y∗ + ν(y∗)/m ∈ Ω ∩ D̃2

for all m ⩾ M with some M ∈ N, where ν(y∗) ∈ S := {x ∈ R2 : |x| = 1} denotes the unit normal
direction at y∗ ∈ Γ̃1 pointing into D̃1. Since y∗ is bounded away from Γ̃2, well-posdness of the forward
scattering problem for Γ̃2 implies that

lim
m→∞

‖Gsc
2 (x; y(m))‖H1/2(S) = ‖Gsc

2 (x; y∗)‖H1/2(S) <∞. (5.6)

On the other hand, it follows from the Dirichlet boundary condition Gsc
1 (x; y∗) = −Φ(x; y∗) on S that

lim
m→∞

‖Gsc
1 (x; y(m))‖H1/2(S) = ‖Φ(x; y∗)‖H1/2(S) = ∞, (5.7)

due to the singular behaviour Φ(x; y∗) = O(ln |x− y∗|) as |x− y∗| → 0. The previous two relations (5.6)
and (5.7) obviously contradict the identity (5.5). This contradiction proves that Γ̃1 = Γ̃2.

5.2 Uniqueness with infinitely many plane waves

Let uin be a plane wave with a fixed wavenumber k > 0. To specify the dependence on the incident angle
θ ∈ (−π/2, π/2), we rewrite the unique total field u ∈ H1

loc,α,0(D̃) to the perturbed scattering problem
as (e.g., Theorem 4.4(ii))

u(x; θ) = uunpert(x; θ) + uscpert(x; θ) in ΣR, (5.8)

where uunpert(x; θ) = uin(x; θ)+uscunpert(x; θ) ∈ H1
α,loc,0(D) is the total field to the unperturbed scattering

problem, and uscpert(x; θ) ∈ H1
loc(ΣR) is caused by the local defect which fulfils the open waveguide

radiation condition of Definition 2.5. Note that, if k sin θ = α̂j + n for some n ∈ Z and some critical
wavenumber α̂j (j ∈ J), the unperturbed total field uunpert is supposed to fulfil the additional constraint
of Theorems 4.4 and 4.8.
Theorem 5.5. Let Γ̃ be a local perturbation of the periodic curve Γ and suppose that max{x2 : x ∈
Γ ∪ Γ̃} < h for some h ∈ R. Then Γ̃ can be uniquely determined by the near-field measurement data
{u(x1, h; θm) : x1 ∈ (a, b),m = 1, 2, . . .}, incited by infinitely many plane waves with distinct incident
angles θm ∈ (−π/2, π/2).
Proof. We carry out the proof in the same way as in the proof of Theorem 5.1. It suffices to prove the
linear independence of the total fields caused by different directions.

Set α(n) := k sin θn for n = 1, . . . , N . We recall that the total field un corresponding to the incident
angle θn has the decomposition into un = uinn +uscn,unpert +uscn,pert, where uinn (x) = eiα(n)x1−i

√
k2−α(n)2x2 ,
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uscn,pert satisfies the open waveguide radiation condition and uscn,unpert is α(n)-quasi-periodic, i.e., it has a
Rayleigh expansion in the form

uscn,unpert(x) =
∑
ℓ∈Z

uℓ,n e
i
√

k2−(ℓ+α(n))2x2 ei(ℓ+α(n))x1 , x2 ⩾ h.

Let now
∑N

n=1 λnun = 0 in D̃. For fixed m ∈ {1, . . . , N}, R > 0 and x2 > h, we have

0 =
1

2R

N∑
n=1

λn

∫ R

−R

un(x) e
−iα(m)x1 dx1

=
N∑

n=1

λn e
−i
√

k2−α(n)2x2
1

2R

∫ R

−R

ei(α(n)−α(m))x1 dx1

+
N∑

n=1

∑
ℓ∈Z

λn uℓ,n e
i
√

k2−(ℓ+α(n))2x2
1

2R

∫ R

−R

ei(ℓ+α(n)−α(m))x1 dx1

+
1

2R

∫ R

−R

uscn,pert(x) e
−iα(m)x1 dx1. (5.9)

We first estimate the first and second terms on the right-hand side of the above relation. It is obvious
that there exists δ > 0 such that

min{|ℓ+ α(n)− α(m)| : n,m ∈ {1, . . . , N}, ℓ ∈ Z, ℓ+ α(n)− α(m) 6= 0} > δ.

In the particular case where ℓ = 0, we have

|α(n)− α(m)| > δ for all n 6= m, n,m = 1, 2, . . . , N,

because α(n) 6= α(m) for n 6= m. We explicitly compute the first and second integrals as follows:

N∑
n=1

λn e
−i
√

k2−α(n)2x2
1

2R

∫ R

−R

ei(α(n)−α(m))x1 dx1

= λm e−i
√

k2−α(m)2x2 +

N∑
n̸=m,n=1

λn e
−i
√

k2−α(n)2x2
1

R

sin[α(n)− α(m)R]

α(n)− α(m)

= λm e−i
√

k2−α(m)2x2 +O(1/R)

and
N∑

n=1

∑
ℓ∈Z

λn uℓ,n e
i
√

k2−(ℓ+α(n))2x2
1

2R

∫ R

−R

ei(ℓ+α(n)−α(m))x1 dx1

=
N∑

n=1

∑
ℓ∈Z

λn uℓ,n e
i
√

k2−(ℓ+α(n))2x2
sin[(ℓ+ α(n)− α(m))R]

(ℓ+ α(n)− α(m))R

= ei
√

k2−α(m)2x2

∑
n,ℓ:ℓ+α(n)=α(m)

λn uℓ,n +O(1/R).

Next, we estimate the third term of (5.9). By the definition of the open waveguide radiation condition,
we can decompose uscn,pert into the sum uscn,pert = usc,propn,pert +usc,radn,pert in D̃, where the radiating part usc,radn,pert ∈
H1(Wh), and the propagating part usc,propn,pert is of the form (2.7). The term involving usc,radn,pert converges to
zero as R→ ∞, because

1

2R

∣∣∣∣∫ R

−R

usc,radn,pert(x1, x2) e
−iα(m)x1 dx1

∣∣∣∣⩽ 1

2R

∫ R

−R

|usc,radn,pert(x1, x2)| dx1
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⩽ 1√
2R

‖usc,radn,pert(·, x2)‖L2(R)

for all x2 ⩾ h. To estimate the propagating part, we observe that for x2 > h, it has the form

usc,propn,pert (x) = ψ+(x1)
∑
j∈J

∑
ℓ:|ℓ+α̂j |>k

c+ℓ,j,n e
−
√

(ℓ+α̂j)2−k2x2 ei(ℓ+α̂j)x1

+ψ−(x1)
∑
j∈J

∑
ℓ:|ℓ+α̂j |>k

c−ℓ,j,n e
−
√

(ℓ+α̂j)2−k2x2 ei(ℓ+α̂j)x1

for some coefficients c±ℓ,j,n. Therefore,

1

2R

∫ R

−R

usc,propn,pert (x1, x2) e
−iα(m)x1 dx1

=
∑
j∈J

∑
ℓ:|ℓ+α̂j |>k

c+ℓ,j,n e
−
√

(ℓ+α̂j)2−k2x2
1

2R

∫ R

−R

ψ+(x1) e
i(ℓ+α̂j−α(m))x1 dx1

+
∑
j∈J

∑
ℓ:|ℓ+α̂j |>k

c−ℓ,j,n e
−
√

(ℓ+α̂j)2−k2x2
1

2R

∫ R

−R

ψ−(x1) e
i(ℓ+α̂j−α(m))x1 dx1

and

1

2R

∫ R

−R

ψ+(x1) e
i(ℓ+α̂j−α(m))x1 dx1

=
1

2R

∫ σ

σ−1

ψ+(x1) e
i(ℓ+α̂j−α(m))x1 dx1 +

1

2R

∫ R

σ

ei(ℓ+α̂j−α(m))x1 dx1

converges to zero as R tends to infinity uniformly with respect to ℓ by the same arguments as in the
part (i) since |ℓ + α̂j | > k > |α(m)|. The same argument applies to the term involving ψ−(x1). Letting
R tend to infinity in (5.9), we conclude that

λm e−i
√

k2−α(m)2x2 + ei
√

k2−α(m)2x2

[ ∑
n,ℓ:ℓ+α(n)=α(m)

λn uℓ,n

]
= 0.

The linear independence of the exponential terms yields that λm = 0. This ends the proof of the linear
independence of the total fields with different directions.

Finally, repeating the lines in the proof of Theorem 5.1 with G1(x; yj) = u1(x; θm), we can prove the
uniqueness by the same contradiction argument.

In Appendix A, we provide another proof of the linear independence of the total fields {u(x; θn)}Nn=1

for any N ∈ N.

5.3 Uniqueness with a finite number of plane waves

In Theorems 5.1 and 5.5, there is no requirement on the location, width and height of the defect. If some
a priori information on the defect is available, we can prove uniqueness with a finite number of incoming
waves by adopting Colton and Slemann’s idea of determining a bounded sound-soft obstacle [9].
Theorem 5.6. Let k > 0 be fixed and let Γ̃ be a local perturbation of the periodic curve Γ. Suppose
that max{x2 : x ∈ Γ∪ Γ̃} < h for some h ∈ R and that both Γ\Γ̃ and Γ̃\Γ are contained in the rectangular
domain D0 = (0, 2π) × (0, h). Let N ⩾ hk2/2 be an integer. Then Γ̃ can be uniquely determined by the
near-field measurement data {u(x1, h; θn) : x1 ∈ (a, b), n = 1, 2, . . . , N + 1}, where θn ∈ (−π/2, π/2) are
distinct angles.
Proof. Suppose that there are two local perturbations Γ̃1 and Γ̃2 lying below the line x2 = h, which
produce identical near-field data for each incident direction θm. Denote by uℓ(x; θm) (ℓ = 1, 2) the unique
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total field incited by the incoming plane wave uin(x; θm) = eik(x1 sin θm−x2 cos θm) incident onto Γ̃ℓ. We
proceed as in the proof of Theorem 5.1 to obtain

(∆ + k2)u1(x; θn) = 0 in D∗, u1(·; θn) = 0 on ∂D∗

for all n = 1, 2, . . . , N,N + 1, where D∗ ⊂ D0 is a bounded domain. This implies that there exist
N + 1 Dirichlet eigenfunctions u1(·; θn) ∈ H1

0 (D
∗) for the negative Laplacian operator over the bounded

domain D∗ with the eigenvalue k2. Recalling the linear independence of u1(·; θn) (see the proof of
Theorem 5.5), we conclude that the dimension of the Dirichlet eigenspace over D∗ associated with k2

must be greater than or equal to N + 1. Below, we prove that this dimension cannot exceed N , which
leads to a contradiction.

Denote by λj (j ∈ N) the Dirichlet eigenvalues of D∗, which are arranged according to increasing
magnitude and taken with respective to multiplicity. Let the multiplicity of k2 be m∗ ∈ N and suppose
that k2 is the m-th (m ⩾ m∗) eigenvalue such that

λm+1 > k2 = λm = λm−1 = · · · = λm−m∗−1 > λm−m∗−2 ⩾ λm−m∗−3 ⩾ · · · > λ1 > 0.

Analogously, let 0 < µ1 ⩽ µ2 ⩽ · · · ⩽ µm be the first m eigenvalues of D0. By the strong monotonicity
property of the Dirichlet eigenvalues with respect to the domain, it holds that µm < λm = k2 due to the
fact that D∗ ⊂ D0. This further implies that m∗ is less than or equal to (D0, k

2)♯ ∈ N, which is defined
as the sum of the multiplicities of the Dirichlet eigenvalues for D0 that are less than k2. On the other
hand, if k2 is a Dirichlet eigenvalue of the rectangular domain D0, it is easy to derive, using the method
of separating variables, the associated eigenfunctions

vl,j(x1, x2) = sin

(
l

2
x1

)
sin

(
jπ

h
x2

)
,

where l, j ∈ N satisfy the relation

k2 =
l2

4
+
j2π2

h2
. (5.10)

Therefore, (D0, k
2)♯ coincides with the number of grid points (l, j) ∈ N×N lying in the positive orthant

of the ellipse (
x1
2k

)2

+

(
x2
hk/π

)2

⩽ 1.

Hence, (D0, k
2)♯ can be bounded by hk2/2, one fourth of the area of the above ellipse. By the choice of

N , we have (D0, k
2)♯ ⩽ N . This contradicts the fact that there are N +1 linearly independent functions

u1(x; θm) ∈ H1
0 (D

∗) for m = 1, 2, . . . , N + 1.

As a direct consequence of the proof of Theorem 5.6, we can obtain a uniqueness result with one plane
wave with a fixed direction and frequency.
Corollary 5.7. Let k > 0 be fixed and let Γ̃ be a local perturbation of the periodic curve Γ. Suppose
that max{x2 : x ∈ Γ∪ Γ̃} < h for some h ∈ R and that both Γ\Γ̃ and Γ̃\Γ are contained in the rectangular
domain D0 = (0, 2π)×(0, h). If k <

√
1/4 + π2/h2, then Γ̃ can be uniquely determined by single near-field

measurement data {u(x1, h; θ) : x1 ∈ (a, b)}, where θ ∈ (−π/2, π/2) is arbitrary.
Proof. From the proof of Theorem 5.6, we conclude that k2 must be greater than or equal to the first
Dirichlet eigenvalue µ1 of the negative Laplacian operator over the domain D0. In view of (5.10), one
obtains µ1 =

√
1/4 + π2/h2 ⩽ k2, which is a contradiction to the condition that k <

√
1/4 + π2/h2.

Hence, u(x; θ) cannot be a Dirichlet eigenfunction over any subdomain of D0. This proves the desired
uniqueness result by applying the same contradiction arguments of Theorem 5.6.
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Below, we present a counterexample to show that, if k ⩾
√
1/4 + π2/h2, it is in general impossible to

uniquely determine the defect using a single plane wave when the Rayleigh frequency occurs. Such an
example is motivated by the classification of unidentifiable polygonal gratings with one acoustic or elastic
plane wave [10, 11]. Let the incident angle be θ = 0 and set k = 2, leading to uin(x; θ) = e−i2x2 . Define
the piecewise linear function (see Figure 3)

x2 = f(x1) =

{
x1, if x1 ∈ (0, π/2),

−x1 + π, if x1 ∈ (π/2, π).

Let Γ be the π-periodic extensions of {x2 = f(x1) : x1 ∈ (0, π)} in the x1-direction, and let Γ̃ be the local
perturbation of Γ in (0, 2π) shown as in Figure 3, where the dashed line segments denote the defect and
D∗ denotes the gap domain between D and D̃. In this case, we have

k >
√

1/4 + π2/h2

for all h > π. Since Γ is the graph of a piecewise linear function, there exists a unique scattered field
uscunpert ∈ H1

loc,α(D) to the unperturbed scattering problem, taking the explicit form

uscunpert(x) = ei2x2 − ei2x1 − e−i2x1 , x ∈ D.

Note that the Rayleigh frequency occurs, since k = 2 and α = 0 (i.e., k = α+ n with n = 2). Moreover,
the guide modes (surface waves) are excluded for the unperturbed scattering problem. Hence, the unique
total field to the unperturbed problem can be expressed as

uunpert = uin + uscunpert = 2(cos 2x2 − cos 2x1) = 4 sin(x1 + x2) sin(x1 − x2), x ∈ D.

Observing that Γ̃ is also the graph of a piecewise linear function, by [20] there exists a unique total field
upert ∈ H1

loc,0(D̃) of the form upert = uunpert+u
sc
pert in ΣR, where uscpert ∈ H1

loc(D̃) consists of the radiating
part only satisfying the Sommerfeld radiation conditions of Definitions 2.7 and 2.8. On the other hand,
since the defect lies on the straight lines

x2 = x1, x2 = −x1 + 2π, x1 ∈ R,

we conclude that uunperp also vanishes on Γ̃. By uniqueness, this implies that uscperp ≡ 0 in D̃ and thus
uperp = uunperp. In other words, the presence of the local defect does not produce any perturbation to
uunperp. We remark that uunpert is a real-valued Dirichlet eigenfunction of the negative Laplacian operator
over the rectangular domain D∗. Therefore, it is impossible to determine the perturbed boundary Γ̃\Γ
from the near-field measurement data of uperp on x2 = h for all h > π.

Figure 3 Illustration of Γ and its local perturbation Γ̃ which generate identical wave fields with θ = 0 and k = 2. Here,
D∗ = D\D̃ represents the difference domain between D and D̃
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5.4 Uniqueness using far-field data of point source waves

The symmetry of Green’s function (see Theorem 3.1) together with Theorem 4.10 yields

u∞(−θ̂;x) := lim
t→∞

[
√
te−iktu(zt;x)]

= lim
t→∞

[
√
te−iktu(x; zt)]

= γ w(x; θ̂) (5.11)

in H1(D̃R) for any R > π with γ := eiπ/4
√
8kπ

. Here, zt = tθ̂ and w(x; θ̂) denotes the total field excited by the
plane wave uin(x; θ) = eikx·θ̂ (see Theorem 4.10). This means that the far-field data at the observation
direction −θ̂ generated by the point source wave emitting from x ∈ D̃ is identical with the value of the
total field at x of the plane wave eikx·θ̂ multiplied by the constant γ. This is exactly the mixed reciprocity
relation between point source and plane wave incidences in a perturbed periodic structure. Using this
relation, we can prove uniqueness in determining the defect from the far-field patterns of one or many
point source waves.
Theorem 5.8. Let Γ̃ be a local perturbation of the periodic curve Γ and suppose that max{x2 : x ∈
Γ ∪ Γ̃} < h for some h ∈ R. Then Γ̃ can be uniquely determined by the far-field measurement data
{u∞(−θ̂m;x) : m = 1, 2, . . . , x = (x1, h), x1 ∈ (a, b)} incited by infinitely many point waves lying on
the line segment {(x1, h) : x1 ∈ (a, b)}. The same uniqueness result holds if we replace u∞(−θ̂;x) by
u∞perp(−θ̂;x), the far-field pattern of the radiating part of the scattered field uscperp(tθ̂;x) as t→ ∞.
Proof. The first assertion follows directly from the mixed reciprocity relation (5.11) and the uniqueness
result of Theorem 5.5. To prove the second assertion, we recall from Proposition 2.10 a decomposition
of u(x; zt) into

u(x; zt) = uin(x; zt) + uscunperp(x; zt) + uscperp(x; zt) in ΣR, (5.12)

where uscunperp(x; zt) denotes the scattered field to the unperturbed scattering problem and uscperp(x; zt)

denotes the part caused by the defect. Note that both uscunperp(x; zt) and uscperp(x; zt) fulfil the open
waveguide radiation condition. Since the propagating part of uscunperp(x; zt) (resp. uscperp(x; zt)) decays
exponentially as t→ ∞, one deduces from (5.12) the corresponding decomposition of the far-field pattern:

u∞(θ̂;x) = eikθ̂·x + u∞unperp(θ̂;x) + u∞perp(θ̂;x),

where u∞unperp(θ̂;x) represents the far-field pattern of the radiating part of the scattered field uscunperp(tθ̂;x)
as t → ∞. Since the unperturbed structure Γ is a priori given, the far-field pattern u∞unperp(θ̂;x) is
uniquely determined by eikθ̂·x and Γ. Hence, the knowledge of u∞perp(θ̂;x) is equivalent to knowing
u∞(θ̂;x) for any fixed θ̂ ∈ S and x ∈ D̃. This proves the second assertion of Theorem 5.8.

If a priori information on the height and size of the defect is available, one can also determine the
defect by taking the far-field measurement data at a finite number of observation directions excited by
infinitely many point source waves.
Corollary 5.9. Let the conditions of Theorem 5.6 hold. Then Γ̃ can be uniquely determined by the
far-field data u∞(θ̂n;x1, h) (or u∞perp(θ̂n;x1, h)) for all x1 ∈ (a, b), n = 1, 2, . . . , N + 1, where θ̂n ∈ S+ :=

{(x1, x2) ∈ S : x2 > 0} are distinct observation directions. Moreover, the far-field data at a single
observation direction (i.e., N = 0) are sufficient under the additional conditions of Corollary 5.7.
Remark 5.10. The uniqueness with far-field patterns of plane wave incidences is unclear to us, due
to the lack of the one-to-one correspondence between the far-field pattern and near-field data.
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Appendix A
Appendix A.1 An alternative proof of the linear independence of total fields with different

directions

Here, we present another proof by adopting the arguments of [39, Lemma 2.2]. Let u(x; θm) with θm ∈
(−π/2, π/2) be the uniquely determined total field of the perturbed scattering problem; see Theorems 4.4
and 4.8. Suppose that

∑M
m=1 cmu(x; θm) = 0 for all x ∈ D̃, where cm ∈ C, m = 1, 2, . . . ,M with some

M ∈ N. By (5.8),
M∑

m=1

cmuunpert(x; θm) +

M∑
m=1

cmu
sc
pert(x; θm) = 0 for all x ∈ Uh, h > h0.

In view of the definition of the open waveguide radiation condition, uscunpert can be decomposed into two
parts, i.e.,

uscunpert(x; θm) = uradunpert(x; θm) + upropunpert(x; θm) in ΣR, (A.1)

where the radiating part uradunpert(x; θm) decays as |x|−1/2 in Uh as |x| → ∞, whereas the propagating part
upropunpert(x; θm) exponentially decays as x2 → ∞. This leads to

lim
H→∞

1

H

∣∣∣∣ ∫ 2H

H

uscpert(x; θm)eik cos θnx2 dx2

∣∣∣∣ ⩽ lim
H→∞

1

H

∫ 2H

H

|uscpert(x; θm)| dx2 = 0

for all n,m = 1, 2, . . . ,M and uniformly in all x ∈ [0, 2π]. Now, multiplying eik cos θnx2 with some
n ∈ {1, 2, . . . ,M} to both sides of (A.1), integrating over (H, 2H) with respect to x2 and taking the limit
as H → ∞, we have

lim
H→∞

1

H

∣∣∣∣ ∫ 2H

H

M∑
m=1

cm uunpert(x; θm)eik cos θnx2 dx2

∣∣∣∣ = 0 for all x1 ∈ (0, 2π).

Since the unperturbed total field uunpert(x; θm) is k sin θm-quasiperiodic, the above relation also holds for
all x1 ∈ R. Therefore,

lim
H→∞

1

H

∣∣∣∣ ∫ 2H

H

M∑
m=1

cm(eik sin θmx1 + uscunpert(x; θm))eik cos θnx2 dx2

∣∣∣∣ = 0, x1 ∈ R.
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By the proof of [39, Lemma 2.2], the previous relation implies cn = 0. Using the arbitrariness of
1 ⩽ n ⩽M , one obtains cm = 0 for all m = 1, 2, . . . ,M . This proves that {u(x; θm)}Mm=1 must be linearly
independent for all M ∈ N.

Appendix A.2 Proof of the asymptotics in (4.31)

We suppose that Im̃ = (a, b) ⊂ [−1/2, 1/2], where the two ending points a and b may be the cut-off values
of k. For any l ∈ L\{l̃}, it holds that k > |l + α|. Set f(α) := (l + α) sin θ +

√
k2 − (l + α)2 cos θ for

α ∈ (a, b). It is easy to see that

f ′(α) = sin θ − l + α√
k2 − (l + α)2

cos θ 6= 0 for all l ∈ L\{l̃}, α ∈ (a, b)

and

g(α) :=
√
k2 − (l + α)2 f ′(α) =

√
k2 − (l + α)2 sin θ − (l + α) cos θ

keeps a positive distance from zero for all l ∈ L\{l̃} and α ∈ [a, b]. Here and below, the prime always
denotes the derivative with respect to α. Direct calculations show that∫ b

a

eitf(α) vl,α√
k2 − (l + α)2

dα=
−i

t

∫ b

a

vl,α
g(α)

d eitf(α)

=
−i

t

[
eitf(α) vl,α
g(α)

∣∣∣∣b
a

−
∫ b

a

(
v′l,α
g(α)

− vl,α
g′(α)

g2(α)

)
eitf(α) dα

]
. (A.2)

We note that g(α) does not vanish at the boundary points a and b for l 6= l̃ and that∫ b

a

|g′(α)|dα =

∫ b

a

∣∣∣∣ l + α√
k2 − (l + α)2

sin θ + cos θ

∣∣∣∣dα <∞,

because g′ has integrable singularities at the possible cut-off values on a or b. On the other hand,
vl,α ∈ H1

α,loc,0(D) can be chosen to depend continuously on α ∈ [−1/2, 1/2] (see [19, Theorem 3.3])
and vl,α ∈ W 1,1([−1/2, 1/2];H1(Qh0

)) has only square-root singularities at cut-off values, which can be
verified following the same arguments as in the proof of [28, Theorem 4.3] for inhomogeneous layers.
Hence, the right-hand side of (A.2) decays as O(t−1) as t tends to infinity. This together with the
arbitrariness of l ∈ L\{l̃} proves the first relation in (4.31). The second one can be verified analogously
by noting that f ′(α) 6= 0 for all l ∈ L and α ∈ [−1/2, 1/2]\(a, b).
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