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ABSTRACT. In this paper, we investigate an inverse source problem for the
two-dimensional Helmholtz equation in a two-layered medium. The interface
between two media is assumed to be nonlocal and rough, while the compactly
supported unknown source is buried in the lower-half medium. For the forward
problem, we prove the radiating behaviour of the wave field based on the
Angular Spectrum Representation and the asymptotics of Hankel functions.
For the inverse problem, using multi-frequency interface measurements, which
are limited-aperture, we show an increasing stability estimate which consists of
two parts: one part is a Holder stability estimate, the other part is a logarithmic
stability estimate. The latter decreases as the upper bound of the frequency
increases. In the derivation of the stability, we require the source function to
have an H? regularity to control the high frequency tail of its Fourier transform.
To recover the source numerically, we propose a recursive Kaczmarz-Landweber
iteration scheme with incomplete data. Numerical examples are presented to
justify the theoretical stability estimate and validity of the scheme.

1. Introduction. Inverse source scattering problems are encountered in a wide
range of scientific and engineering fields, such as antenna design and synthesis,
medical imaging, radar technology, and sonar [3, 7, 15]. However, the uniqueness of
the inverse problem at a fixed frequency cannot be guaranteed due to non-radiating
sources [2, 10]. Omne solution is to use multi-frequency boundary measurements,
which has been shown to restore uniqueness and increase stability in numerical
experiments [7, 4]. Recent studies have examined increasing stability for inverse
source problems in time-harmonic acoustic, elastic, electromagnetic, and fourth-
order plate wave equations [6, 13, 18, 23, 24, 25, 30]. These studies have derived a
unified form of increasing stability, demonstrating that higher frequency data leads
to greater stability. However, these studies have only considered inverse source
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FIGURE 1. Problem geometry

problems in homogeneous or bounded inhomogeneous media. In this paper, we
extend this analysis to a two-layered medium with an unbounded rough interface.

Assume the interface between two different media is denote by a rough curve
[:= {2y = g(71), 21 € R} in R?, where g is a bounded Lipschitz function. Denote
by Q4 (resp. Q_) the unbounded domain above (resp. below) I'. Suppose further
that Q4 are filled with homogeneous and isotropic acoustic material. Set h =
maxy, er |g(x1)] < oo. Let w > 0 be the angular frequency. Let k(z) be the
wavenumber of the two-layered medium defined by

- {23 zen.

k2 = w?, z €N_,

where c;,c_ are two positive constants with ¢y # c_ which are related to the
acoustic velocity in the upper and lower half medium, respectively. The propaga-
tion of the radiated field u by the source function f is governed by the following
Helmholtz equation

Au(z,w) + k2 (z)u(z,w) = f(z), =R (1)

Assume that the source function f is located in the lower half medium Q_ and
has compact support such that suppf C Q CC Bj,. Here () denotes an open set and
By :={x: |z| < R, v € Q_} with radius R. The problem geometry is illustrated
in Figure 1.

To ensure the uniqueness of the wave field, we assume that u satisfies the upward
and downward Angular Spectrum Representations (ASR) in £x2 > H for all H > h:

1 4 ,
u(wy, 22) = o / VRS F i py (¢ LI g, tap > H,  (2)
T JR
where Fv(§) denotes the Fourier transform of v on R defined by

F)(©) = / o(er)e € day,

and the corresponding inverse Fourier transform is defined by
1 i

o1,
= /R o(€)es de

The above formulation (1)-(2) also models the TE polarization for electromag-
netic radiating problems. Using variational approach in weighted Sobolev spaces,

FH(v)(@1) =
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one can prove that the source radiating problem (1)-(2) admits a unique solution
in the space

HYWg)={ue H (Wg): (1+2})*ue H'(Wg)} forall H>h,|p|<1.

Here Wy = {z € R? : |z5| < H} denotes a strip with the height H > 0. The
Angular Spectral Representation (2) was firstly used in [11] as a formal radiation
condition for rough surface scattering problems, making it possible to analyze an
equivalent variational formulation posed in the unbounded strip Wy through trans-
parent boundary operators defined on x5 = +H. The uniqueness proof follows from
the use of Rellich identities for smooth interfaces given by some graph. We refer to
[12] for the proof of well-posedness in weighted Sobolev spaces under the Dirichelt
boundary condition and to [16, 27] with general transmission conditions.

In this paper, the focus is on determining the unknown function f from multi-
frequency interface measurements {u(z,w)|r,d,u(z,w)|r} with w being given in a
finite interval. Previous research has been done on the uniqueness and numerical
methods for recovering penetrable or impenetrable inhomogeneities in a two-layered
medium [5, 21, 22, 26, 28], and more recently, increasing stability for the inverse
source problem in a multi-layered medium in one dimension was studied [29]. Com-
pared to the one-dimensional case, the analysis for two-dimensional case has two
additional difficulties. One is that the interface is unbounded and rough. The other
is that the radiating field can be only measured on the interface for practical appli-
cations, which means the observation data is limited aperture. These two difficulties
prevent direct extension of existing methods on obtaining an increasing stability.

Generally speaking, increasing stability analysis mainly consists of two steps. The
first step is to bridge the unknown source function and boundary measurements.
There are commonly two methods for this, including transforming the frequency-
domain inverse source problem to the identification of the initial value of the cor-
responding time-domain wave equation by Fourier transform (see e.g. [13]), or
directly multiplying the elliptic equation by either plane waves or eigenfunctions
and integrating by parts (see e.g. [23, 25]). However, these methods typically re-
quire measurements on the entire boundary of a bounded domain enclosing the
support of the source function. This is not feasible in a two-layered medium since
the measurements are only taken on the unbounded interface. To address this lim-
itation, the fundamental solution in free space is taken as the test function, and its
asymptotic behavior is utilized to relate the Fourier transform of the source function
to the boundary measurements on the interface. The validity of this approach is
justified mathematically by well-posed results from other studies [16, 17]. The sec-
ond step involves the analytic continuation principle. However, due to our limited
ability to measure the source function on the interface, some information is lost
in comparison to previous inverse source problems studied in [13, 23]. Specifically,
we may only have access to observation directions in the upper-half unit circle.
This limitation is reflected mathematically in Lemma 3.1, which shows that only a
portion of the Fourier transform of the source function can be recovered through
our limited-aperture measurements. To overcome this challenge and recover the
missing frequency components of the Fourier transform, we employ a quantitative
analytic continuation result presented in [1]. Ultimately, by applying the argument
of analytic continuation, we are able to establish increasing stability. The stability
estimate is determined by considering two factors: the Holder-type data discrepancy
and a logarithmic-type stability estimate. Notably, as the frequency of the observed
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data increases, the contribution of the high frequency tail decreases. Consequently,
the inverse problem becomes more stable when higher frequency data is utilized.
Thus, collecting data with greater frequency will lead to a more robust inversion
process in practice. In the derivation of the stability, we require the source func-
tion to have an H3 regularity. In general, to obtain increasing stability estimates
in inverse scattering problems, regularity assumptions are necessary to control the
high frequency tail of the Fourier transforms of the unknown functions.

This paper is organized as follows. In Section 2 we study the radiating behavior
of the solution to the direct scattering problem. Section 3 is devoted to the stability
analysis of the inverse source problem by multi-frequency boundary measurements
on the interface. In Section 4 we present several numerical examples to justify the
theoretical increasing stability estimate.

2. Radiating behavior of wave field. In this section we shall study the radiating
behavior of u to the direct source scattering problem (1)—(2) in the radial directions.
Set C, := {z € R? : |z| = a} for a > 0 and Uy, = {x : &5 > b}. Define the
weighted Sobolev spaces H3(R) := (1 + 22)~#/2H*(R) for p,s € R.

Theorem 2.1. The unique solution u to (1)-(2) fulfills the following relations

0
sup  |z|Y/? #—ikiu(x) - 0, a—o0, r=|x|

zeC,NU+H (3)

sup |z['/2[u(z)| < oo,
€Uy

for all H > h.

Proof. 1t is essential to verify that the functions given by Angular Spectrum Repre-
sentation (2) satisfies the asymptotics in (3), provided the function z +— u(zy, +H)
€ H;/Q (R) for all H > h and p € (1/2,1). This was firstly proved in [17, Appendix,
Lemma A.2]. Below we present a simplified version by refining the arguments in
[17, Appendix] and [20, Section 6.

Without loss of generality we suppose g(x1) < 0 and only consider the upper
half space Uy = R3 = {z : #, > 0}. Note that the upward ASR (2) is equivalent to
the following Upward Propagating Radiation Condition (UPRC):

wry=2f PN o) dsty). a2 >0 n

Here ®(z,y) := %Hél) (k4| —y|) denotes the free-space fundamental solution to
the two-dimensional Helmholtz equation.

Using the fact that u(z1,0) € L2(R) with p > 1/2 and the asymptotics of Hankel
functions for large arguments, we have for o > 0 that

1
uarm)| < O [ () dst)
Y2=

IN

1 1
C!EQ/ - dy
R (|21 — 912 +23])3/4 1+ |y, [3/2

IN

1 1
C:z:/ dy1,
2 Jiror (w1 — o2 + 23378 g P2
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where C' > 0 is independent of . Recalling [17, Lemma 4.1] with n = p = 3/4 (see
also [20, Lemma 2.5] with ¢ = p = 3/4), we obtain the upper bound

lu(x1,22)] < { Cleal if 21| < |2al,
’ =L Ozl 21|32 4 fan|73) i fan] > s,

which leads to the estimate
Vrlu(zy, 22)| < C, uniformly for all z € R%, r=|a. (5)

This proves the second estimate in (3). Moreover, the estimate in (5) implies
that, for any € > 0,

Anm(z) = \/77562/ !

> n (21 =y [? + 23)3/4 [y P72

dyl < 6/2, (6)

uniformly holds for all z € RZ, provided M = M (e) > 0 is chosen to be sufficiently
large.

To prove the first estimate of w in (3), we split the integral for 9,u — iku into
two parts:

dru—iku = ( [+ )(ar—ik)wu@l,o)dyl
<M J{y|>M} Y2

= I(x) + L(z), (7)
with the second one bounded by (see [17, Formula (4.14), (4.15)])

3 lz—yl—lzl+2-y| 1
[2(z)| < C dys. (8)
(I |>M.yo=0} [T = y[*/? ER] [2]3/2
Combining (6) and the fact that
m_y|_x|+x'y’<1 forall z€R2, yp=0, 9)
|z =yl
we can further estimate I by

Vr|L(2)] < [Am(z)] < €/2. (10)

On the other hand, since the integral for I; is restricted to a compact set, we
have
. 0P(z;y
VEn@)| = Vi, - ib) [ WD) gy asty) < /2 ()
{ly1|<M,y2=0} Y2
for r > 0 sufficiently large depending only on e > 0. Finally, combining (7), (10)
and (11) we obtain

IV (B — k)] < VF |1 (2) + B(@)] < 6 (12)
provided r = r(e) > 0 is sufficiently large. This together with (5) proves the
estimates in (3). O

Remark 2.2. Along the horizontal directions in the strip Wy with H > h, there
holds the asymptotics

lu(z)], |Vu(z)| = O(|z1] %) as |z| =00 in Wg. (13)
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FIGURE 2. Integration domain

3. Stability estimate. In this section, the main result for the inverse source prob-
lem is derived. As mentioned in the introduction, the procedure consists of two steps
which are given by Lemma 3.1 and Lemma 3.3 respectively.

Denote the Fourier transform of f in R? by f(&) = [o. f(y)e ¥¢dy, and the
upper-half unit circle by ST. The following lemma bridges the unknown source
function f with the interface measurements {u(z,w)|r, ,u(z,w)|r} on T.

Lemma 3.1. For § = (61,02) € ST one has

flk_0) = / [B,u(y)e 07 + ik_ (v(y) - 6) e *Vu(y)] ds(y).

Proof. For z € R% denote 2 = é = (21,%2) € ST. Denote 0By = I'r UCp where
' ={yel:ly <Rtand Cp = {y : |yl = R,y € Q_}. Multiplying both
sides of the equation (1) by the two-dimensional fundamental solution G*(z,y) =
iHél) (k—|z—y|) corresponding to the wavenumber k_ in free space and integrating
by parts over By yield

/Qf(y)Gi(z,y)dy = [ 0u)G(zy) — 0,G (z,y)u(y)ds(y)

'r

+/7 Auu(y)G'(2,y) — 0,G" (2, y)u(y)ds(y)
CrnWa

+/7 Ouu(y)G' (2,y) — 0,G" (2, y)uly)ds(y)
CrN{z2<—H}

where R > H > h. Here we have supposed that the domain Bj is a Lipschitz
domain by the choice of R > 0. The integration domain is illustrated in Figure 2.

Since both G'(z,y) and u satisfy the Sommerfeld radiation condition (2), letting
R — o0 one obtains that

Jim du(y)G'(2,y) — 0,G" (2, y)u(y)ds(y) = 0.
0 JCpN{z2<—H}

The asymptotics of « in horizontal directions (see Remark 2.2) yield that

lim O, u(y)G (2, y) — 0,G* (2, y)u(y)ds(y) = 0.

R—o0 CEOWH
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Hence, letting R — oo one deduces
| 106 ey = [ 0,u6)G ) - 0.6 pputn)asiy).

Now, we recall the asymptotic behavior of Hél)(t) in [14]

7V (1) = ﬁei(t—”/‘” (1 +0 (%))

7t

and

. 1
2=yl = VIR 2yt Tyl =lel = 2 9+ O( ).

Fixing 2 € ST and letting |z| — co we derive
flk_2) = /Qf(y)e_ikj'ydy:/&,u(y)e_ik*é‘y - (8Ve_ik*2'y)u(y)ds(y).
r

Note that the function y + e~*-%¥ belongs to the weighted Sobolev space
Hj(Wg) with p < —1/2, the first integral over T is understood as the dual form

between H;l/z and Hi/p2 with p € (1/2,1), while the second one between H;/z and
H:;/2 with p € (1/2,1). By the arbitrariness of z € ]Rf_ and letting 6 = Z the proof
is completed. O

Remark 3.2. In the special case that I' = {z5 = 0} is flat, we have

/f(y)fi’“*i'ydy:/ [Oy,u(y)e F=5191 4 ik_zoe~F=21014(y)] ds(y),
Q I

which gives
f(k_2) = F(y,u)(k_21) + ik_ 2 F (u)(k_21).

Next we proceed to the second step of analytic continuation principle. The proof
is similar as [1, Lemma 2.2] and omitted here. Hereafter, the notation a < b stands
for a < Cb, where C' > 0 is a generic constant which may change step by step in
the proofs.

Lemma 3.3. Let v € L?(R?) with compact support. Then there exists an o € (0,1)
such that

H{)”LOO(BK) S eK(l—a) ||/&||(z<x>(BIt)

Here B = {¢:|¢| < K} and B = {¢:|¢| < K, & > 0}.

Now we are in the position to discuss the inverse problem, i.e., to determine an
unknown source f from the data {u(z,w)|r, d,u(z,w)|r} measured on the interface
I for w € (0,K). Assume f € Cp; which is a real-valued functional space defined
by

Cv ={f €H"R®) : ||fllgrn(rey < M,suppf C Q, f:Q — R,n>3}.

Moreover, let the data collected on the interface be characterized by e

cim s | [ [Dul)e i ()€ ¢ uly)] ds(y). (14)
lel<e_ K Jr

For the special case when I' = {z3 = 0}, the observation data can be simplified

as

ci= sup (|F@eu)(©)] + K|IF(u)(©)]).

l€|<e_ K
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Theorem 3.4. Let u(x,w) be the solution of the scattering problem (1)-(2) with
the source f € Cpy. Then

Hf”Q2 < 62(1704)1(62(1 + L (15)
1) < Ko e
where o € (0,1) is a positive constant specified in Lemma 3.3, y1 = @,72 =

2n—>5
= -

Proof. Assume e is small, otherwise the estimate is obvious. For s € C denote

I(s) /Osk/sf(ke)f(ke)dedk,

where the integral is taken over the line segment joining the origin and s in the

complex plane. Then I(s) is analytic for s € C. Noticing f(kf) = f(—kf) when k
and f are real, one has that for K > 0

& = I(K) = /lw FO)de.

Applying the argument of analytic continuation as the proof of [23, Theorem 2.1]
one obtains that
M2
2 < ~2 -
1fl7200) S €+ Knnge’
where = 4n§10772 — 2n4—5.
Next, using the analytic continuation principle in Lemma 3.3 one has that

& = 1K) S K| e p,e) S K2R ) S K200 (17)

(16)

where in the last inequality we have used the following estimate which is a direct
consequence of Lemma 3.1:

HfHLoo(B;) Se
Thus, replacing € in (16) by the right hand side of (17) we complete the proof. I

Note that the stability estimate in free space [23] consists of a Lipschitz type data
discrepancy other than the Holder one appearing in the current case. Moreover, one
does not have the exponential upper bound in (15) for the case of free space. The
reason is that the inverse source problem considered in this paper only assumes
the limited-aperture measurements on the interface. As a consequence, to recover
the unseen part of the unknown source function the application of the analytic
continuation principle in Lemma 3.3 seems to be inevitable, which leads to the
appearance of the data discrepancy of Holder type as well as the exponential upper
bound.

4. Numerical experiments. In this section, we present some numerical examples
to demonstrate the increasing stability with multiple frequencies for the special case
when the interface I' = {z5 = 0} is flat. For the flat interface, we can use the explicit
Green’s function to generate the scattered field. In comparison, for general rough
surfaces, we may have to compute the outgoing waves by other methods such as
using the perfectly matched layer. In this case, the cost of the computation is
usually high. We leave the numerics for general rough surfaces for future work. We
would like to mention that flat interfaces also arise in many practical applications.
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In general, the increased stability could be considered as an intrinsic nature of
inverse problems, which shows that the stability improves as more frequencies of
data are used. This phenomenon has been observed numerically in e.g. [4]. In this
manuscript, we derive (15) to verify the increased stability estimate for the inverse
source scattering problem from a mathematical point of view. Then we further
verify (15) numerically in Section 4. Thus, (15) itself may not provide a numerical
method directly. It is intended to reveal the phenomenon of increased stability
mathematically.

For the flat interface, the Green’s function for a two-layered medium where the
fixed source point y is located in the lower-half plane R? := {y : yo < 0} takes the
explicit form [21]

G(Z’ y) _ Gt(x7y)7 To > 07
’ Gi(z,y) + G (z,y), 12 <0,
where
) i
G'(a,y) = (Hy' (h-|z —y)),
: i(B1z2—PB2y2)
i e )
Gt in(z1-y1) g
(=.9) = 21 Jp B+ Bo ¢ g
2 61 —ifB2(z2+y2) Lin(z1—y1)
(x —— ¢ e dn,
Y) 47r/ Ba(B1 + Bz) "
with

Bi=\[kL—n? B2=1/k2 -1

For fixed y € R2, the Green’s function satisfies
~A.G - E*G=6(x—vy), zcR?
and the following continuation conditions on the interface I"
G'+G =G 0,,(G +G") =0,,G".

Using the Green’s function the solution u to the scattering problem (1)—(2) can
be represented by

u(z) = . G(z,y)f(y)dy, =R (18)
The adopted recovery algorithm is the recursive Kaczmarz-Landweber iteration
method [8, 9, 18] outlined in Table 1 below. The algorithm has two level iterations.
The outer Kaczmarz iteration starting from the low frequency to high frequency can
avoid the local minimum and improve the recovery resolution. The inner Landweber
iteration at each frequency treats the ill-posedness of the inverse source problem,
which provides a stable reconstruction of the source function. And at each fre-
quency, the final result of the inner Landweber iteration acts as the initial guess for
the outer Kaczmarz iteration at next frequency.
To apply the Landweber iteration [19], we need the following two associate mea-
surement operators using (18):
i

u(r1,0,w) = L. f(z) = (k2 — k2)

< [t [ VIR (i fig =)y,
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TABLE 1. The recursive Kaczmarz-Landweber iteration method
for the inverse source problem.

1. Set the initial guess f5 = 0.
2. For k=1,2,..., K (Outer Kaczmarz iteration)
3. w=k ff=fivh
4. For n =1,2,..., N (Landweber iteration for Dirichlet measurement)
5 FE= 15y (L) [ — LLAE].
6. End
7. For n = N+ 1,N + 2,...,2N (Landweber iteration for Neumann mea-
surement)
s FE= £ (1) (D — I27E,).
9. End
10. End
0 =L !
2o t(71, 0, w) == L, f(x) = T k)

« /]Rz f(y)/Re—i,/ki—n?yz <\/k3 2 \/ki _772> \/k?&- — 2D dpdy.

and their adjoint operators (Li)* , (ij)* The scaling constant g in the Landwe-
ber iteration is taken in the interval (0, min (||LL]72,[|L2]7?)) to guarantee the
convergence at each frequency.

In the following examples, we set the positive constants in the wavenumber by
c1 =1 and ¢y = 2.1, respectively. The source function f is chosen as

Fz,y) = 3'167200((1:70.11)2+(y+0.2)2) + 2.567180((m+0.11)2+(y+0.21)2)
+ 3.167180((w+0.2)2+(y+0.23)2) + 1'867220((170.15)2+(y+0‘25)2)
+ 2'76—240((x—0.2)2+(y+0.3)2)

which is supported in a bounded domain [—0.5,0.5] X [-0.5, 0]. In our examples, the
source function is recovered under the equally discretized mesh with meshsize h =
0.03. The measurement data (., , 0y Uy, ) generated by finite element method with
PML truncation is collected on the interface I' with multiple frequencies wy = k, k =
1,...,50. The interface I' is unbounded. However, in practice, the measurement data
can only be collected in a finite interval. As shown in Remark 2.2, the Cauchy data
decay sufficiently fast with respect to z1:

|u(z1,0)], |Op,u(z1,0)| = O(|x1|_3/2) as |xi| — oo.

In the first example, we collect the data in a relatively wide interval [-50, 50]
so that the Cauchy data beyond this interval is negligible; As a comparison, in
the second example, we test the robustness of the proposed method by collecting
the measurement data in a relative narrow interval [-5, 5]. Through these two
examples, we show that even with a limited measurement data, the reconstruction
with multiple frequencies is reliable.

4.1. Fine measurement on the interval [-50, 50]. In this example, measure-
ment data was collected equally within the range of [-50, 50] with a spacing of
h = 0.03. On the left and right sides of Figure 3, we present the exact and re-
constructed source function, respectively. In order to demonstrate the decrease of
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Reconstruction

Exact Source

FIGURE 3. Left: exact source; Right: reconstruction

L2-norm of Cauchy data

Logscale of norm

10° 10 10?
Frequency

FIGURE 4. Ly-norm of Cauchy data

relative error with respect to frequency, we have displayed the logarithmically-scaled
relative error on the left side of Figure 5. It is worth noting that the relative error
continues to decrease until w = 27, after which the quality of reconstruction does
not improve. This is due to the fact that the norm of Cauchy data decays as the
frequency increases. We have illustrated this phenomenon in Figure 4, which clearly
shows that when the frequency is sufficiently large, the Cauchy data on I" becomes
negligible and cannot provide additional information for reconstruction.

In order to showcase the advantages of increased stability with multiple frequen-
cies, we have displayed the relative error at w = 27 with respect to iteration number
on the right side of Figure 5. We observe that the reconstruction stops at a local
minimum.

Furthermore, to demonstrate the robustness of our proposed method, we have
tested the algorithm with contaminated data having a noise level of 20%. The
reconstruction and logarithmically-scaled relative error with respect to frequency
are shown in Figure 6. And the relative error at some frequencies is list in Table
2. It is worth noting that even with the presence of noisy data, the reconstruction
remains reliable.

4.2. Coarse measurement on the interval [-5, 5]. In this example, we have
tested the robustness of our method with coarse measurements in a narrow inter-
val. Specifically, the measurement data was collected equally within the range of
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FIGURE 5. Left: error slope with multiple frequencies; Right: error
slope with single frequency

Reconstruction Error slope for noise data
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&
>

o s 1 15 220 25 3 35 40 45 50
Frequency

FIGURE 6. Left: reconstruction with 20% noise; Right: error slope
with multiple frequencies

TABLE 2. Relative error with fine measurement on [-50, 50]

k=1 |k=10|xk=20| k=30 | k=40 | k=250
Noiseless | 0.8571 | 0.4949 | 0.2861 | 0.2774 | 0.2763 | 0.2757
20% noise | 0.8856 | 0.5033 | 0.3290 | 0.3207 | 0.3201 | 0.3198

TABLE 3. Relative error with coarse measurement on [-5, 5]

k=1|Kk=10|xk=20| k=30 | k=40 | k=50
Noiseless | 0.8633 | 0.5393 | 0.3867 | 0.3830 | 0.3826 | 0.3824
20% noise | 0.9160 | 0.6150 | 0.4699 | 0.4663 | 0.4657 | 0.4654

[—5, 5] with a spacing of h = 0.5. The reconstructed source function with multi-
ple frequencies is displayed in Figure 7, where the reconstruction with and with-
out noise is presented on the left and right sides of the figure, respectively. It is
evident that even with limited or contaminated data, the reconstruction with mul-
tiple frequencies remains reliable. Furthermore, in Figure 8, we have plotted the
logarithmically-scaled relative error with respect to frequency. The relative error at
some frequencies is list in Table 3. As in the previous example, the relative error
decays as the frequency increases until it reaches w = 27.

5. Conclusion. This paper contributes to the understanding and solution of the
inverse source problem in a challenging medium with nonlocal and rough interfaces.
Theoretical results on the increasing stability using multi-frequency interface mea-
surements are derived and an effective numerical method for source recovery with
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Reconstruction Reconstruction with noise

FIGURE 7. Left: reconstruction without noise; Right: reconstruc-

tion with 20% noise
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FIGURE 8. Left: error slope without noise; Right: error slope with
20% noise

limited-aperture data is proposed. In future work, it would be interesting to ex-
tend the methods to consider the case of multi-layered media or to investigate the
inverse source problem in more general settings where the interfaces may be highly
irregular and no explicit Green’s functions are available. Additionally, developing
new techniques for handling incomplete data or exploring alternative regularization
strategies could also be fruitful avenues for future research.
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