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Abstract

In this paper we consider time-harmonic acoustic wave propagation in a half-plane filled by inhomoge-
neous periodic medium. If the refractive index depends on the horizontal coordinate only, we define upward
and downward radiating modes by solving a one-dimensional Sturm-Liouville eigenvalue problem with a
complex-valued periodic coefficient. The upward and downward radiation conditions are introduced based
on a generalized Rayleigh series. Using the variational method, we then prove uniqueness and existence
for the scattering of an incoming wave mode by a grating located between an upper and lower half plane
with such inhomogeneous periodic media. The solution operator of the quasiperiodic boundary value prob-
lem yields a well-defined scattering operator, the numerical approximation of which is nothing else but the
S-matrix in scattering matrix algorithms like Rigorous Coupled Wave Analysis (RCWA) or Fourier Modal
Method (FMM).
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1. Introduction

Since Lord Rayleigh’s original work [29] in 1907, time harmonic scattering problems by pe-
riodic and even by biperiodic gratings are well studied in both the physical and mathematical
communities. The theory provides a Rayleigh expansion radiation condition over the half plane
filled by homogeneous material. Using this, the acoustic, elastic and electromagnetic diffraction
problems have been studied extensively concerning theoretical analysis and numerical approxi-
mation using integral equation and variational methods (cf. e.g. [1,3,4,7,8,10-12,24,32,37,38]).
We refer to [5,33-35] for historical remarks and details of engineering applications, if the cover
material in the half spaces above and the substrate material below the periodic surface struc-
ture of the grating is supposed to be homogeneous. However, special inhomogeneous materials
are possible in applications. For instance, in the design of photonic crystals, the refractive index
corresponding to materials of interest is a periodic function in different spatial directions. This
paper is devoted to new radiation conditions for the Helmholtz equation and the corresponding
solvability theory. The theory applies to the analysis of the scattering matrix algorithm even for
the solution of classical scattering problems with homogeneous cover and substrate material.

To start the analysis, we consider the case of periodic gratings in the two-dimensional space
contained in the layer {(x1, ) e R2:b<xy<d }, where the refractive index (xi,x2)! —
ind(x1) in the half planes {(x, x2) T € R?: d < x»} of cover material and {(x,x2) T € R?: x; <
b} of substrate material is independent of the vertical x, and a periodic function with respect
to the horizontal x;. We assume ind(x] 4+ p) = ind(x1) with the same period p as for the grat-
ing structure. Similarly to the homogeneous case, the radiation condition for these half planes
is defined by expansions into a generalized Rayleigh series of upgoing and downgoing wave
modes. If the refractive index is real-valued, we need to analyze an infinite-dimensional ordinary
differential equation by the spectral theorem for self-adjoint operators. In the general case of
complex-valued potentials, the resulting system is no longer self-adjoint. Instead, we consider a
linear 2-by-2 ODE system that is equivalent to the Helmholtz equation in two dimensions. The
solutions of the ODE system are connected to those of a non-selfadjoint Sturm-Liouville differ-
ential operator. The wave modes in this case take the form (x1, x2) T — exp(Ax2)h(x), where A
is an eigenvalue and £ an eigenfunction or a linear combination of associated eigenfunctions of
the Sturm-Liouville differential operator. These functions can be classified into outgoing upward
and downward wave modes depending on the sign of A, giving rise to the radiation conditions as
xp — Z£o00. Using these natural conditions, we can defined the Dirichlet-to-Neumann (DtN) map
on an artificial boundary to truncate the unbounded lower half-plane to a bounded domain in a
single periodic cell. We show the properties of the DtN map over Sobolev spaces. Then we verify
the Fredholm property for the boundary value problem modeling the scattering of an incoming
wave mode by the grating. Uniqueness is shown for the propagating reflected and transmitted
wave modes. The full solution is proved to be unique if the grating contains absorbing materials.

Our research is closest to the recent work [27], where a technical outgoing radiation condi-
tion was proposed to analyze the transmission problem between free space and an unbounded
photonic crystal. In comparison with [27], we assume that the inhomogeneous material is invari-
ant along the vertical coordinate x;, leading to more explicit upward and downward radiating
modes and stronger uniqueness and existence results. The methodology used in this work differs
from other scattering problems arising from closed periodic waveguides [14] (see also [13]), infi-
nite periodic cylinders [26] and in stratified media [25], which rely essentially on Floquet-Bloch
transform and the limiting absorption principle. The contributions of [13,25,26] focus on radi-
ation conditions of the Helmholtz equation caused by a compactly supported source term in a
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closed or open waveguide, and the approach of using Floquet-Bloch transform results in a set of
quasiperiodic boundary value problems depending on the parameters of quasiperiodicity (phase-
shifts). However, in our diffraction problem, the quasiperiodic parameter arises from incident
waves without compact support and is fixed throughout the whole paper. The classification of
left-going and right-going wave modes in [13,25,26] relies on the assumption of non-vanishing
group velocities for dispersion curves, while the upward and downward radiation conditions
within this paper are defined under Assumption RC(q) (see Definition 4.15). The materials in
the aforementioned works are usually assumed to be periodic inside the waveguide and to be
identical in the exterior, whereas in our settings, the inhomogeneous periodic material occupies
a half plane. All of these different radiation conditions extend the classical Rayleigh Expansion
Radiation Condition from infinitely homogeneous periodic settings to more complicated peri-
odic materials. We also refer to [2,6,19,36] for earlier studies on radiating modes in open and
semi-infinite waveguides.

It should be remarked that the new radiation conditions proposed in this paper can be used to
analyze the scattering matrix algorithm, one of the most popular numerical methods for the clas-
sical periodic gratings. Its various versions are called Rigorous Coupled Wave Analysis (RCWA)
or Fourier Modal Method (FMM) (cf. e.g. [17,18,28,31,33,34]). Unfortunately, there is little anal-
ysis available so far. The technique of ODE:s is difficult to apply since differential operators with
piecewise constant coefficients act on the horizontal functions. Instead, the spaces and theorems
for the Helmholtz equations should be used. We refer to the original preprint [23, Sect. 6] of this
paper for discussions on the application of our theory to the scattering matrix algorithm.

This paper is organized as follows. We introduce the inhomogeneous half spaces with cover
and substrate material as well as the corresponding boundary value problems in Sect. 2. In Sect. 3,
supposing non-absorbing materials, we define the radiation condition by Fourier series expan-
sion with respect to x; and by solving a function valued ODE with techniques of functional
analysis. Alternatively, we solve the ODE with operator valued coefficient by an eigenvalue de-
composition for this coefficient operator acting on quasiperiodic functions with respect to xj. A
general periodic medium (including absorbing material) will be investigated in the Subsects. 4.2
and 4.3, where we discuss the eigenvalues, eigenfunctions and associated eigenfunctions for
the coefficient operator in Sturm-Liouville form. This decomposition is used to define upward
and downward radiating wave modes and the radiation condition in Subsect. 4.4. In Sect. 5 we
introduce the boundary value problem for gratings between an upper and lower half space of
inhomogeneous media. We present the variational formulation and discuss the uniqueness and
existence of weak solutions.

2. Quasiperiodic boundary value problem in an inhomogeneous half space

Denoting the points in two-dimensional space by x = (x1, x2) |, we suppose that the lower
half space 2, :={x € R?: x < b} is illuminated by an incoming wave from the upper half
space Q; :={x € R?: x > b} with the wave number k > 0. In this paper it is assumed that
2, is occupied by an inhomogeneous periodic medium modeled by the squared refractive index
(potential) g € LOO(Q;) (cf. Fig. 1). Further, ¢ is assumed to be independent of x» and 2m-
periodic in x1, i.e.,

qg(x)=q(x1), q(x1 +27n) =q(x1) forae.x;eRandalln € Z. 2.1
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Fig. 1. The geometry settings.

For physical reasons, we suppose that there is a ¢, >0 such that either g(x1) > ¢, or
Img(x1) > ¢4 forae. x; € R.

Then the time-harmonic acoustic wave propagation in €2, is governed by the Helmholtz equa-
tion Au +k*qu =0 in 2, , where u = u(x) denotes the acoustic pressure or a component of an
electromagnetic field. Since the lower half space in unbounded, we need a radiation condition
of u as xp tends to —oo to ensure well-posedness of the scattering problem. To mathematically
formulate the scattering problem, we need the concept of quasiperiodic functions and Sobolev
spaces.

Definition 2.1. The function u is called quasiperiodic in x; with the parameter & € [0, 1) (that is,
a-quasiperiodic), if x| — u(xy, x2)e'**! is 2w -periodic in x| for any fixed x».

Clearly, -periodic functions satisfy the relation

u(xi 4 2nm, x3) = 2%y (x1, x2) foralln € Z. (2.2)

Define the quasiperiodic Sobolev spaces on €2, and R by

H;(Q,;) ={ue HILC(Q,;) : u is a-quasiperiodic in x1}
HI2(R) :={f € HZ(R) : e77*" f(xy) is 27 -periodic in x, }.

oc

Note that our HILC(Q;) is the space of all functions u over €2, such that, for any radius r > 0,
the restriction of u to Q= {xeQy :[x|<r}isin HI(Q;J). If the incoming wave is a plane
wave of the form u'" (x) := exp(ik(x1 sin@ — xo cos0)) with the incident angle 6 € (—m /2, w/2),
we set o := ksin@ and get an a-quasiperiodic function u’" with « the unique number such that
a € [0, 1) and @ — oy is an integer (see (2.2)). In the case ¢ = 1 in ', we recall that a Helmholtz

solution u is called downward radiating if # admits a Rayleigh expansion (see, e.g., [1,12,24])

u(x) = Z cp &' Cnx1=Pn(x2=b) X2 < b, (2.3)
neZ

where the ¢, € C are called Rayleigh coefficients and
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k? —a? if o, <k,

iJal—k? if o, > k.

The existence of coefficients ¢, with Equ. (2.3) is called the radiation condition for the lower
half plane €2,". The upward radiation condition in QZ filled by a homogeneous medium can
be defined analogously. Obviously, the Rayleigh expansion (2.3) consists of a finite number of
propagating waves corresponding to n with |«, | < k and an infinite number of evanescent waves
for |, | > k, which decay exponentially when |x;| — oo. It has been widely used in the literature
to prove well-posedness and design numerical schemes for time-harmonic acoustic, elastic and
electromagnetic scattering by periodic surface structures located between half spaces occupied
by homogeneous media [1,3,4,7,8,10-12,21,22,24,32]. One of the main subjects of the present
paper is to define downward and upward radiation conditions in an inhomogeneous medium,
which will generalize the above Rayleigh expansion from a homogeneous periodic medium to
the inhomogeneous case of (2.1).
Consider the boundary value problem in an inhomogeneous half space

o i=n+aoy, Bpi= 24

2 _ . —
Au+koqu =0 in Q,

2.5
u=_f on Fb::{xeR2:x2:b}, )

(BVP): {

where f € Hoy 2(R). We shall define an ‘appropriate’ downward radiation condition over €2,

and prove, under some additional assumptions, that the boundary value problem (2.5) combined

with the radiation condition has a unique solution u € Holl (€2,) for any given f € HJ/ 2(Fb).

3. Radiation condition for real-valued potentials

In this section we suppose that the squared refractive index function g with g(x) = ¢g(x1) and
with ¢ € L*°(0, 2m) is real-valued. Now we shall show that the Helmholtz equation is equivalent
to an ODE in the space of sequences of Fourier coefficients. Trying to get a Rayleigh expansion
in an inhomogeneous medium, we first look at the Fourier expansion of the solution. Since u is
a-quasiperiodic, it admits the expansion

e Mu(x1, x0) =Y un(x2)e™,  xz<b,
neZ

or equivalently,

u(xi, xp) = Z Up (x2)e %™ xy < b. 3.1
neZ

Inserting (3.1) into the Helmholtz equation, we find that

> [ui{ (x2) + (kzq(xl) - a,%) un(x2)] e =0 forall x;eR. 3.2)
neZ

219



G. Hu and A. Rathsfeld Journal of Differential Equations 388 (2024) 215-252

For constant g =1 this leads to a separate ordinary differential equation for each coefficient
function u,,, to the solution ¢! (@1 =Fr(x2=0) "and finally to the classical Rayleigh expansion. Un-
fortunately, if ¢ (x1) depends on x1, then we cannot replace the Rayleigh modes ¢/ @*1=Fn(x2=b))
in (2.3) by e/**1y,,(x2) with u, the solution of a second-order ODE.

In order to introduce norms for the trace of the solution to the boundary value problem (2.5),
we may expand the Dirichlet data f = u|r, into the Fourier series

fan=)"fae*n,  fieC.

neZ

We introduce the weighted £2 space of sequences

X5 = [a: (@n)nez : Z(l +n%)%a,|* < oo}
neZ

endowed with the inner product and norm

@by = (0B, lals = \/Z(1+n2)tv|an|2.

neZ neZ

Then X° is a Hilbert space for any s € R. The Fourier coefficients of f satisfy

1Ly, = Wl <00, £:= (flnez.

Applying Fourier expansion to the refractive index function, we have

qx) =Y qne™', gneC. 3.3)

meZ

Obviously, we would have g = qo if the medium of €2, is homogeneous. Inserting the above
expansion into (3.2), it follows that

> [(u;’(m) — a,%un(xz)) el L kY gl un(Xz)] =0, xeQ.

nez meZ

Multiplying the previous equation by e~/ and integrating over (0, 277) with respect to x; lead
to

u/j/—a?uj+k2 qu_mumzo, jez.

meZ

We set U(xp) :=(---,u—1(x2),uo(x2),u1(x2),---). Since the function x| — u(xy, x2) is in
HJ/ 2(R) for any x; < b, it holds that U(x;) € X'/? for any fixed x, < b. The previous equa-
tions can be rewritten as a second-order ODE in the form

U'(x)) + AU(x2) =0, x2<b, 3.4)

220



G. Hu and A. Rathsfeld Journal of Differential Equations 388 (2024) 215-252

where A := (ajm)j mez 1s an infinite dimensional matrix, whose entries are given by

K2qj—m it j#m,
a./m =
—a; + k2qo if j=m.

The matrix A can be written as A = B + k> C, where B := (bj ) mecz is the diagonal matrix
and C :=(cjm) j,mez the Toeplitz matrix defined by

Cim ' =qj—m-
. . j.m j—m
—a? if j=m.

0 if j#m,
bjm = { J#
J

Evidently, the operator B : X'/2 — X~1/2 is bounded. The embedding theorems together with
the fact that ¢ € L>°(0, 2r) imply that the operator C : X!/2 — X~1/2 is compact. Since ¢ is
real-valued, we have g,, = G_,. It then follows that the matrix A : X!/? — X~1/2 is a linear
self-adjoint operator. Moreover, the spectrum o (A) of A is real.

Now the solution of the ODE (3.4) follows the classical theory of linear ODEs with constant
coefficients. By the spectral theorem, we may express A as an integral over the spectrum with
respect to a projection-valued measure, that is,

A= / AdPy.
a(A)

For simplicity assume that 0 ¢ o0 (A). We define xr+ : R — R to be the characteristic function
of the half line R* and

AE = / xR+(MAAPy, VAT = f XR=(M)VELAP;.

o(A) a(A)

Evidently, we have A = AT + A~ and v/A = v/A+ 4 i~/A~. The general solution to (3.4) is of
the form

U(xy) = e'VAnat 4 omiVAR,~

— (ei\/ijz _i_e—«/Asz)a-i-_'_ (e—i«/ijz +e\/ATx2)a— (35)

with a* € X!/2 and with ¢*VA*2 to be understood as the exponential of an operator. In fact,
straightforward calculations show that

(eiJA_ixzai)// — A VAT E / —xre () A& VER g p, aF

o (A)

= / _7dP, / xR+ (W)l VER2 g p, gt
o (A) o (A)
= —AeVATgE,
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This implies that

U// — (ei\/A_+xza+)// + (@iJAsza_)// — _Aei«/A_+xza+ _ Aei\/A_*xza— — —AU,

which proves that the function U(x) given by (3.5) is a solution of the infinite dimensional
system (3.4). Since u should be downward radiating, we require u not to contain upgoing plane

waves eimx23+ and to be bounded for x; < b,i.e.,at =0. Recalling u|r, = f, it follows from
(3.5) that a— = e!VAPE, f:= (f,),cz. This implies that

U(x) = emiVAG=b)g

Definition 3.1. If g(x) = g(x1) and g € L*°(0, 27) is real-valued, then u € HJ (£2,) is said to
be a downward radiating solution to the Helmholtz equation if

u(xy, x7) = Z [e_iﬂ(m_b)g] eianxl ., x<b,

n
nez

for some g € X!/?

vector.

. Here the notation [-], stands for the nth entry of an infinite dimensional

The upward radiation condition in x, > b can be defined analogously by replacing —i~/ A with
i~/A. The above downward radiation condition allows us to express the solution to the boundary
value problem (2.5) as

u(xy, x2) = Z [e_i‘/z(xz_h)f] et < b,

n
nez

Remark 3.2. If ¢ = go = 1, all the off-diagonal terms of A vanish and the diagonal terms take
the form a,, = k* — aﬁ for all n € Z. This implies that (VA)pn = Bn, where B, € C is defined
in (2.4). Hence, we have

[e_iﬂ(xz—mf] — 7B 2ab) f
n

that is, u takes the same form as (2.3). The new radiation condition in Definition 3.1 is a gener-
alization of the classical radiation condition for periodic gratings with homogeneous cover and
substrate material.

We remark that the real-valued bounded index function g gives rise to a self-adjoint opera-
tor A and particularly excludes eigenvalues with generalized (associated) eigenfunctions in the
spectrum of A. This has significantly simplified the arguments in comparison to the complex-
valued potentials, which will be presented in Sect. 4 below. It is possible to define an equivalent
Dirichlet-to-Neumann map to the downward radiating condition of Definition 3.1 and then prove
Fredholm property of the resulting variational formulation in one periodic cell. We omit the de-
tails, since a more general framework will be presented in Sect. 4. However, this section has
its own interests for investigating the x1-dependent real-valued potential, in particular when the
expansion (3.3) has a finite number of non-vanishing Fourier coefficients.
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4. Radiation condition for complex-valued potentials

Assume that g (x) = g(x), where ¢ € L*°(0, 27r) is complex-valued. We shall derive a gener-
alized Rayleigh expansion into wave modes of the form e**2h(x1) instead of the e (“*1=Bn(x2=0))
in (2.3) or the ¢/**1y, (x2) in (3.1). The functions & will be quasiperiodic eigenfunctions of a
special ODE with respect to x1, and the A will be the corresponding eigenvalues. We shall con-
sider the Helmholtz equation in €2, as a second-order ODE with respect to x € (00, b), where
the solution takes the function R > x; — u(xy, x2) as values at x,. As usually, the second-order
ODE is equivalent to a linear first-order 2-by-2 ODE system. The coefficient M, an ordinary
differential operator with respect to xi, is independent of x,. Using the eigenvalues and gener-
alized eigenfunctions of M, we can represent any solution as a Rayleigh series of wave modes,
where, roughly speaking, each mode is the product of a generalized eigenfunction depending on
X1 times an exponential M2 with A the eigenvalue. In other words, in this section we write the
Helmbholtz equation as a linear second-order ODE with constant operator coefficient L. In Sub-
sect. 4.1 we shall derive the equivalent first-order ODE with operator coefficient M. This 2-by-2
operator contains L in one of its entries. We shall analyze eigenvalues and eigenfunctions for L
and M and special wave modes in Subsects. 4.2 and 4.3. Finally, we shall define the wave modes
for the Rayleigh series and the radiation conditions in Subsect. 4.4.

4.1. Ordinary differential equation with respect to x|

To get an equivalent first-order ODE, we set dju =0du/dx; (j=1,2), v:=0du, and
W := (u, v) ". Clearly, introducing the second-order ordinary differential operator

d? f(x1)
2

— kg (x1) f(x1), 4.1)
dxj

(L) (x1) i=—

the Helmholtz equation (A + k>qI)u = 0 is equivalent to the function-valued second-order ODE
32214(-, x3) — Lu(-, x2) =0, or equivalently, v = Lu. Hence, the Helmholtz equation can be
written in the matrix-vector form

0 I
OW=MW, M'_<L 0). “4.2)

The domain of L is defined as
D:= {f € L*0,27) : f, f are absolute continuous and «-quasiperiodic, Lf € L2(0, 2n)}.

Note that L is self-adjoint over D if and only if the potential g is real-valued. It is well-known
that the spectrum of L is purely discrete. In the Subsects. 4.2 and 4.3 we shall investigate the
relation between the spectra of M and L. The eigenvalues and associated eigenfunctions of L
and M are defined as follows.

Definition 4.1. A number A € C is called an eigenvalue of the differential operator M com-
bined with a-quasiperiodic boundary conditions, if the «-quasiperiodic boundary value problem
MW =AW has at least one nontrivial solution W = (w, v) " € D?. The function W is called
eigenfunction corresponding to A. Furthermore, we define associated eigenfunction of rank
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m > 1 by induction. A function W € D? is called associated eigenfunction of rank one of M
corresponding to A if it is an eigenfunction corresponding to A. For m > 1, a function W € D?
is called associated eigenfunction of rank m of M corresponding to A if W' := (M — D W is
a nontrivial associated eigenfunction of rank m — 1 corresponding to A. Here I denotes the 2-
by-2 identity matrix. The functions W) := (M — AI)/W with j >0 and W := W will be
referred to as the chain of associated eigenfunctions generated by W. The couple (A, W) is
called an eigenpair of the differential operator M if W is an associated eigenfunction of rank
m > 1 corresponding to the eigenvalue A.

Definition 4.2. A number u € C is called an eigenvalue of the differential operator L com-
bined with a-quasiperiodic boundary conditions, if the «-quasiperiodic boundary value problem
Lh = p h has at least one nontrivial solution # € D. The function 4 is called eigenfunction cor-
responding to w. Furthermore, we define associated eigenfunction of rank m > 1 by induction. A
function / € D is called associated eigenfunction of rank one of L corresponding to w if it is an
eigenfunction of L corresponding to . For m > 1, a function & € D is called associated eigen-
function of rank m of L corresponding to s if the function AV := (L — 1) h is a nontrivial
associated eigenfunction of rank m — 1 corresponding to . The functions A := (L — ul)/h
with j >0 and 79 := h will be referred to as the chain of associated eigenfunctions generated
by h. The couple (i, h) is called an eigenpair of the differential operator L if & is an associated
eigenfunction of rank m > 1 corresponding to the eigenvalue .

We conclude this subsection presenting an example of eigenvalues and eigenfunctions for
L, where k =1 and ¢ is a piecewise constant function. Note that this «-quasiperiodic eigenvalue
problem is a special case of the Sturm-Liouville eigenvalue problem for the second order ordinary
differential operator L over the interval (0, 27r). For the proofs we refer to the techniques in [30].
We fix numbers g; € C, j =0, 1 and consider the squared refractive-index function

qo/k* if0<x <m
q(x1):= . .
q1/k” if m<x; <2m

If u is sufficiently large, then there are no associated eigenfunctions of rank greater one. For an
eigenvalue u, the eigenfunction 4 is given by

sin (v/qo + 1 x1) )
a————, 4 cos + ux if0<x;<m
. Vao T VaoFiin) :
X1) = s

el {asm(‘ 414 (o —2m)) +cos (Vg1 + i (x1 — 271))} ifr <x; <2m
Vartu
4.3)

a := % cos (Vg1 + ) —cos (Vg0 + nm) = h'(0).

Note that it does not matter which sign for the square root /go + 1 and /g1 + 1 is taken.
Clearly, the formula (4.3) for h requires /g; + u#0 for j =1,2. If \/g; + 1 =0, then we
define the quotient sin(,/q; + 1 x1)//q; + i := x1, and the formula remains true. From the
definition of 4 and a, it is clear that & is «-periodic in x. The eigenvalues are those p for which
h(w +0) =h(zr —0) and 4’ (r +0) = h’'(r — 0). Simple calculations show that
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Table 1
First ten eigenvalues for the case « =0, g9 = 1, and g1 = 2.
j asymptotics of 4 1+ Hj+ Hj—
1 -0.43750 -0.51990 -0.36619
2 2.51562 2.4851 2.5457
3 7.50694 7.4901 7.5237
4 14.50391 14.493 14.515
5 23.50250 23.494 23.512
6 34.50174 34.501 34.502
7 47.50128 47.501 47.502
8 62.50098 62.501 62.501
9 79.50077 79.501 79.501
10 98.50062 98.501 98.501
. Sin (/g1 +um
h(z +0) =927 | — ( ) +cos (Va1 + i) ¢,
a1+
W (e +0) = 27 {—acos (JaTF i) + yar Fiisin (Var F i)
sin (/qo + U m
h(mr —0) :a% + cos (4/q0 + ,un),
qo — K

K (r —0) :acos(\/qo—i—un) —\/q0+,usin(4/qo+un).

From this and from the continuity of 4 and A’ at x; = 7, it is not hard to deduce that the eigen-
values are the zeros of the function

det(p) 1= —1 — £l 4 219077 cos(v/qo + um +/q1 + nm)

e ___SIN/G0F ) sin(/g1 F 1)
40 F 1+ Va1 F )2 Vg F g + i

Similarly to the derivation of the general asymptotics (cf. Lemma 4.5 (iv)), we arrive at the
special asymptotics (cf. a special case in Table 1)

, q0 +q1 - , .
ie= ) = ==+ 0(j17), ljl > 00, j€L.
Here we have « := 1.5 for o # 1/2 and « := 0.5 else. Indeed, neglecting the last term on the
right-hand side, the main part of the asymptotics follows easily. A standard perturbation argu-
ment proves the estimate of the remainder. Moreover, it is not hard to see that p; + # u; _ for
sufficiently large |j|.

4.2. Spectra of non-zero eigenvalues

Supposing that 1 € C is a non-zero eigenvalue of L, we shall present two linearly independent
solutions to the boundary value problem (BVP) (see (2.5)) using the eigenspace corresponding to
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. To make the solutions physically meaningful, we need additional assumptions on g (or L). The
case of u = 0 will be investigated in the subsection 4.3. For clarity, we divide this subsection into
three parts. Firstly, the spectra of the 2-by-2 matrix operator M will be derived from the spectra
of L. Secondly, it will be discussed, whether the eigenfunctions and associated eigenfunctions of
L form a Riesz basis of L2(0, 27r) under proper assumptions. Finally, solutions to (BVP) will be
deduced from an initial value problem for the matrix differential equation (4.2).

4.2.1. Connections between the spectra of L and M
To state the relation between the spectra of L and M, we need to define the sequence y,,
n € NT recursively by

—1
1 1 YiVn—j
Y= Vn ¢=—ZJ lrj Lon=2, 4.4)

where A = AF = =+.,/1t is non-zero. Obviously,

1 1 5

NE T P es T T

For the following lemma, recall that 1) (j =0, 1,---) is the chain generated by & (see Defini-
tion 4.2).

Lemma 4.3. The pair (h, n) with u # 0 is an eigenpair of rank m > 1 of the differential operator
L, if and only if the eigenpair (W, 1) with . = x.,/u, W = (h, v)T and

m—1

() == Ahx) + )y hY (),
j=1

is an eigenpair of rank m > 1 of M.

Proof. We first consider the case m = 1. If (W, 1) with W = (w, v)T is an eigenpair of rank
one of M, then it is easy to conclude from MW = AW that Lw = Av and v = Aw implying
(L — 2*I)w = 0. Hence, (h, w) = (w, A2) is an eigenpair of rank one of L. Similarly, it is easy
to prove that, if (k, 12) is an eigenpair of rank one of L, then (W, 1) with W = (h, Ah) " is an
eigenpair of rank one of M.

_ Now suppose m =2. If (W, 1) with W = (w, v)T, is an eigenpair of rank two of M, then
W= (M - DW =: (@, )T # 0is an eigenfunction of rank one of M. This implies that V=AW
and (1, A?) is an eigenpair of rank one of L. From the definition of W, it is easy to obtain that

—Aw+v=w, Lw—Aiv=07, 4.5)
M2W = AMW + MW =AW + W) + MW = 22W + (M + \DW, (4.6)

, (L 0
M—(o L)'

where
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Using v = Aw, we deduce from (4.6) that
Lw = 2w + (0 + 7) = A 2w + 2110,
leading to the relations
(L —A2D*w= (L —A*1)2rb) =0,
W=y (L—=2Dw#0, 7y :=1/Q2%).
Therefore, (w, A2) is an eigenpair of rank two of L. From the first relation in (4.5) we obtain
v=aw+ o =rw+yw?,  w =L -2 w.
Now we treat the general case m > 2 by induction. Suppose the induction hypothesis
The pair (W, A) with W = (w, v)T is eigenpair of rank m of M
m—1

< (w, A?) is an eigenpair of rank m of L and v = Aw + Z yjw, 4.7)
j=1

is fulfilled. We have to show that (4.7) holds with m replaced by m + 1. ~

:>:~Suppose that (W, 1) wi~th W = (w, v)T is an eigenpair of rank m + 1 of M. Then (W, A)
with W := (M — AW and W = (@, 7)T #0 is an eigenpair of rank m of M. By induction
hypotheses this implies that (1, A2) is an eigenpair of rank m of L and

m—1
D=rb+ Yy
j=1

Combining the previous relation with (4.6) yields (cf. (4.7))

m—1
Jj=1

from which we obtain

m—1
w = (L -hHw=20+ ) y;d/. (4.8)
j=1

Since (L — A21)™ % = 0, it follows that

m—1
(L — )L21)m+lw =(L _A2I)mw(l) =20(L — Azl)mu? + Z vi DMt —
j=1

and
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(L=22D)"w=(L—2*D"""w® =20 = 21" 'w #£0.

Hence, (w, A?) is an eigenpair of rank m + 1 of L. To express v in terms of w, we deduce from
(4.8) that

m—I1
w® =L -2D'w=220""D+> y;p"H 1=1,2,- m,
j=1
which form the m x m linear system of equations W = I, W/, where W := (w®, ... w)T,
W= (@, @D ..., ®"=N7T and
2V 1 v o Ymd
0 20 y1 - VYm—2
=1 - :
0 0 0 - p
0 o o0 --- 21

By the definition (4.4) of y,, the inverse of IT, is given by

)4 I 5 4 I VYm

O v 2 - VYm
;' = 0 0 v - Vmo2

0 0 0 - 1

This implies that the first component of W' is given by

m
- Z Vi w@
j=1

Together with the first relation in (4.5) we obtain
m
v=kw+ﬁ)=kw+2y]~w(])
j=1

«: Suppose that (w, A?) is an eigenpair of rank m + 1 of L and v = Aw + Zm 1Yj w), We

have to prove that W = (w, v)7 is an eigenfunction of rank m + 1 of M. It suffices to show that
= (M — AW = (@, 7)T has the rank m. By the definition of M and the expression of v from
our supposition,

tbz—kw+v=2ij(j), 4.9)
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m

b=Lw—tv=>1=iy w2 yuw. (4.10)
j=2

Recalling the induction hypotheses, we only need to verify the relation
D=Am+ Yy Y. 4.11)

Using (4.9) and the definition (4.4) of y,,, straightforward calculations show that

m—1 m m—1 m—j
i+ Yy =23 w3y [ 3wt
j=1 j=1 j=1 =1

m m j—1
j=1 j=2 =1
m ) m _
=) yiw + > w(=2xy))
j=1 j=2
m
:Aylw(l) - KZ)/]' w'),
j=2

Since 21y = 1 and (4.10), the previous identity confirms the relation (4.11). The proof is com-
pleted. O

The chain W) generated by W is given in Definition 4.1. As a consequence of the proof to
Lemma 4.3, we obtain

Lemma 4.4.

() Suppose (h,)\?) is an eigenpair of rank m > 1 of L. Then the vector functions

h®
VICHE Sy LAl A 1=0,1,2,--- ., m—1,

are the associated eigenfunctions of rank m — l of the operator M corresponding to the
eigenvalue M.

(ii) Suppose (W, 1) is an eigenpair of rank m > 1 of operator M. Write W) = (Wl(l), Wz(l))T
forl=0,1,--- ,m — 1. Then (Wl(l), A2) is an eigenpair of rank m — I of L and

m—I[—1 .
O _ 1 w® 2\ O
W =aw + 37y (L-22) i
Jj=1
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Proof. Lemma 4.4 follows from Lemma 4.3 and the fact that (W(l), A, (h(l), A2) are eigen-
pairs of rank m — [ corresponding to M and L, respectively. Note that, in the case of / =0, the
assertions of Lemma 4.4 coincide with those in Lemma 4.3. O

4.2.2. Riesz property of eigenfunctions of L

By Lemma 4.3, in order to get the spectrum of M, it suffices to investigate the spectrum of
the quasiperiodic differential operator L. We collect properties of the nonself-adjoint operator L
in the subsequent two lemmas.

Lemma 4.5.

(i) The spectrum o, (L) of L is a discrete set of eigenvalues and the only accumulation point is
infinity.
(ii) The geometric multiplicity of each eigenvalue p € o, (L) is finite, i.e., dim (ker (L — 1)) <
Q.
(iii) The algebraic multiplicity of each eigenvalue p € o,,(L) is finite, i.e., dim (Ap(u)) < oo,
where

AL(w) = {h €D :thereisanm e N s.. (4.12)
LiheD, j=1, ... ,m—land(L—MI)’"h:O}.

(iv) The eigenvalues can be denoted as p, = puy(a) € 6, (L) for index n running in Z and re-
peated according to the algebraic multiplicity.
If o #0, 1/2, then the algebraic multiplicity of ., is equal to one for sufficiently large |n|.
Choosing a suitable scaling factor for the rank-one eigenfunction h, corresponding to |y,
we get h,(0) = 1 and the asymptotics

2

2
Mn () = (n +a)2—k—/q(f)dt+0<i>, (4.13)
2w |n|
0
. 1
h,,(xl):exp(l(n—i-a)xl)—}-o(—), nez, (4.14)
|n

as |n| — oo, where the term O (1/|n)) is uniform with respect to x1 € [0, 27 ].

If « =0, 1/2, then, for sufficiently large |n|, the algebraic multiplicity of u, is either one
or two. The eigenvalue asymptotics (4.13) holds with O(1/|n|) replaced by O(1/|n|'/?).
Instead of (4.14), the eigenfunctions of rank one admit the asymptotic expansion

||

where C+(n) € C and n € Z with |n| — oo. For normalization, in (4.15) we may suppose
h,(0) eR and |C+(n)|2 +|C_(n)|> = 1. Furthermore, for sufficiently large |n| and for
eigenvalues W, (o) = (—p—2¢ () with two linearly independent eigenfunctions of rank one,
a pair of eigenfunctions h, and h_,_», can be found satisfying (4.14) with n set to n and
—n — 2, respectively.

1
hp(x1) =Cr(m)expli(n +a)x1] + C_(n)exp[—i(n +a)x1] + O (—) . (4.15)
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The assertions (i)-(iii) follow from the spectral theory of nonself-adjoint differential equations
(see e.g., [9,15,16] and references therein). The asymptotic behavior of the spectrum of L was
studied, e.g., in [39] for a # 0, 1/2, in [15] for & =0, 1/2 and in [30] for the general case. The
results in the last assertion were used in the proof of [37, Thm. 4.12] to derive uniqueness for
the identification of a periodic medium, which depends only on x», from near-field measurement
data of infinitely many incoming waves.

Obviously, one has

dim (ker (L — p)) < dim (Az (1))

for each € o, (L),  # 0. The set of all eigenfunctions and associated eigenfunctions of u €
o, (L) form the eigenspace corresponding 1, which is a closed linear subspace of L?(0, 27r) with
dimension equal to the algebraic multiplicity of ut. For ¢ =0 and n € Z, we have 1, = (n + o)?
and all associated eigenfunctions %, (x1) = exp (i (n —|—oz)x1) are of rank one. For g # 0, the
eigenvalues as well as the eigenfunctions and associated eigenfunctions are obtained by per-
turbation arguments. Therefore, we have the same general indices n € Z for the set of all eigen-
functions and associated eigenfunctions. So this covers the case of associated eigenfunctions of
rank greater than one. Indeed, in this case the values p,, might coincide for several n € Z and the
corresponding /4, span the space of all eigenfunctions and associated eigenfunctions.

Since the w«-quasiperiodic boundary conditions are non-degenerate, we infer from [30,
Thm. 1.3.1], [15, Thm. 2.1] and [39, Thm. 3] that

Lemma 4.6. The system of eigenfunctions and associated eigenfunctions hpof the a-quasi-
periodic operator L is complete over L*>(0, 27r). Further, they form a Riesz basis of L*(0, 21) if
a#£0,1/2

Let us comment on the choice of eigenfunctions for a basis. Note that, for « # 0, 1/2, each
eigenvalue u, with sufficiently large |n| has an eigenfunction of rank one, which is unique by
the normalization 4, (0) = 1. A basis transform for the general eigenfunctions with n in a finite
set does not change the Riesz property. For o« = 0, 1/2, the eigenvalues of multiplicity two have
a non-unique basis. If the two eigenfunctions are both of rank one, then the basis can be fixed
by h,(0) =1 and (4.14) without changing the Riesz property. However, if there is a generalized
eigenfunction of rank two, then the Riesz property might depend on a good choice of generalized
eigenfunctions for the basis. In particular, it might be necessary to choose two eigenfunctions of
rank two for some of the eigenvalues in order to form a Riesz basis. Choosing a chain of gener-
alized eigenfunctions might lead to a system without Riesz property. We suppose that the system
of generalized eigenfunctions /,, is chosen such that the Riesz property is fulfilled whenever this
is possible. Moreover, we assume a special choice of rank-two eigenfunctions. For this purpose
we define

Definition 4.7. The set I, is defined as the set of indices n such that u, = ;t_,_74 has at least
one rank-two eigenfunction 4, or h_,_», in the Riesz system.

Then, forn € 1,

([_82 - kqu] - Mn)hn = Cn,l,lhn + Cn,l,2h—n—2a’ (4.16)
([_82 - kqu] - H«n)h—n—Za = Cn,Z,lhn + Cn,2,2h—n—2o¢-
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For a linear combination f,h, + f—n_20h—n—24 With f,, f_,_2q € C, we get
2
” 82(fnhn + f—n—2ah—n—2a) H ~ <B:Bn(fn, f—n—Z(x)Tv (fn, f—n—2a)T> s

B = HUn+Cn1,1 Cn2l
= .
12 Mntcn22

By the eigenvalue decomposition of self-adjoint matrices there exists a unitary matrix U, and
non-negative eigenvalues «y,, K_,_2 such that

BB, = Udiag(ky, k—n—2a)Up. 4.17)

In other words, applying a basis transform for the basis functions 4, and h_,_»,, we may sup-
pose U, = I and arrive at

”82(fnhn + f7n72ah7n72a) ”2 ~ Kn|fn|2 + K7n72a|ffn72ot|2- (4.18)

This normalization of pairs of basis functions for « = 0, 1/2 will always be supposed in the
following. If @ # 0, 1/2, then we set I; = @, since, for large |n|, all eigenvalues u, have algebraic
multiplicity one.

The adjoint operator of L over the quasiperiodic functions is the operator L* over quasiperi-
odic functions, which is defined as L in (4.1) but with g replaced by the complex conjugate
function ¢. Since the eigenfunctions and the associated eigenfunctions of L* corresponding to
1r, are L? orthogonal to the eigenfunctions and associated eigenfunctions of L corresponding
to Wy, for w,, # w, (cf. the proof of [39, Thm. 3]), we conclude that there exists a dual system
hy, n € Z such that (h},, h,) =8, and (h},, hy) = 8, . The existence of a complete dual sys-
tem implies that the system h,, n € Z is total and minimal. Of course, the scaling for the dual
system is different than that in Lemma 4.5, (iv). In particular, if the algebraic multiplicity of an
eigenvalue is greater than one, then the scaling is difficult to estimate and the Riesz property
might get lost.

If « =0, 1/2, then the «-quasiperiodic boundary conditions reduce to the periodic bound-
ary conditions and the antiperiodic boundary conditions h(0) = —h(27), h'(0) = —h'(27),
respectively. Unfortunately, the modified asymptotics (4.13) does not exclude the identity
Un (@) = U—p424(e) for large |n|, which might lead to troubles in estimating the norms of
the dual basis. We refer to [15, Thm. 1.2, Cor. 1.5] for necessary and sufficient conditions,
under which the eigenfunctions form a Riesz or Schauder basis over L2(0, 27) in the case of
a=0,1/2.

For general « but real-valued ¢, the operator L over quasiperiodic functions is self-adjoint and
the system /,,, n € Z forms an orthogonal basis in the Hilbert space L. In this paper we suppose
that either o # 0, 1/2, or ¢ is real-valued, or the conditions in [15, Thm. 1.2, Cor. 1.5] hold for
o =0,1/2, so that the h,, n € Z always form a Riesz basis. Note that, for the main result in
Theorem 5.7, the Riesz basis assumption can be replaced by assuming a subexponential bound
for the norms of the dual basis. However, this leads to more involved definitions and proofs,
since the convergence of an expansion with respect to a Riesz basis is to be replaced by density
arguments for finite linear combinations of the 4, n € Z. With the Riesz basis assumption, for
each o we obtain the following equivalence of the Sobolev norms with weighted £> norms of the
coefficients with respect to the Riesz basis A, n € Z.
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Lemma 4.8. Suppose h,,, n € Z is a Riesz basis in L2(0,27). For each s fixed with —2 <s <2,
there exists a constant c¢s > 0 such that, for all sequences f, € C,

1 2
—| 2 fahn < Y A+RDZP+ YA+ 1 ful
S hez Hg (0,27) neZ\ly nely
2
= Cs anhn ,
nel H(0,27)

where k, and 1 are given by (4.7) and Definition 4.17, respectively. Moreover, we have k, <
O(|n|*) as |n| — oo.

Proof. For s =0 the norm equivalence is a well-known fact for any kind of Riesz basis. If s = 2
and all eigenfunctions with eigenvalue u, > ng are of rank one, then

’ D fahn > fuhn D faha
neZ nez neZ
2

2 2 2

4
L2(0,27)

(4.19)

~ ’

HZ2(0,27) L2(0,27)

+ Y 1A

L2(0,27) neZ

~ ‘

> fultn + KEhy

neZ:n|>ng

Using g € L®°(0, 27r) and the fact that u,, ~ |n|2 forn — +o00 (see Lemma 4.5, (iv)) we continue

2 2
>l ~1 D s + Y 1l
neZ Hg(0,2) neZ:|n|>ng L5 (0,27) nez
~ PP+ I
neZ neZ
~ A+ D fal

neZ

Hence, the assertion holds for s = 2, and the norm of the dual space H, 2(0,27) is equivalent to
dual of the weighted £2 space, i.e., the assertion is true for s = —2. By interpolating the spaces,
we obtain the assertion for any s with —2 <s <2.

The proof in the general case follows analogously, if we apply h), = (u, + k*q)h, + g, in-
stead of h)) = (u, + kzq)hn to (4.19) and if we use (4.18). It remains to show the estimate of the
kn. If n € 1z, then we get (4.16). We denote the rank-one eigenfunction on the right-hand side
of (4.16) by g,. Fixing a suitable ¢y > 0, the operator [(—82 — kqu ) + col] is invertible and
its inverse is the compact resolvent operator B := [(—3% — k?>qI) + coI]~". Hence, the property
(—9% — k*q1)gn = in gy of the rank-one eigenfunction g, leads us to

[(—82 — k2q 1) + col1hy — (itn 4 c0Vhn = gn,
(tn 4 €0) "y — Bhy = (i + c0) "> gn»
8n = (Mn + CO)hn - (/an + CO)Zma
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Here || (1n + co)hnll = O(|n|?), and B is a bounded operator in L. Thus ||g,|| = O(|n|*) such
that cu,1,; = O(n|*), j =1,2. Similarly, ¢, 2, ; = O(In|*), j = 1,2, and the non-negative sin-
gular value k;, is at most 0(|n|4). O

4.2.3. Solutions to the BVP (2.5)

By Lemma 4.6, the set of eigenfunctions and associated eigenfunctions of L is complete over
L%(0, 27) for any « € [0, 1). To consider eigenfunctions of higher ranks, we denote by (4, i, ttn)
with iy, m € AL (1) an eigenpair of rank m > 1 of L. However, we should always keep in mind
that the system (hy ., tn) coincides with the previously used notation (4,,, (). By Lemma 4.3
we may construct eigenpairs (W, i) of rank m > 1 of M as follows:

n, m’
hn,m(xl)
+ + _ m—1 ‘ +
Ay =2, Wy, ()= AE B (x1) + Z an h,(f,,)n(xl) eAy(A)), (4.20)
j=1

where the yjin are defined the same way as y; with A replaced by A,T (see (4.4)). Here, the func-

tions hf,’ ,)n = (L — p, 1)’ hy,.m represent the chain generated by £, ,, and the set Ay (1) denotes
the eigenspace of the operator M corresponding to the eigenvalue A, that is (cf. (4.12)),

Ay) = [ge’Dzzthereis anm € N s.t.
MjgeDz, j=1, ...,m—land(M—)LI)mgzo},

As will be seen later, we shall switch between the indices + and — to define upward and down-
ward radiating wave modes for x» > b and x; < b, respectively.

Lemma 4.9. Suppose (g, A) with g = (g1, gz)T € Ay (A) is an eigenpair of rank m > 1 of M.
Then the unique solution W (x1, x2) = (u(x1, x2), v(x1, o)) to the quasiperiodic initial bound-
ary value problem

W=MW, W(,b)=g, “4.21)

is given by
(n) A
W(x1, xp) = ¥¥270) Z g7 0n) (2~ b) ,
n!
n=0

where {g"™ :n =1, ---,m)} denotes the chain generated by g as defined for generator h in Defi-
nition 4.2.

Proof. Without loss of generality we suppose that b=0. Obviously, W (x1, x2):=exp(Mx2)g(x1)
is the unique solution to (4.21). For m = 1, we have (M — AI)g =0, implying that M/g =/ g
for any j € N. Hence, by the definition of the exponential function of a matrix we obtain
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X xIaJ

2 —
1 8=

e}»xz

00 ]
W (x1, x2) = exp(Mx2)g(x1) Z—Z g=> g.

j=0

Next we will verify the lemma in the general case of m > 1. From the definition of g, using
an induction argument we see

minj.m—1) . . it
oo j-n ) [ J JY._ :
Mig= " A™g (n) (n)._(j_n)!n!. (4.22)
n=0
Note that in deriving (4.22), we have used the relation Mg = g™ 4 g™+ We split the
function e”*2g into the sum of
m-l.J X!
exp(Ma)g(x1) = ) = =2 = Mg+ Z "2 pig (4.23)
J!
j= 0 =m

The first sum on the right-hand side of the previous identity can be rewritten using (4.22) as
2 j j—n (n) J (”)
z SO S5 5 SIUATLY F) WD SD putcum
—() n=0 j=0 n=0
n j )\'j n

m—1
_ (n)
_g Z (G-m!’

where the summation over the indices j and m has been interchanged in the last step. Analo-
gously,

m—1 xg 00 xé’ )\j m—1 xg
A
exp(Mxo)g =) g™ [}~ Tl R ¢”. o
= ’ j=0 ’ n=0 '

Theorem 4.10. Suppose (hy,,m, tn) With hy , € Ap(uy) is an eigenpair of rank m > 1 of L
and define )»,jf and anfm as in (4.20). Consider the boundary value problem for a-quasiperiodic
solutions u:

Au+k*qu=0 in R®  u=h,, on Ty, (4.24)

(i) The general solution u = uy, , € HI%JC(Rz) can be represented by up m = C*u;{’m +C uy
where Ct e C, CtY+C~ =1, and
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E, (1, x) = &M 27D Z(W,} ) (x )(]7;)) (4.25)

Here (WjE )(j ) denotes the first component of the chain (erm)(j ) generated by W,fm. Further-

more, for 0 < j <m — 1, the associated eigenfunction (W,jtm)(j) of the operator M with the
corresponding eigenvalue )L,f is of rank m — j and can be represented as

m—1 m—1
Wi =3 AP0, ) =3 B, 0<jsm—1. @20)
=0 =0

with the coefficients Al(j) = Ali’(j), 0<l<m-—1 and Bl(j) = B[i’m, 0<l<m—1 given by
the recursion

AY =1, B =1k A =0, B =12, O<l<m—1, (427)

i+1 +1 ' .
A = 3 FA + B BT = A+ pa A 0B 0<j<m—1, (428)

where [, = [)L,f]2 and A(_Jl) =0.
(ii) It holds that

m—1

ot (x1,6) = Ay m(x1) + Y v, Bl (x0).
j=1

Proof. Suppose Ai and W  are defined by (4.20). By Lemma 4.3, the eigenpairs (W,

9 )
n,m n m
of M are of rank m. Hence, the ujE are solutions of the «-quasiperiodic boundary value problem

(4.24) if and only if W* = (un s 82un ) satisfy the a-quasiperiodic ODE systems
HWE=MW* in R? WE=W;, on T,

By Lemma 4.9, we get the solutions

WE(x1,xp) = b (270 Z(Wi )9 (x >(]—l’) (4.29)

j=0

Recall from (4.20) that

WEIN =WE D1 = hom,

m—1

. .
WS =2 b+ Y v} i

The expression of u,f , follows from the first component of (4.29), and consequently, Bzufﬁm Ir,
coincides with the second component of W,fmh*b. Finally, the initial condition (4.27) follows

from (4.20) and the recursion (4.28) for the coefficients in (4.26) from
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—AFI I
M —)E1) = " :
( n D <(L—lm1)+uw1 —Afl) =

As a consequence of Theorem 4.10, we present the solutions for eigenvalues of rank two.
Corollary 4.11. Suppose (h, \?) with h € A;(A\?) is an eigenpair of L of rank two. Then the

general solution u € H120 C(Rz) of the boundary value problem (4.24) can be represented by
u=Ctut +Cu", whereC*eC,Ct+C =1, and

1
u%m@=fwwﬂmmiﬁm—mwwﬂ,er,
where hV) = (L — A2 I)h # 0. In particular, we have

1
Bzui(xl,b)zikh(xl):tﬁh(l)(xl) for x»=b.

Proof. The assertion follows from Theorem 4.10 with the following replacement

1 1
+ + + +
m=2,kn=ik,y1’n_—2ki_i—2k, U, =1u yhpo=h. O
n

Remark 4.12. Since A = £ /11, # 0, the solutions u,,, are upward outgoing, whereas u,, ,, are
downward outgoing. They constitute a basis of the wave modes to define upward and downward
radiating conditions (cf. Subsect. 4.4 below).

4.3. The eigenvalue zero

In this subsection we suppose that i = 0 is an eigenvalue of L with the eigenfunction h. If
(h,0) T is an eigenpair of rank one, by Theorem 4.10 the solution u to the quasiperiodic boundary
value problem (4.24) takes the form

u(x)=h(x;), xeR? (4.30)

implying that dyu(x1, x2) = 0 for any (x1, x2). For higher ranks m > 2, however, Theorem 4.10
is not meaningful because the coefficients y;, j > 1 (cf. (4.4)) are not well defined for eigenvalue
Zero.

Lemma 4.13. Suppose ). = 0 is an eigenvalue for M of rank 2m — 1 or 2m with m > 1. Then the
corresponding eigenspace of rank 2m — 1 consists of vector functions of the form (um, Vm—1)7,
while the eigenspace of rank 2m consists of functions of the form (U, vm)T. Here the iy, vm
and vyu—1 (vo = 0) are eigenfunctions of L with respect to the eigenvalue u = 0 of rank m and
m — 1, respectively.

Proof. Denote by W = (u, v)” the eigenfunction of M that corresponds to the eigenvalue A = 0.
It is easy to see
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(3 D))

Hence, (W, 0) is an eigenpair of rank one if and only if v =0 and Lu =0, that is W = (u, 0),
where the eigenvector u of L corresponding to the eigenvalue zero is of rank one. Analogously,
(W, 0) is an eigenpair of rank two if and only if (v, Lu)T is an eigenfunction of rank one, which
implies that v is of rank one and Lu = 0, that is both v and u are of rank one. This proves
Lemma 4.13 in the cases m = 1 and m = 2. The general case m > 3 can be proved easily via
induction and using (4.31). O

Theorem 4.14. Suppose (hom, 0), ho.m € AL(0) is an eigenpair of operator L with rank m > 1.
Then the general solutionu € H, 2 (Rz) to the quasiperiodic boundary value problem (4.24) takes

loc

the form u = Ctu, + C~u,,, where C* € C, CT +C~ =1, and
2m—1
i+ -
up(cx) = Y wit () (a—b) /i, xeR,

j=0

where, for n =0,1,--- ,m —1,

w2 @) =hdh (D), w2t =0 @), wZ e =00 (). (432)

Here vy, v;,,—1 (vg = 0) are arbitrary eigenfunctions of L of rank m and m — 1, respectively, and

v,(,'f )= L"v,, denotes the chain generated by vy, corresponding to operator L and eigenvalue
zero. In particular, it holds that

dou) (x1,b) = v (x1),  dauy, (x1,b) = vy_1(x1),

Proof. By Lemma 4.13, the vector functions W, := (A, vm)T, W, := (B, vm—1)T are of rank
2m and 2m — 1, respectively. Now, consider the quasiperiodic boundary value problems

HWE=MWE Wb =W,
where W+ = (u,j,f, Bzufj)T. By Lemma 4.9, we have the solution
2m—1
WE@) = Y (W) () (e = b)Y /j !,

j=0

where (an)(j ) =M/ ij denotes the chain generated by an. By the definition of M, we get

\C2n) hy @) oy
(Wm) = v(n) s (Wm) = h(n+1) , n=0,1,--- ,m—1.
m

m

The first component of (an)(j), j=0,1,---,2m — 1 gives the definition of w,ﬁf in (4.32).
Analogously, we can get
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—\n) o —\2n+1) U(nzl
(Wm) = v(n) s (Wm) = h(r’rlz+l) , n=0,1,---,m—1,
1 m

m—

which imply the expressions of w,j;;_. The representation of azu,ﬂ,j on x = b follows from the

. .. 1,+
expression of u;> and definition of w,; . O

In the case of m = 1, we have

ul () =hi(x)) + (x2 = byvr(xr),  uy (x1) =hi(xp).

For m > 1, the functions u,ﬂ,j(x 1, X2) are polynomials with respect to x» of order 2m — 1 and
2m — 2, respectively. Since ufr and u,f (m > 2) are unbounded as x; — 00, these wave modes
are physically not meaningful. Hence, in this paper we make the assumption that the rank of
u =0 of L is one and the corresponding eigenfunction is given by u =u; = hi(x1), which
coincides with the solution obtained by Theorem 4.10 by formally setting 1, =0 and m = 1
(cf. (4.30)). Note that for complex-valued periodic potential g € L*°(R), one cannot exclude, in
general, that zero has an associated eigenfunction of rank m > 2.

4.4. Upward and downward radiation conditions

Suppose the operator L in (4.1) is defined with a function g € L°°(R). We introduce the
following assumption on L.

Definition 4.15. We shall say that Assumption RC(g) is fulfilled if the system of eigenfunctions
corresponding to L (cf. Lemma 4.6) forms a Riesz basis and if either there is no eigenvalue zero
of L or any eigenfunction u of eigenvalue zero is of rank one, i.e., L?u = 0 implies Lu = 0.

We suppose the space is filled with material, the refractive index g(x) of which is equal
to g+ (x1) and to ¢~ (x;) in an upper and lower half space, respectively. Denote the opera-
tor L of (4.1) with ¢ =¢* by L*. In this and the following sections we shall assume the
Assumptions RC(¢g%). For ¢ =¢* and L = L*, the Riesz basis {/, :n € Z} can be denoted
by {hpm : fin € 0p(L), hym € AL (f1,)} with a finite subset A¥ (@) C AL (fin) (cf. (4.12)).
Whereas the eigenvalues u,, n € Z in Lemma 4.5, point (iv) need not to be different for differ-
ent indices n, the eigenvalues fi,, n € N in the new notation satisfy fi; # fi;, i, j=1,--- and
Refii <Rejip <Refiz <---. Setting [ :={(n,m): neN, me A{(,un)}, we can even write
the system as {h, ,, : (n,m) € I}. The subscript m > 1 indicates the rank m of eigenfunction
hn.m, and the corresponding set of eigenpairs is {(fn m, fln) : (n,m) € I}. To simplify notation
we even write (, for the new [i,,. Furthermore, suppose u;fm is given by (4.25) and let A and
me be defined as in (4.20). Set

j— V Mn if Re./u, <0 or Re./u,=0,Im,. /1, >0, 4.33)
" —Mn otherwise. '

It is clear that we always have either Re ()A\n) < 0 or Re ():n) =0 and Im ():n) > 0. Similarly,
define
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& W, if Re .y <0 or Rej,=0,Im /i, >0,

n,m = _ .
Wom otherwise.

Note that, for in =0, we have m =1 and Wn,m = An,l = (hn.1, 0)7, where hu.1 = hy denotes
the eigenfunction of rank one that corresponds to the eigenvalue zero and operator L.

Definition 4.16. An upward (resp. downward) radiating mode u(U) (resp. u,(lD,,),) is defined as

(2 b)
ulY) = b Z(Wm(”( D, ;2 >b,

j=0

x2 <b.

(D) _ —hn(xa—b) = - ) (x2 — b)/
ulh) = e N (W, ) (o) =

We shall call the modes u,(,U,z, and u(D) propagating wave mode if Re An =0, ie., if it is not

decaying exponentially for x, — oo and xp — —o0, respectively.

Remark 4.17. Each upward and downward radiating mode belongs to Hl%) . (R?). Fora #0,1/2
and for |n| sufficiently large, by Lemma 4.5 (iv) the eigenpair (%, it,) of L has the rank one.
Together with Theorem 4.10, this implies that

) = u®) = 2D, (D) = (D) = p=hna=bly

n,m

Independent on whether the rank is one or two, for large || the functlon u,, v) (resp. u,,D)) decays
exponentially as xp — +00 (resp. x — —00), due to the definition of An and the asymptotics of
A, shown in Lemma 4.5 (iv).

Definition 4.18. The «-quasiperiodic function u € H, loc (Q+) (resp. u € H, loc (Q+)) is called

an upward (resp. downward) radiating solution if u# is a linear combination of the upward
(resp. downward) radiating modes, that is,

u@ =Y Cpuim ),

(n,m)el
(resp) u(r)= D Cppun(o),
(n,m)el
for some sequence of coefficients C,fm € C. The sums converge in H, ZDC(QJF) (resp. IOC(QJF))

Recall our definition of HZL . (Qf) as the space of all functions v over Qf such that, for
any radius r > 0, the restriction of v to Q;r ={xe Q,:f Dx| <r}isin HI(Q;,'EJ). Note that
the functions u € HIL . (Q;t) of Definition 4.18 satisfy the Helmholtz equation Au(xy, x2) +
k2q(x1)u(x1, x2) =0 for (x1,x2) € Qf.
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If g(x) = qo € C, the upward and downward propagating modes defined in Definitions 4.18
and 4.16 are exactly the Rayleigh modes occurring in a homogeneous periodic medium. In fact,
the spectrum (u,, h,) of the differential operator L is given by

Un =a2—k2qoe(C, h,(x1) =exp(iayxy), nezl.
In particular, each eigenvalue u, is of rank one and there is no associated eigenfunctions of

rank m > 2 (see the arguments below). Correspondingly, the spectrum (A,, W,,) of the matrix
differential operator M can be represented as (see Lemma 4.3)

. 1
AE =+ /a2 —k2q0, WI=exp(iayxi) (j: - k2q0> )
n

Note that the branch of \/a is taken such that Im v/a > 0 for a € C. By the definition (4.33), the
parameter A, € C turns out to be

—JaZ—kqy if Jaul® > k%ol

Kqo—a2  if ol < |k%qol.

>>

Hence, the upward and downward going modes take the form

uELU)(x) — eiOlnxl-i-)»n(xz—b)’ x> b,

ule)(x) _ eianxl—kn(xz—b)’ X <b.

In the special case g (x) = 1, it holds that

—Ja: —k? it ay,| >k,

iVk* —a? if o, <k,

>

which coincides with i, for any n € Z (cf. (2.4)). If u,, = 0 is an eigenvalue of L, we have
either «,, = k or o, = —k, that is, the dimension of the eigenspace oy, (0) is at most two, with the
eigenfunctions e***1 These eigenmodes can be regarded as both upward and downward going
modes. When o, = 0 for some n € Z, it holds that u,SU)(x) = /%2 and u,gU)(x) = e~k%2 which
are 27 -periodic wave modes in the x;-direction.

Next we show that the rank of the eigenvalue u, of the operator L = —(812 + k2qol) with
qo € C is at most one. For this purpose, it suffices to prove that, for any given n € N, there do
not exist a-quasiperiodic solutions to the ordinary differential equation

w”(x1) + 2w(x;) =", x| eR. (4.34)
If a, # 0, a general solution to (4.34) takes the form
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w(x)) = C+eia,,x1 + C—e—ia,,xl +v(xy), Cj: eC,
X1

1 .
v(x)) = o f sin (a (x1 — y1)) e’ dy

n

0

_eianxl R
== (e*ﬂ“m 1+ i2anx1) . (4.35)
an

It is easy to see

X1

. - o X] .
U/(xl):/COS (ot (x1 — y1)) € dyy = == (e_lza"xl —1 —i2anx1) (4.36)
4oy,
0
and v(0) =v'(0) =0. The function w is «a-quasiperiodic in x; if w(0) = w(2n)e_i2”°‘ and

w' (0) = w'(2m)e 27 Since e!%*1 ig a-quasiperiodic, we get conditions on ¢~ and can as-
sume ¢ =0. The first condition together with a;,, = o + n leads us to (¢~ + v(0))ei®?™ =
(c~e 12T 4 y(27)) i.e., to the formula 2i sin(a27)c™ = v(27). Similarly, the second condi-
tion for the derivatives implies 2i sin(a2m)c™ = aL,,U/ (27). In other words, an existence of a
quasiperiodic solution (4.34) requires v(2w) = a’—;lv/ (27). Substituting x; = 27 into the for-
mulas (4.35) and (4.36), we get o, = 0, which is a contradiction to the assumption «, # 0
for our case. If «, = 0, it holds that « = —n for some n € Z, implying that the solution w
to the ordinary equation w” = 1 must be 27 -periodic. A general solution of (4.34) is given by
w(x))=1/2 xl2 +axy +b with a, b € C. However, such general solutions cannot be 27 -periodic.
In summary, eigenvalues for constant potentials cannot be of rank m > 2.

5. Solvability of grating diffraction problems in an inhomogeneous periodic medium

The derivation of the results on the solvability of the boundary value problem, modeling the
scattering of an incoming wave by the grating structure between inhomogeneous media, goes
along the same lines as in the case of homogeneous cover and substrate materials. In Subsect. 5.1,
we shall define Dirichlet-to-Neumann (DtN) mappings over the lower boundary line of the cover
material and over the upper boundary of the substrate. Mapping properties of these DtN op-
erators will be investigated in Lemmata 5.3, 5.4 and 5.5. In particular, definiteness and strong
ellipticity of the quadratic forms corresponding to the two Dirichlet-to-Neumann mappings are
presented. In Sect. 5.2, we formulate the scattering problem as a quasiperiodic boundary value
problem. An equivalent variational formulation is given by enforcing the Dirichlet-to-Neumann
mappings on an artificial boundary inside the inhomogeneous material, and the strong ellipticity
of the corresponding sesquilinear form is proved. The definiteness of the quadratic forms imply
the uniqueness of the scattered far-field, namely the reflected and transmitted propagating wave
modes. By Fredholm’s alternative, we obtain unique solvability of the scattering problem for ab-
sorbing materials and also existence of solutions in non-absorbing materials for special incoming
waves.

In the subsequent sections we suppose that g(x) =g (x1) € L°°(R) is complex-valued, 27 -
periodic with respect to x; and satisfies Assumption RC(q) of Definition 4.15. We extend ¢ from
Q, to R? by setting g (x) = g(x1) for all x € R
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5.1. Dirichlet-to-Neumann mappings

Similarly to Subsect. 4.4 and in contrast to the notation #,, n € Ny for the system of eigen-
functions and associated eigenfunctions used in Subsect. 4.2 (cf. Lemma 4.6), we again denote
this system by iy, (n,m) € I with [ :={(n,m): neN, m e A’Z(,un)}. The index m denotes
the rank of the associate eigenfunction h, , € Ar(u,) for the eigenvalue u, introduced after
Lemma 4.8. In the subsequent sections we identify the straight line I', with the finite sec-
tion over a single period {(x, b) : x1 € (0,27)}. For d > b, we define the rectangular domain
Rpa:=1{x¢€ R2:b<xy<d, 0<x| < 2m}. Hence, I', UT'y is a subset of the boundary of Rj, 4.

Lemma 5.1. The system hy, ,, (n, m) € I is complete in Hé/z(f‘b). Ifitis a Riesz basis in L%(T),
then a scaled version of the system is a Riesz basis in Hol/ 2(Fb).

Proof. In accordance with Lemma 4.6 the linear span of the system #,, ,;, (n, m) € I is dense in
L3(Ty). Using that L?(T'p) is a dense subspace in Hoj1 (I'p), we conclude that the span of system
hy.m, (n,m) € I is dense in Hoj1 (T'p) as well. Now, knowing that g € L°°, we can choose a real
number « such that A :=L +«1I: H}(Tp) — H;'(Tp) is invertible. Then the span of system
A‘lh,,)m, (n,m) €1 is dense in Hof (I'p). However, the h, , are eigenfunctions or associate
eigenfunctions of operator A. Consequently, the span of system A~'%, ,,, (n,m) € I coincides
with the span of the system 4,, ,,,, (n, m) € I. In other words, the span of system %, p,, (n,m) € 1

is dense in Hol (I'p). Since Hol (I'p) is dense in Hg/z(rb), the span of system h,, ,,, (n,m) € I is
dense in HO}/ 2(I‘;,). The Riesz basis property follows from Lemma 4.8. O

Definition 5.2. The Dirichlet-to-Neumann maps 7;: for upward and downward radiating solu-
tions are defined as

TE() =0, fe HYATy),

where u%¢ are the upward and downward radiating solutions to the Dirichlet boundary value
problem

Auf +IPquit =0 for  x2=b(o<b),  u¥lr, =/ (5.1)
Given f € HO}/Z(F;,) C Lg (T'p), by Lemmas 4.6 and 4.8 we may expand f into the series

f= 3" fomhum fom=({f.h},)eC, (5.2)

(n,m)el

where {h}, ,} is the dual system of {h, ,,}. Recall the equivalent norm (cf. Lemma 4.8 valid for
the Riesz basis h, p, (n,m) € 1)

11y, ™ 2 QD+ D2 (Ot kin) ' | fuml

(n,m)el (n,m)ely

Using Theorem 4.10, the solution u’¢ € H ! (Qf) to the boundary value problem (5.1) takes the

loc
form
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Y famul). x2=b, (5.3)
(n,m)el

> famu®. x2<b. (5.4)
(n,m)el

Lemma 5.3. Suppose Assumption RC(q) given in Definition 4.15. Then the sums in (5.3) and

(5.4) convergein H,,,. (§2+) and the mappings Ti are continuous from Hy 12 (T'p) to Hy, 1/2(1";,).

Proof. Without loss of generality we consider the case of + and upgoing waves. Any approxi-
mation of ’7;“, defined by a finite section of the index set, is obviously continuous. Thus, due to
Lemma 4.5 (iv), we may suppose that all %, ,, are eigenfunctions of rank one or two for eigen-
values p, with Re u, > 0. First we assume that all these eigenfunctions are of rank one. We fix
asmall ep > 0. If h;l is a function in the dual system, then

Teof(x1) 1= w1, b+ep) =Y (f hi Juy ) (x1, b+ ep).

n

We assume that the sum contains only a finite number of terms. From Lemma 4.5, (iv) and
(U)(xl ,x2) = exp (— /Hn(x2 — b)) hp,1(x1), we obtain

¢ (x1, b+sD>|<cZ||f||Lz(p,,)exp[ ReVinen] < cllfll g,

Similarly, we can estimate |82 u“ (x1,b+ ep)| if we use that &, 1 is an eigenfunction of L. We
arrive at

1Teo f L2y, = 105 0 2 ) < ENF Nz -
Now we use the continuity of the Dirichlet problem for a-quasiperiodic Helmholtz solutions in

the rectangle Ry p+¢,,. For sufficiently small ep, the variational form (u, v) — — f Vu -V +
k? [ qud of the quasiperiodic Dirichlet problem

Au(x) +k2q(xD)ux) =0, x € Ry pyep,  ulr, = f, ulr,,,, = f2 (5.5)

is coercive over the space of functions u € HO} (Rp,p+ep) with u|r, =0 and “|l“b+su =0. We
denote the solution of (5.5) by U[ f, f2] and get

”U[f fz]'lHl(th+;D)—C||f|| (F )+C||f2|| l/z(rb )
aswellas U[f, fo] = uffth,bﬂD. We conclude
+
175" A1y < UL Teo f ey ey < € {F gy + 1 Teof i, )

=clfligrg,
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Consequently, we can extend 7? to a continuous operator over Hol / 2(Fb), and the sum (5.3) con-
verges in HOE (Rp,p+ep)- Similarly, we get convergence and boundedness in HO} (Rp+ep,b+2¢p)» 1N
H(j (Rp42¢p.b+3¢p), and so on. In other words, we get convergence in HILC(QZ).

If there exist rank-two eigenfunctions in the sum, then we can proceed similarly. We only
have to use Corollary 4.11 together with (4.16) and ¢, &, = O(|n|*), k, j =1, 2, which has been

shown at the end of the proof to Lemma 4.8. O

Below we investigate other properties of 7'bi. In contrast to the orthogonal basis ¢/***! (iden-
tical with its dual system) for a homogeneous medium, the Riesz bases 4, ,, in our case may not
be orthogonal. The following two lemmas for the homogeneous case were justified in a straight-
forward manner by the definition of DtN mappings. As we shall show, their generalization to
media with non-constant but real-valued ¢ is easy. In this paper we shall make use of variational
arguments to prove them even for complex-valued q.

Lemma 5.4. Suppose Assumption RC(q) given in Definition 4.15 and let f € HJ/Z(F;,) be given
by (5.2) with coefficients f, n € C.

(i) For real-valued g, each mode uf,U,,), (resp. ufﬂ,l ) corresponds to associate eigenfunctions of
rank one, i.e., m = 1. Furthermore, we have

Imfﬁiff >0 forall feH,/*T}). (5.6)

Iy

If the equality sign in (5.6) holds, then we have f, 1 =0 for all n with Im A, > O, that is, the
solution to the boundary value problem (2.5) has no propagating wave mode with Re An=0
and Im in > 0.

(ii) If Img > ¢4 > 0 on a subdomain, then there is no propagating mode. Moreover, the inequal-
ity (5.6) still holds, and, in the case of equality sign, we have f, ,, =0 for all (n,m) € I.

Proof. We consider 7;* and the upward radiating modes only. The case of 7, can be treated
analogously.

(1) For real-valued ¢, we have a self-adjoint operator, and there is no A, ,, with rank m greater
than one. Moreover, the eigenfunctions are orthogonal. Choosing a sufficiently large no and
substituting

(TP O =" hn fut hn1(x1)

nez
into (5.6), the assertion follows from Im )A»,, > 0 and the identity
2
tm [ 7547 Fs =Y tmin 1 [ 1hn(e)P dr 0.
Fb neZ 0

(i) Now consider the boundary value problem (2.5) in x2 > b and suppose Img > 0 on a set
of positive measure. Equ. (5.3) together with Green’s formula leads us to
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/T+ffds_/8x2ujr‘ujr‘ds+ / {K2q s 1* = |Vuse)*} dax. (5.7)

Ta Rp.a

To prove that there is no propagatmg mode, we only need to consider a propagating mode of rank
one. Taking f := h, with Re A =0, we get Im#, >0 and

) =2 (), in x> b,

opu’ (x)—A e}‘"(d b h, (x1), on xp=d.

Taking the imaginary part of (5.7) and using g = g(x1) we get

Im/ﬁh h ds—szlm(q)m ?dx +1Im (@, )/|h [>ds

I'p Rp.a W]

=k*(d —b)flm (@)|hn|?dx; +1Im (%)/ hn)? dx1,

for any d > b. We conclude that fozn Im (q)|fzn|2dx1 = 0, since the right-hand side should be

independent of d > b. Hence, fzn (x1) = 0 over the subdomain where Img(x1) > ¢,. This fur-
ther yields u% = 0 in x > b by unique continuation of the elliptic equation (see e.g., [20,

Thm. 17.2.6, Chapter XVII]) and thus h,, =0.
Next we shall prove the inequality (5.6) for complex-valued ¢ (x1). For f = Zn m Jomhnm,

the solution %’ is given by (5.3). As d — oo, the exponentially decaying terms u (x 1,d) with
Rek, =0 tend to zero, and only the propagating modes remain. Hence

wl(xy,d) — Z A Saum u(U) (x1,d) = as d— oo.
(n,m)el:Rek,=0

In the last step, we have used the vanishing of the propagating modes, that is, uflUnl =0ifRek, =
0. Similarly, one can prove that du’¢ (x1,d) — 0 as d — oo. Taking the imaginary part of (5.7)
and letting d — oo, we obtain

Im/ﬁfffds:dhm ka[Imq]miﬂzdx > 0.
—00

Rp.a
In the case of equality sign, we must have u%" = 0 and thus f;, , =0 forall (n,m)el. O

Lemma 5.5. Suppose there holds Assumptlon RC(q) given in Definition 4.15. Then there exists

a compact operator Ti Hl/z(l"b) 1/ (T'p) such that
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, co>0.
: Ty 0

2
f [—Tf " 7—;0] Fids o llfIe
0

In other words, —7? can be decomposed into the sum of a coercive operator and a compact
operator.

Proof. The assertions for ’7? and 7, follow analogously. So we only consider the case of 7?.
For d > b, the identity (5.7) can be decomposed into two parts:

—/7;+ffds= / {|VM$'|2+|MS;‘|2} dx—/ThTOffds (5.8)
'y Rp.a Iy
where 7;“0 : H(J/Z(Fh) — HJI/Z(F;,) is defined as
/nfof gds:= / A+ Kq)uf wf;‘}dx+/azuf wids, ge Hy* ().
'y Rp.a Ty

Here wi‘ e H ! (Rp,q) 1s the unique radiating solution to the boundary value problem (5.1) with
the Dirichlet data w’® = g on I';. The operator 77;3) is compact, because the mappings

Gi:HY*(Tp) — HY*(Ta),  Gi(g):i=wlry,
Gy HY*(Tp) — L2(Rp.a), G2(g) = w¥ R, 4

are both compact. On the other hand, by (5.8) it is clear that —7? + 7?0 is a coercive operator
on HJ/Z(F[,). O

5.2. Well-posedness of the transmission problem

Next we consider the boundary value problem for the simulation of waves scattered at a grat-
ing located between the two inhomogeneous half spaces Qj and 2, with b <d (cf. Fig. 2).
In particular, we assume § € L>(R?) such that §(x) = g7 (x1) for x» >d and §(x) = ¢~ (x1)
for x» < b. In other words, the univariate function previously denoted by g is now changed to
g*. Of course, for the refractive index, we suppose there is a constant ¢q > 0 such that either
g(x) > cq orImg(x) > ¢4. By Lp 4 we denote the layer {x € R2:b < x3 < d} and, as before, by

Ry, 4 the rectangle {x € RZ:b<xy<d,0<x < 27} For any given functions fg € Hé/z(f‘d),

f,ﬁi, € HJI/Z(Fd), fg € HJ/Z(F;)), and f,}\’, € H(;]/z(I‘h), we look for a triple of a-quasiperiodic

field solutions u € H!(Lp4), ut € H | (@), andu e H!, (Q;) of

a,loc ,loc

Au(x) +k*G(x) u(x) =0, xeLpg,
Aut () + K¢ put(x) =0, xeQt,
Au~ (x) +k2q_(x1)u_(x) =0, xeQ,,
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Fig. 2. The geometry settings for the boundary value problem.

ulr, = ublr, + 8, doulr, = duTIr, + fL, (5.9)

- b - b
ulr, = u" |, + fp,  dulr, = du"Ir, + fy,

u™ is an upward radiating wave in

u~ is a downward radiating wave in €2, .
Suppose that u'" € H! Q1) is a downward incoming wave satisfying the Helmholtz equation
pp a,loc\4d g ying q
(A +k*qTDu'™ =0 in Q. Then the wave solution of (5.9) with £ = u'"|r,, f& = d,u™Ir,.
f g =0, and f f\’, = 0 is the wave scattered by the grating, i.e., u™ is the reflected wave, u~ the
transmitted wave, and u the wave induced inside the grating.
Clearly, the weak formulation of (5.9) is the variational equation

a(u,v) = F(v), Yv e H (Rp.a), (5.10)

a(u,v) = / {—Vu.Vt')—l—kzéuﬁ} dx—i—f’ﬁf‘uﬁds—l—/n_uﬁds,
Ca

Rb,d Iy

F(v) ;=/[7;,+fg —fﬁ,]{;dH/[ﬂ‘f{; + 14| ds.

| W] Ty

The variational solution u € HJ(Rb,d) can be extended to Qj and 2, as follows. If u is the
weak solution, then we get ulr, — £ =3, ,, fifuhnm with coefficients £,7,, € C and the
eigenfunction h, , = hn,m(Q;{) for the domain Q;. We get the solution for x, > d by the ex-
tension ut =3y, fn+muff2 For x; < b, we get ulr, — f§ =" m fomhnm with f, € C
and the eigenfunction hy, ;, = hym(S2,) for €. The solution for x; < b is the extension

- _ (D)
u _Zn,m fn,mun.m-

Now we prepare the solvability theorem by
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Lemma 5.6. Suppose the Assumptions RC(q™ ) introduced in Definition 4.15 hold. The sesquilin-
ear form a : Ho% (Rp.a) % HO} (Rp.q) = R is bounded. Moreover, it is strongly elliptic, i.e., there
exists a compact operator Ty, : HO} (Rp.a) — Hw_1 (Rp.q) and a constant cs, > 0 such that, for all
u € Hy (Ry.a),

2
@ 0) + (Tt )| = ey,

where (v, u) denotes the duality pairing between Ha_l(Rb,d) and Ho} (Rp,a), which is equal to
the L? scalar product for v € L2(Rb,d). The right-hand side functional F : Hoi (Rp.g) = 0 is
continuous.

Proof. The boundedness follows from Lemma 5.3, the strong ellipticity from Lemma 5.4. The
continuity of F is a consequence of Lemma 5.3. O

Theorem 5.7. Suppose the Assumptions RC(q™) introduced in Definition 4.15 hold.

(i) The space of all weak solutions to the homogeneous boundary value problem (5.9) with
fD = fD fN = fN =0 has a finite dimension. The space of homogeneous solutions of
the adjoint differential operator, i.e.,

ker := {u € H (Ryp.q) : a(w,v) =0, Yw € H;(Rb,d)}

has the same finite dimension. There exists a weak solution of (5.9) if and only if, for any
v € ker, the condition F (v) = 0 holds. If this solvability condition is satisfied and if up is a
particular solution of (5.9), then the general weak solution is u = u, + uy, with uy a weak
solution of the homogeneous boundary value problem (5.9).

(ii) Assume the function g™ is real-valued and let ino = )A»n() (Q;;) be defined as in (4.33) such
that Re )A\,,O =0, Im ino > 0. Suppose that the incoming wave u' in Q; is the propagating
downward radiating mode u'™ = (D) (Q+) Then there exists a weak solution of (5.9) with
fD —umh"d: fN = 82’/lm|l"d and fD = fN —0

(iii) For real-valued squared refractive index q , the propagating upward (resp. downward)
radiating modes in Q (resp. ) with Re An =0and Imh, >0 for the general boundary
value problem (5.9) are umquely determined.

(iv) Suppose that Img(x) > cz > 0 over a subdomain Dy C Rp 4 or that Img®(x)) > cqx >0
over a subinterval of [0, 21]. Then there exists a unique weak solution u of (5.9), and for a
constant Cg > 0 independent of the boundary data fg, fﬁ,, fg and f]{’,, we get

+ p—
ol 1t Ry ) + N Img g2y F NIy 2
<Cotllfall + £ +f5l Vi
=5 WD E 2y N g2y DI g2 (ry,) N 21y

Proof. (i) Clearly, part (i) is a simple consequence of Fredholm’s alternative applied to the vari-

ational equation (5.10), the sesquilinear form of which is strongly elliptic due to Lemma 5.6.
(i1) We apply (i). Suppose v € ker is a solution of the homogeneous adjoint equation. Then we

get Ima(v, v) = 0. Using Im [ k*Gvd > 0 and Lemma 5.4 over 2, , we get Im fl“d T, fvo=0.
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In the case of real-valued ¢, the eigenfunctions have rank one and form an orthogonal basis.
There is a finite number of eigenvalues An with Re A, = 0, and the remaining eigenvalues satisfy
Re ):n > 0. Thus, for v = Zn Sfu.1hy 1 it follows from Lemma 5.4 (i) that all propagating modes
must vanish, i.e., f;,1 =0 for Im in > 0. In particular, we have f,, 1 = 0. Hence, by the choice
of the fg, f,‘\i,, fg, ff\’, and the orthogonality of 4, ,, we obtain

2
F(v) = /[7;_}1/10,1 — hng1]0ds = (hny — 1)fno,1/|hn0,1|2dX1 = 0.
| W] 0

The solution exists by Fredholm’s alternative in part (i) of the lemma.
(ii1) As shown in the proof of (ii), it follows from the variational formulation for the homoge-
neous boundary value problem that

Im/7;,+u+u_+ds+1m/7;—u—u_—ds=o,
Ly Ty

which together with Lemma 5.4 (i) proves the assertion.
(iv) We have to show that any weak solution u# of the homogeneous problem is identically
zero. From the variational equation (5.10) we conclude Ima(u, u) =0 and thus

O:Ima(u,u)E/kzlmq|u|2dx+1m/7;1+u12ds+lm/Efuﬁdszo.
Ty Iy

Do

Applying Lemma 5.4 gives u =0 over Dy if Img(x) >c; >0 in Dy. Hence, by unique
continuation we get u =0 over Rp 4 (see [20, Thm. 17.2.6, Chapter XVII]). The case of
Img*(xy) > cq= >0 over a subinterval of [0,2m] can be proved analogously by applying
Lemma 5.4 (ii). O

Remark 5.8. Equivalently, we could have formulated the theorem with the data fg, f Ifl, and
fg, flf’, restricted to the subspace of traces v™|r,, d2v™ |r, of downward radiating waves v~
and to the subspace of traces v™|r,, —dv™ |, of upward radiating waves v~, respectively.
Indeed, the problem is linear such that the solution for general data is the superposition of
solutions corresponding to the data given as traces of upward and downward radiating waves.
However, the solution for fg =0= ff\’, and fg =vt|p,, f;\l, = 0rvT|r, with v an upward
radiating wave is simply ¥ =0=u" and u* = v™. Similarly, the solution for fg =0= fl‘é
and fg =v7r,, f;\’, = 0,v "~ |r, with v~ a downward radiating wave is simply u =0 =u" and
u- =v.
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Data will be made available on request.
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