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Abstract

This paper is concerned with the inverse source problems for the acoustic wave equation in the full space
R3, where the source term is compactly supported in both time and spatial variables. The main goal is to
investigate increasing stability for the wave equation in terms of the interval length of given parameters (e.g.,
frequency bandwith of the temporal component of the source function). We establish increasing stability
estimates of the L2-norm of the source function by using only the Dirichlet boundary data. Our method
relies on the Huygens’ principle, the Fourier transform and explicit bounds for the continuation of analytic
functions.
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1. Introduction

Consider an acoustic wave propagation problem caused by a compactly supported source
function in three dimensions. This can be modeled by the time-dependent wave equation

O2u(x, 1) — AAu(x,t) = F(x,1), xeR3 >0, (1.1)

where u denotes the wave field, 0 < A € R and F is the source term. Together with the above
governing equation, we impose the homogeneous initial conditions

u(x,0) = du(x,0)=0, x eR3. (1.2)

If F e L2([0, 00); L2(R3)) has a compact support, the problem (1.1)-(1.2) admits a unique solu-
tion (see e.g., [18,24,25])

u(x, 1) € C([0, +00); H' (R*) N C' ([0, +00); LZ(R3)).

In this paper we consider three inverse problems depending on the a priori knowledge on the
parameter A and the form of the source function F'.

(IP1): Assume A =1 and F(x,t) = f(x)g(t), where the temporal function g is given. Suppose
that f, g have compact support such that supp(f) C Bgr and supp(g) C (0, Tp), where Bg :=
{x e R3| |x| < R} for some R and Ty > 0. The inverse problem is to recover the source term f
from the Dirichlet boundary data u measured on d Bg x (0, T') with T > 0 sufficiently large.

If we fix the parameter A, it is in general impossible to uniquely recover a source term of the
form F(x,t), due to the presence of time-dependent non-radiating sources (see [4,5]). Motivated
by [21], we suppose that the measurement data are given by a family of parameter-dependent
functions uy, for all A € (0, A®) with 1 < A < co. Here u; denotes the unique solution to
(1.1)-(1.2) corresponding to the parameter A. The introduction of the parameter A serves as a the-
oretical tool to analyze the stability of the inverse source problem. In practice, while we cannot
change the background medium, we can consider different scenarios where the wave speed varies
naturally (e.g., different geological layers or different materials in engineering applications). The
multi-speed measurements are used here to provide a more comprehensive understanding of the
stability properties. We clarify in the paper that while the theoretical analysis is based on multi-
speed measurements, the practical application should focus on scenarios where such variations
occur naturally.

(IP2): Assume the source function F has a compact support such that supp(F) C Bg x (0, Tp).
The inverse problem is to determine source term F from the boundary observation data
{un(x,1)| x €dBg, 1 €(0,T), 1€ (0, A®)}.Here T > Ty is sufficiently large.

In the last inverse problem, we suppose that the x3-component of the source function is given.

(IP3): Assume A =1 and F(x,t) = f(X,1)g(x3), where the function f satisfies supp(f) C
ERO x (0, Tp) and g is supported in (—Rp, Rp). Here X = (x1,x2) € R? and §R0 ={x e
R2| |%| < Ro} The inverse problem is to determine the source term f (X, ) from the boundary
observation data u(x,t) on dBg x (0, T) with R > 0, T > 0 sufficiently large.

2



C. Liu, S. Si, G. Hu et al. Journal of Differential Equations 461 (2026) 114114

The inverse source problems have many significant applications in scientific and engineering
areas, as an important research subject in inverse scattering theory [26,27]. For instance, detection
of submarines and non-destructive measurement of industrial objects can be regarded as recovery
of acoustic sources from boundary measurements of the pressure. Other applications include
biomedical imaging optical tomography [1,26] and geophysics. Consequently, inverse source
problems have continuously attracted much attention by many researchers [2,3,5-11,19,20,26,
39,41] and a great deal of mathematical and numerical results are available, especially for the
time-dependent and time-harmonic acoustic waves.

Inverse source problems in the time domain are usually treated as hyperbolic systems by ap-
plying the Carleman estimates [33] and unique continuation theory. The approach of Carleman
estimates can be used to recover both coefficients and source functions for hyperbolic equations;
we refer to [12,32,41,42]. In the time-harmonic regime, it is well known that there is no unique-
ness for inverse source problems with a single frequency due to the existence of non-radiating
sources [4,22]. Computationally, a more serious issue is the lack of stability, i.e., a small variation
of the data might lead to a huge error in the reconstruction. Hence it is crucial to study the stability
of inverse source problems. The use of multiple-frequency data is an effective way to overcome
non-uniqueness and has received a lot of attention in recent years. The paper [15] showed unique-
ness and numerical results for the Helmholtz equation with multi-frequency data. The increasing
stability results [5] handled more particular case and by quite different (direct spatial Fourier
analysis) methods. The stability estimates consist of two parts: the Lipschitz type data discrep-
ancy and the high frequency tail of the source functions. As the upper bound of frequencies
increases, the latter decreases and thus becomes negligible. The increasing stability results re-
vealed that ill-posedness of the inverse problems can be overcome by using multi-frequency data.
A different method was proposed in [13] to derive increasing stability bounds for the Helmholtz
equation in three dimensions, which involves the temporal Fourier transform together with sharp
bounds of the analytic continuation at higher wave numbers. The authors of [13] firstly bridged
the Helmholtz equation in the frequency-domain with the associated hyperbolic equations to get
increasing stability results. These results were later generalized to the Helmholtz equation and
Maxwell’s equation in three dimensions (see [35] and [6]). We also refer to [21,43] for unique-
ness results of time-dependent inverse source problems using the approach of Fourier-Laplace
transform. The increasing stability of determining potentials for the Schodinger equation can be
found in [28,31,38]. Recently, the papers [34,36] addressed the inverse problem of simultane-
ously recovering both the wave speed coefficient and an unknown initial condition (acting as the
source) for the multidimensional wave equation from a single passive boundary measurement.

To the best of our knowledge, increasing stability results are only obtained for the reduced
wave equation in the time-harmonic domain. It shows that the ill-posedness can be improved
when the interval length of multi-frequencies or the energy at a fixed frequency increases. How-
ever, these results do not lead to increasing stability estimates for time-dependent wave equations,
because the measurement data in the frequency domain cannot be bounded by the time-dependent
measurement data in a trivial manner. Even the concept of increasing stability seems not avail-
able in the literature. The purpose of this paper is to attempt to study stability of inverse source
problems for wave equations with explicit dependence on the interval length of given parame-
ters (e.g., bandwith of the temporal component of the source function), which shows the same
ill-posedness nature as the inverse time-harmonic problems. We are mostly motivated by the ex-
isting methods [30] in the frequency-domain and the uniqueness proof of [29,30] based on the
Fourier transform. We firstly transform inverse source problems of the acoustic wave equation to
those of the Helmholtz equation with multiple frequencies. Then we derive increasing stability
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estimate by using sharp bounds of analytic continuation given in [40], but keep the bound of the
Dirichlet measurement data on the lateral boundary in the time domain. The existing approaches
dealing with the Helmholtz equations has been adapted to handle inverse source problems for the
wave equation in the time domain.

The rest of this paper is organized as follows. In Sections 2 and 3, we state main results and
well-posedness of the direct problems. Section 4 is devoted to the increasing stability of the
inverse problem (IP1). In Section 5, we investigate the second problem (IP2) for general source
terms. The third inverse problem (IP3) will be treated in Section 6 and concluding remarks will
be made in the final Section 7.

2. Main results

In this paper the source function F is always required to be real-valued. The Fourier transform
of F with respect to time and spatial variables is defined as

F(&, w):= (27r)_2/ F(x,t)e ' EX+eD gxdy,
R4

which implies that IA7(—<§, —w) = 1:"(5, w) forall £ e R3 and w € R.

First we show increasing stability for the time-dependent inverse problem (IP1). Let F(x,t) =
f(x)g (). It is supposed that f € H'(R?) and g € H*(0, 00), where f is compactly supported
in Bg and g is supported in (0, Tp) for some Ty > 0. The one-dimensional Fourier transform of
g with respect to the time variable ¢ takes the form:

Ty
§(w) = 2m)"2 /g(z)e—"w’dz —Qn)"2 /g(z)e—"w’dr.
R 0
We suppose there exist numbers b > 1 and § > 0 such that
g(w)| >8>0 forall we(0,D). (2.3)

Physically, the parameter b in (2.3) is associated with the bandwidth of the temporal signal g (7).
The condition (2.3) covers a large class of functions. For example, in many applications, the
temporal function is usually given by the Ricker wavelet

g(1) =cos[2( f, (1 — 10))%1 o~ fpt—10))*

with the center frequency f, and the delay time #,. In this paper, we suppose that f, =1, 7o =0
and g(t) is compactly supported. Thus choose

g(t) = x (1) cos[2(rt)*] e

where y is a cut off function satisfying yx (r) = 0 when || > Tp. One can always find the param-
eters » > 0 and § > 0 such that (2.3) holds true (see Fig. 1). Since the source function is real
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Fig. 1. An example of g(¢) and its Fourier transform |g(w)|.

valued, (2.3) holds true for all w € (—b, b). We remark that the interval (0, ») in (2.3) can be
replaced by (wg — b, wg + b) for some wy > 0. In this paper we take wg = 0 for simplicity.

It is worth noting that the choice of the parameter b given in (2.3) is not unique. Further, it is
not related to the compact support [0, 7] of g, that is, when Tj increases, b may be not changed
significantly. For example, if we choose the temporal function in the form

g(t) = sin(ar) x (1)

with the frequency a > 0, then the Fourier transform of g is

@) =—i@m) 2

| <sin((a —w)Tp) 3 sin((a + a))To)>

a—w a—+w

This expression is approximately the superposition of two sinc functions, with their main lobes
concentrated at w = Fa. Hence, the width of the interval (0, b) remains almost the same when
the parameter T increases to infinity, which is shown in Fig. 2 with a = 7, Tp = 2, 5, 200.

Through this paper C > 0 is a generic constant which may vary from line to line. In the
following theorem, we establish the increasing stability estimate of the L>-norm of f in terms of
the parameter b specified in (2.3).

Theorem 2.1. Let the condition (2.3) hold and let T > 2R + Ty. Assume that g is given and
£l g1 (r3) < M where M > 1 is a constant. Then

M2
1£ 172 g3 < CH° + ——), (24)
b3|Ine|2

where € = |lu| 3 .
H2([0,T1;H2 (3BR))

Remark 2.2.

(1) There are two parts in the stability estimate (2.4). As the parameter b increases, the latter
decreases and thus becomes negligible. It is clear to conclude that the ill-posedness of the

5



C. Liu, S. Si, G. Hu et al.

1

0.8

0.6

0.4

0.2

alt)

0

0.2

0.4

0.6

0.8

-1

o 0.5 1 1.5 2 25 3 35 4
t

(a) Function g¢(t) with a = 7, Tp = 2

oL W

20 -15 -10 -5 o 5 10 15 20

(¢) Fourier transform |g(w)| with a = 7,To =5

Journal of Differential Equations 461 (2026) 114114

25

0.5

20 -15 -10 -5 o 5 10 15 20

(b) Fourier transform |§(w)| with with a = 7, Ty = 2

30

25

20

L

20 -15 -10 -5 o 5 10 15 20

(d) Fourier transform |§(w)| with a = 7, Ty = 200

Fig. 2. An example of g(¢) and its Fourier transform |g ()|

inverse source problem decreases as the parameter b increases. The estimate (2.4) is in con-
sistent with the increasing stability results of [35] in the frequency domain: the ill-posedness
decreases when the width of the wave number interval increases.

(2) In Theorem 2.1, only Dirichlet boundary measurement data are needed. When the Cauchy
data are available on the measurement boundary, one can obtain the same result (2.4) with
a relaxed regularity assumption on the Dirichlet data, for example, € = |[ull 20, 71x985) T

u
150 1220, 71% 8 BR)

Next, we consider the second inverse problem (IP2). Our aim is to establish an increasing

stability estimate of the L?-norm of F in terms of A.

Theorem 2.3. Let T > ZTR + Ty and let F € H3([0, Tol; H' (R?)) be such that supp(F)(x,t)
C Bg x (0, To). Assume || F |l g3 0,7, ' (R%)) < M for some M > 1. Then there exist C > 0 and

a € (0, 1) such that

IF 122 s = (A0 +

where €e = sup |ju,|

3 .
0<A<A2 H2([0,T); H2 (3BR))

Allne|2(—@

M ) (2.5)
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Finally, we present the increasing stability for the third inverse problem (IP3). Suppose that g
is given and supported in (—Rg, Ro) for some 0 < Ry < R/ /2. The Fourier transform of g(x3)
is given by

B(E) = 2m) / 2(ra)e B s,
R

We suppose

18(83)| >8>0 forall & e (=b,b), (2.6)
where b > 1.

Theorem 2.4. Let T > 2R+ Ty and let f (%, 1) € H([0, Tol; H'(R?)) be such that supp f (1) C
Bg, x (0, Tp). Assume ”f”Hl(EROX(O»TO)) < M for some M > 1. Then there exist C > 0 and

o € (0, 1) such that
M2
17122 ) = C (8762 457 P00 e 4 =), @.7)
b3lalnel|2

where € = |lu| 3 .
H2([0,T];H2 (3BR))

3. Preliminaries

The increasing stability results of this paper are crucially dependent on the stability estimates
of the forward problems. Although partial results of this section are well known, we still present
them for the readers’ convenience and also to make this paper self-contained. Consider the math-
ematical model of the time-dependent wave propagation problem caused by the source term

F)g@),

{afu —Au= f(x)g(), (x.1) € R3 x (0, +00), 38)

u(x,0) = du(x,0)=0, x € R3.

Assume f € L?(R3) is compactly supported in Bg and g € L*(0, oo) is supported in (0, T').
Then the problem (3.8) admits a unique solution

u(x, 1) € C([0, +00); H' (R*) N ([0, +00); LZ(R3)).

The well-posed result can be easily proved by using the elliptic regularity properties of the
Laplace operator (see [14,16-18,23,37]). Now we state the regularity of the solution for the
initial boundary value problem (3.8). Below we suppose that 7 > 0 is sufficiently large.

Lemma 3.1. For p > 0, let f(x) € HP(R3) be supported in Bg and g(t) € L*([0, T1). Then the
problem (3.8) admits a unique solution u(x,t) € C([0, T1; HPTI(R3) N H2([0, T1; HP~1(R3))
satisfying
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lulleqo,ry; mret @3y + Nl g2o, 71, mr-1®3)) < Clgl 210,77 1 Il 12 (R3) (3.9)

with the positive constant C depending on R and T.

Proof. Denote the Fourier transform of u(x, ) with respect to the spatial variables as follows:

ﬁ(g,z)z(2n)—3/2/u(x,¢)e—if'xazx, £ eR>.

R3

Since ﬁ\u(x, 1) = —|E|%4(&, 1), the function (£, 1) solves the ordinary differential equation
e, 1) + |EPaE, D = fE)g), (€, €eRx (0, 1), (3.10)
i(§,0)=0, (0 =0, EeR’. '

By Duhamel’s principle, it is easy to check that the unique solution to (3.10) takes the form

t
ﬁ(é,t)=/H(§,l—S)g(S)ds,
0

where the function H is defined as

HE t—s) =] sin(|€|(t —s5)) f(£), forall &eR> 1,5€[0,T].

Since f is compactly supported in Bg, we obtain

1H Gt =)l gs) = / €172 sin” (1§ 1 — DI F (&)1 d&
R3

2 .0 Tren 2 =2/ 7rey|2
</|§| sin”([§[(r — $)| f(§)]7dE + / 1E1771f ()" d& 3.11)
By

R3\B;
<CIBIPIf 1 2gs) + 111725,

<A +CIBIMIfII2gs)

for some positive constant C, where Bj := {x € R3| |x| < 1}. In the same way, it follows for
p > 0 that

I +1EP) T H, 1 — 72 ms) = /(1 +1EPPTEI 2 sin? (1€](r — 5))] F ()| d&
R3

< /(1 + 1P g2 sin? (16| (r — )| F(§)17 dg

By
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+ / (14 [EP)PHEI 2 F(6) 1> de
R3\ B,

<c/<1+|&|2>"|f<s>|2ds
R3

1

I |F &)1 dt

+2 / (1 + PPt
R3\B;

<c/<1 + £ (€)1 dg +2f<1 + £ (€)1 dg
R3 R3

S CH+DIf I sy (3.12)
In view of the estimates (3.11) and (3.12), it’s easy to deduce that u(x, t) € C([0, T]; HPT! (R3)).

Next we consider its derivative with respect to time. For & € R3 we have

t t

8zﬁ(5,t)=/3zH(§J—S)g(S)dS=/COS(|$I(t—S)) f(®)g(s)ds

0 0

and

t
82a(E.1) = g (1) (&) + / OPH(E, 1 — 5)g(s)ds
0

t

=g fE) + f —|&]sin(|&|(r — 5)) f(&)g(s)ds.

0

Combining this with (3.12), we find

P
1A+ 1820 HE 1 = 9172 gs) < CI 0o,
and

p=1
I +1EP 7 07 HE 1 =) 2@ < CIF I ms):
which proves u(x,t) € H2([0, T1; HP~(R?)). The estimate (3.9) is also easy to get from the
previous estimates. [

In Theorems 2.1-2.4, we obtain increasing stability results by using only the Dirichlet bound-
ary data rather than the Cauchy data. This is due to the fact that our inverse problems are all
formulated in the unbounded domain |x| > R and the Neumann data on d Bg x (0, T) can be
controlled by the Dirichlet data on dBg x (0, T). To prove this rigorously, we need to impose
higher regularity assumptions on f and g.
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Lemma 3.2. Let f € H'(R?) and g € H*([0, T). Then the problem (3.8) admits a unique solu-
tion u € C2([0, T1; H2(R3)) N H2([0, T1; L*(R3)) satisfying the estimate

3.13
15 ||L2([0T Hz(aBR)) Cllu ||H2([0T 1:H 3 (0Bg) ©-13)

with positive constant C depending on T and R.

Proof. Applying Lemma 3.1 with p = 1, we know

u(x,t) € C2([0, T1; H*(R?)) N H4([0, T1; L2(R3)),
h(x.1) = ulaggxio.r] € CX(0, T1; H (3 Bg)). (3.14)

Therefore, the restriction of u(x, 1) to (R3 \B_R) x [0, T'] solves the initial boundary value prob-
lem

O2u(x, 1) — Au(x, 1) =0, (x,1) € RN\Bg) x (0, T),
u(x,0) = du(x,0) =0, x € R3\Bg, (3.15)
u(x,t) =h(x,1), (x,1) €dBg x (0, T).

Combining a classical lifting result with the fact that 4 (x, 0) = h;(x,0) = 0, we introduce a
function H (x, t) € C*([0, T1; H*(R3\Bg)) such that H|sp,x[0.7] =, H(x,0) =3 H(x,0) =
0 and

15| 20,71 2R3\ By < C IR ||H2 ©.77: 3 0By’ (3.16)

where C > 0 depends on R and T'. Therefore, we can split u to u = H + V on R3\ Bg x (0, T).
Here V solves

2V (x,t) — AV (x,t) = —(3?H(x,t) — AH(x,1)) := G, (x,1) e R3\Bg x (0, T),
V(x,0)=3V(x,0) =0, x € R3\Bg,
V(x,1)=0, (x,1) € 3B x (0, T).

Using the fact that G € Lz([O, Tl LQ(R3\BR), in a similar way to Lemma 3.1, one can prove
that V € C([0, T]; H2(R?)) satisfies the estimate
||V||L2([0 T H2(R3)) = C||G||L2 [0,T];L2(R3\Bg)) = C||H||H2([0 T1;H2(R3\BR))*

Combining this with (3.16), we deduce that

el z2qo.ry; 2 Ro\ER) < €l ”H2 (0,71 H (9Bg))

and using the continuity of the trace map, we obtain

Havu”H([O,T];H%(aBR)) S Cltllzqo.r e By

10
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Combining the last two estimates with the definition of 4 given by (3.14), we finally obtain
(3.13). O

Below we state a stability estimate for analytic continuation problems, which can be seen in
[9,40].

Proposition 3.3. Let O be a non empty open set of the unit ball By C R¢, d > 2, and let G be an
analytic function in By, that satisfies

187 Gll ooy < Moyt~ 7!, Vy e NU{OD?,
for some My > 0 and n > 0. Then, we have
1—
IGIILB) <N My™" ||G||Zoc(@),
where € (0, 1) depends on d, n, |O| and N = N(n) > 0.
4. Proof of Theorem 2.1

In this section, we discuss increasing stability of the inverse problem (IP1). Firstly we intro-
duce the time-dependent test function

U)(x, t) = e—[s-x—icot’

where & € R3 and w € R satisfy |£|> = w?. It is obvious that w satisfies the homogeneous acous-
tic wave equation

Pw—Aw=0  inR>x (0, +00). 4.17)

Then, multiplying w on both sides of the equation (1.1) and integrating over Bg x (0, T), we
obtain

T T
//(afu—Au)w dxdt:/ff(x)g(t)w(x,t) dxdr. (4.18)

0 Bp 0 Bgr
Using (4.17) and integrating by parts, one deduces from the left hand side of (4.18) that

T

f/(afu(x, 1) — Au(x, t)w(x, t) dxds

0 Bgr

T
=//(812u(x,t)w(x,t)—u(x,t)atzw(x,t)) dxdr

0 Bp

11
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dw(x,1) du(x,1)
—i—//(u(x,t)T—w(x,t) ™ )ds(x)dt

=/ (Bu(x, w(x, 1) — uCx, DB w(x, )| dx

Br
T
—i—/ / (u(x,t)%z’t) — w(x,t)aug:t)) ds (x)dt
0 8Bg
T
=/ / (u(x,t)w—w(x,t)aug)’t))ds(x)dt.
0 9Bgr

Note that, in the last step we have used the fact that u(x, ¢#) =0 when |x| < R and t > Ty + 2R,
which follows straightforwardly from Huygens’ principle (see [10, Lemma 2.1]). This implies
u(x,T)=0u(x,T)=0for x € Bg and T > Ty + 2R. Hence, the integral over Bg on the left
hand side of the previous identity vanishes. Recalling the estimate in Lemma 3.2 with Sobolev’s
embedding theorems, we bound the left hand side of (4.18) by

T
‘//(8t2u(x,t)—Au(x,t))w(x,t) dxd|

0 Br
T
dw(x. 1) u(x, 1)
=’f /(u(x,t)——w(x,t) )ds(x)dt‘
av av
0 9Bg

w u
=lullzzqo, 7y 2080 155 2o, i 208y + 157 Nezqo, 7y 20 men 1w 220, 73 20 BR))

<C(|lu ||L2([0,T];L2(aBR)) ||w||L2([O,T];H2(BR)) + [lul] ||w||L2([O,T];L2(6BR)))

H2(0.T): H (9Bg)

<M 0,71 103 oy 1P 120071 2B

By the definition of w, one can check that

lwll 20,71 2By < CA+1ED  forall €7 = w?.

Hence, using the assumption about g and the fact that f is supported in Bg, we derive from
(4.18) together with the previous two relations that

T
HGHOIE \(2n>—2 / / Fx)gr)e 571 dxdr
0 R3

12
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T
=‘(27t)_2//f(x)g(t)w(x,t) dxdr
0 Bg

<Cd p '
= ( + |$|)”u”HZ([()’T];H%((?BR))

In view of the assumption (2.3), one obtains for w € (0, b) and |&§ |2 = w? that

I+ 1EDNull 3
H2([0,T],H2 (8B _
LOILIZCED) < 571 (1 + (gD lull
1g(w)] H2([0,T1;H2 (3Bg))

If&)<cC (4.19)

We note that (4.19) gives an estimate of f(é) over the domain E := B(0, b) = {€ e R3| || < b},
that is,

1 fllLeoey <C8™ (1 +b)e, (4.20)

where € = ||u|| ) represents the measurement data on d Bg x (0, T). Applying the

3
~H2([0.T1;H2 (dBg)
Parseval’s identity, we have

117 2msy = 1172y = 100 + / |F &) dt,
[E1>k

where

k
1(k) := / |f($)|2d$=//|f(19)|212d9dl. 4.21)

&1<k 0 s?

Since f is an entire analytic function of &, I (k) is an entire analytic function of k = k| + ikp
(k1, k2 € R) and the following estimate holds.

Lemma 4.1. Let f € L>(R?) and supp f C Bg. Then

8 .
W1 =< () RPN f117, g3y, k=ki+ike €C. (4.22)

Proof. Set! = ks for s € (0, 1). Then it is easy to get

k 1

1(k)=//|f(ze)|212d9dzz//|f(ks9)|2k3s2d9ds.

0 s2 0 s2
Noting the elementary inequality |e2%25¢*| < ¢2RIk2l for all x € Bg and 6 € S?, we have

13
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2

1
|1 (k)| = //J% /f(x)e—”“‘)'x(ix K3s2dods

0 s2 R
) 1
< §R3//|k|3s2 /|f(x)|2|e2’<2-Y9‘X|dx dods
0 S? Br
8
=) RPN 1175 g,
This completes the Lemma 4.1. O

The following Lemma is essential to show the relation between [ (k) for k € (b, co) with I (D).
Its proof can be found in [13].

Lemma 4.2. Let J(z) be an analytic function in S ={z =x +iy e C: -7 <argz < T} and

continuous in S satisfying

[J(@)|<e, ze(0, L],
[J(2)| <V, ze€S,
[J(0)|=0.

Then there exists a function u(z) satisfying

nz) =1, ze(L, 24L),
w@ =13 =172, ze@iL, o)

such that
IJ(2)] < Ve*D | Vze (L, o).
Let the sector S C C be given as in Lemma 4.2. Now, it follows from Lemma 4.1 that
[ (k)e @R+DE < cM?  forall keS.

Recalling from the a priori estimate (4.20), we obtain

1(k) = / If(E)Pde <Ck (1 +k)? €, ke(0,b].
&<k
Hence
[T (k)e @RV < ce?) ke (0, b].

14
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Then applying Lemma 4.2 with L = b to the function J (k) := I (k)e~ >R+ Dk we know that there
exists a function w (k) satisfying

1 1
{u(k) = ke (b, 29b), 423

pk)= L& - 172, ke @ib, o)

such that

| (k)e~@R+DE| < M2 forall k € (b, 00).

Proof of Theorem 2.1. We assume that € < e¢~!. The estimate is obvious if otherwise. Let

1 pi|nelt, if 23(Q2R +3)1)3b3 < |Ineld,
k=1 @r+3m)3 o L
b, if |Inel® <21(Q2R +3)7)3b5.

Case (i): 2% (2R + 3)71)%17% < |lne|%. Then we have

|I(k)| S CM262/Le(2R+1)k
— CM2e@R+Dk=2u(k)|In€|

2 1
Lﬂllﬁ \lne\4—¥(%)2
< CM?e(@r+3m)3

QR+3)2\1 2 Lo -1
— C M2 )b Ine|2(1- S| Ine| ™).

2.1
Noting that |lne|_% < 1and (@)3 > 1, we have

2 1
|1 (k)| < CM?e b3 1€l

Using the inequality e~ < % for t > 0, we get

|1 (k)| <CM? (4.24)

b4 Inel?
Since 194|1ne|3 zbgllnel% when b > 1 and |In€| > 1, we use

_ M?
/ VF@©P s <

n 1
/ FOrd =
&>k &>k

Hence

15
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1f 172 gy = 1K) + / 1F &) de

|E]>k
M2
<I(k)+ e
o o (4.25)
<C( + )
b4 Inel3 b%|1ne|%
cM?
ST
b3|Ine|2

Case (ii): |Ine|# < 23 (2R + 3)m)3b3. In this case we have k = b by the choice of k and
|I1(b)| < C b°€%. Hence,

£ 172 = 1) + f G
|E]>b
M2
<Cc’ + ﬁ) (4.26)
M2
<ClE+ ——).
b3|lne|2

Combining (4.25) and (4.26), we finally get
M2
112 gy < CO°E + —). O
LR b%|1n6|%

5. Proof of Theorem 2.3

In this section, we consider the following initial value problem for the wave equation

2uy (x, 1) — AAuy (x, 1) = F(x,1),  (x,1) € R? x (0, 00),
u(x,0)=0, du(x,0)=0, x € R3.

Suppose suppF(x,t) C Bg x (0, Tp). Our aim is to recover the compacted supported function
F from the data {u;(x,t)| x € 9Bg, t € (0,7),0 < XA < Az}. Physically, such kind of the mea-
surement data can be obtained by changing the background medium artificially and locally, for
the purpose of recovering a time-dependent source term which might be non-radiating for a fixed
parameter A.

As done in Section 4 we introduce the test function

w(x, 1) =e Exton w? —AEZ=0.

One can check that 8,2w — AAw = 0. In this case again using the strong Huygens’ principle gives
that u; (x, 1) = 0 when |x| < R and ¢ > Ty + 28 (see [10, Lemma 2.1]).

16
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Multiplying w on both sides of the wave equation (1.1) and integrating over Br x (0, T), we
obtain

T T
//F(x,t)e_i@"‘“‘”)dxdt://(B,Zuk(x,t)—KAu)\(x,t))w(x,t) dxdr
0

0 Bp Br
T

)L/ / (uA(x,t)aw;T}’ 2 w(x,t)%) ds(x)dr.
0

dBp

Define

F(E, w)=Q2n)"? / F(x,t)e ' E* oD gxds,
]R4

with (£, w) = (&1, &, &, w) € R*. Since supp F(x,t) C Br x (0, Tp), we have

T
Q) F(E, ») = / / F(x,t)e ' Exto gxqr

0 Bg
T
:*/ / (”A(XJ)M —w(x,t)M) ds(x)dz. (5.1)
av av
0 9Bg

Using the fact that F'(x, t) has compact support and arguing similarly to the proof of Lemma 3.2,
we deduce

< ; . 2
”am”LZ([o,TJ;H%(aBR» C"“”"HZ([OJJ;H%(aBR» (>2)
Consider the set (see Fig. 3)
E(s)={(. 0) eRY 0’ — A5 =0, |§] <5, 0 <1 <s7}.

Combining (5.1) and (5.2), we have

F <Cal <CA*’(1+A E(A )

[F (&, w)] < CA( +'éD””*"quo,rl;H%(aBm)—C (1+Ae, (¢ w)eEL), (5.3)
h = .D I(s):= F 2 .Th
where € 0<s)\u<pA2||u,\||H2([O’T];H%(aBR)) enote I (s) fE(S)| (&, w)|*d& dw. Then

[1(s)] < C|E(s)|s* (1 +s)>€> forall sel0, Al (5.4)

Using the polar coordinates & = r& = r(cos 6 sing, sinf sing, cosg) for 0 <6 < 27 and 0 <
¢ < m, we deduce that

17
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Fig. 3. E(s) is the shaded area, |£|2 = ¢2.

I(s) = f B w)Pdédw

E(s)
2r s sr

=fff(/ |I4A’(r§‘,a))|2da))r25in<pdrd6d<p (5.5)
00 0 -—sr

2

7 0
+f/f(f |F(—rE, 0)|*dw)r? sinpdrdodg.
0 0 —s

Sr

—Sr

Let r = s7 and w = s27®. A simple calculation yields

2r w1 s°r
/ / f ( / |F(s7E, 0)[2dw)s> 72 sinpd?dOde
00 0 _—g2¢

21

7 o1
//(/|/F(x,t)e_"(ﬁé'”sz;‘?”)dxdt|2s2fdc?))s3f2 sinpdidode.
00 -1 R

18
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Similarly, we also obtain the expansion of the second term of (5.5). The integrands I(s) are
analytic functions of s = s| + is3, 51, 52 € R. Noting that |e_i(Sf§"‘+‘Y2;‘:”)| < eRI2l+2hols152] e
have for all s € S that

[ (5)| < CM2|s|32RIs2I+4Tolsis2
Let m = max{2R, 4Ty}, it follows for all s € S that

e+ Ds=0n+Ds? 1 (o)) < © p2,
Recalling from (5.4) a prior estimate, we obtain

e~ m+Ds=m+Ds? 1 (o)) < €2 forall s € [0, Al
A direct application of Lemma 4.2 shows that
11(s)] < CM?MtDs2 forall s € (A, 00).
Consider the set (see Fig. 4)
Ei(5) ={(§, 0) eR*| o® = 11> =0, [§] =5, |o] <s|€]}.

We have by using the Parseval’s identity that
- 1 [ ==n M?
Li(s) := |FI"dédw < — | [VF|"dédw < —-.

s s
Ei(s) R3
Denote (see Fig. 5)
Ex(s) = {6, 0) e R*| o’ AP =0, |o] = 55]).
Similar to I (s), by using the polar coordinates and r = s7, ¥ € (0, 1) we get
L(s) = / P&, o)Pdédo

Es(s)

1
2 @

=/(///|I:"(r§,w)|2rzsin<pdrd9d(p)dw (5.6)
0O 0 0 0

+/0( |

Simple variable replacement yields

w

@l

S~

/ |ﬁ(r§, a))|2r2 sinpdr d6 do )da).
0

19
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¢ w=s¢

=S

Fig. 4. E|(s) is the shaded area, |£|2 = ¢2.

.1
|F(-
s

~ 1
a)ff,a))lz—3a)3f2 singdr do dy )da) (5.7)
s

2}

7 1

~ 1 ~
/ / |F(—wfg,w)|2w3f2sin<pdfd0d¢)dw).
00

Similarly, we also obtain the expansion of the second term of (5.6). Therefore, combining this
with

Q2n)3w?

1 1
~ 1 ~ 1 . "
/ |F(—wPE, w)|?dF = f | / afF(x,t)e—’(%w’?”wﬂdxdnzdf,
S
0 0 R3

we find

M2
()| < C .
S

Proof of Theorem 2.3. We assume that € < ¢~!. The estimate is obvious if otherwise. Let
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Fig. 5. E5(s) is the shaded area, |£|% = ¢2.
1 1 L—a) . L—a) o1 1
——— 1 A2|lne|s , if |Ine|? >24A2Q2m +2)m)*%,
s={ Qm+2m)* : O 1 (5.8)
A, if [Ine|3(1=%) <23 A2(2(m +2)7)3.

Here a € (0, 1) is a constant.
1 1 1 1
Case (i): |In€|317% > 22 A2(2(m + 2)7) 7. One can check that

s > 2th A.
Thus, using Lemma 4.2, we obtain
1(s)| < CeZ(m+2)s262u(s)

< Ce—Z,u(s)llne|+2(m+2)s2
< Ce () 420m42)5%)

1 1
_ (20425 I-5=a) 1 —a
sce 2( = ) A|lns| (1 2|lne| ) (59)

Noting that %|lne|_°‘ < % and (@)% > 1, we have

1-1-a)
|(s)| < CeAllnel 207

Using the elementary inequality

, t>0,

~ | —

we get
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2

)| =C :
(Allnel!=20-0)

Observing that R* = E(s) U E1(s) U Ea(s), we know

IFI3 ey = 1F 172y = / |FIPdg deo + / |F1PdE de + f |FI*d§ do
E(s) Ei(s) Ex(s)
=1(s) + 11 (s) + Ia(s)
M? M?
1-1a + La )
Allne|'720=®)  A|lne|z2U-9

<C

Since (A|1ne|%(1_°‘)) < (A|lne|1_%(1_")) when A > 1, [In€| > 1 and 0 < & < 1, we obtain

I g <C— M (5.10)
RO =T\ et
Case (ii): |lne|%(1’°‘) < 24 A%(Z(A + 2)7t)%. In this case we have for s = A that
1) =T < E@IA* 1+ M)
Using estimates of I1(s) and />(s), we obtain
IF 12 gy =IE 172 g,
=I(s) + Li(s) + Ia(s) .11
=C(IE@IA* (1 + 0% + L)
Allne|2(—)
Combining (5.10) and (5.11), we finally derive
2
IFI2s ey = C(A10€ + ﬁ)
This completes the proof. O
6. Proof of Theorem 2.4
In this section, we assume that F takes the form
F(x1,x2,x3,0) = f(%,0)g(x3), X=(x1,x2)€R?, 1e(0,+00). (6.12)
Then the equation (1.1) becomes
32u— Au= f(%,1)g(x3). (6.13)
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Assuming that g is known, we establish an increasing stability estimate for f from the Dirichlet
data {u(x,t)| x € 9Bg, t € (0, T)}. We choose the test function

w(§, 1) = ErnrRRthnten o2 g2 — 5 = &)
which satisfies the wave equation
32w — Aw =0.

By the Huygens’ principle, it holds that u(x,#) =0 for |x| < R and ¢ > T. Multiplying w on
both sides of (6.13) and integrating over Br x (0, T'), we have

Q)2 f (&1, &, 0)§(E3) = / FE e GO gy / g(x3)e 53 dxs

R3 R

(6.14)
//( ——w—)ds(x)dt
0 0Bg

where § = (&1, &). Consider the set

E(b) = {1, 6, 0) e R ® — |& 7 — 6217 = |&1%, & € (=b, D), |&1* + |&* < b?).

Since &3 € (—b, b), one can check that |E(b)| > 0. Using the fact that f and g have compact
supports and arguing analogously to Lemma 3.2, we deduce

19, ||L2 [0,TT; H2(8BR)) Cllu ”H2 [0,T; H%(aBR))' .15
Combining (6.15) and |g(&3)| > 8 > O for &; € (—b, b) with (6.14), we get for (&1, &, w) € E(b)
that

(A& DNl

H2([0,T]; H3 (8BRr))

cs~ , 6.16
2G| < (I+1&De (6.16)

|f (&1, 6, 0)| <C

where [£]> = £ + £7 + £7.
Define the set (see Fig. 6)

E(s) ={(&1,5,0) e R} 0? — 611> — &> =15, & € (=s,5), |&1]* + & <57}

Let

I(s) = / |f (&1, &, 0)PdE1dErdw.

E(s)
Using the polar coordinates &1 =rsin6, & =rcosf,0<r <s,0 <6 < 2w, we obtain that
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($1,82)

Fig. 6. E(s) is the shaded area.

0 27 —w

I(s):///|f(—rsin9,—rcos@,w)lz(—r)drdedw
-5 0 0

s 2

w
+f/[|f(rsin9,rcos@,a))lzrdrdeda).
000

Let w =sw forw € (—1, 1) and r = s7 for ¥ € (0, 1). Then a simple calculation yields

0 27 —w
I(s) = / / / | f (—s7sin6, —s7 cos b, s@)|>s> (—F)drdOdm
-10 0

1 2n
<]
00

This integral /(s) is also an analytic function of s = s; + is; € C. Noting that
| i (EsT(sin0,cos6)-5+s01)| < o(Ro+To)ls2| for all ¥ € Bg, and ¢ € (0, Tp), we deduce

@
[ |f(s7 sinf, s7 cos 6, s5)|2s37d7d9d5.
0

Ty
3 A . — ~ —
(2m)7| f (57 sinf, 57 cos 0, s@)|* = | / / [ (&, 1)e  HEETGmO.cos0 4500 gz g |2

D e (6.17)

< Ce2RotTo)ls2l ”f”iz(]l@)'
Thus
11(5)] < ClsP Rl 112, ps ),
which yields
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~ //B/ —_—
({"lr{:) w
"
.......... = ........1’./.&.'\.
o 7 z i
w‘”flz"fz =8"
S [ s w

Sy <

Fig. 7. E(s) is the shaded area.

[ (s)e~@Ro+T0)+1)s| < cpp2 for all s € S.

Together with the estimate (6.16) and definition of E(s), we have

[I(s)| < C|E(s)|(1+5)>€> forall sel0,b]. (6.18)

Applying Lemma 4.2, we know for all s > b that
|I(S)| < CMze(z(R(H-TO)"-1)3‘62#(&)'

Define E/(s) := {(§1, &, 0) € R3||ow| > 5, £} + &5 < »?} (see Fig. 7) and

Ii(s) = / |f (&1, &2, w)?dE1dErdw.

Ej(s)
Since supp f (x,t) C ERO x (0, Tp), we have

To
(27.[)%]?(&1’ Ez’ C()) =/ / f(-xlsXZs t)efl'(%'l~xl+§2'xz+a)l)dxldx2dt

0 ERO

1

—iw

To
//3zf(x1,X2,t)e_i(f‘"“*52"‘2+m)dX1dxzdt

0 1§R0

Then using the Parseval’s identity, it’s easy to get
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\ s v
N\ GRS / i
\\ — 077775 ¥ /’L‘\/

rs 0 s w
/ %Z = \\i\
Fig. 8. E»(s) is the shaded area.
~ 5 1 — ) cMm?
Ii(s) = |f 1,82, w)|"d&1dErdw < 2 IVf 1,62, o) ds1dsdw < 7 (6.19)

E(s) E(s)
Define the set (see Fig. 8)
Ex(s) == {(1.&.0) eR| o + 611> + |&2° <57, & +& >0’}

Now we estimate

L(s) = / |f (1, &, 0)PdE1dErdw.

Es(s)

Define Fj, (&1, &, w) = f(bél, b&, bw) for (£1, &, w) € R3. Since f is compactly supported, one
can see that the function F}, is analytic and satisfies for y € (N U {0})? that

07 Fyp (&1, &2, )| = [0 F (b§1, b, bo)|

:)81’/f(xl,xz,t)e_"b(gl'xﬁ&'xz“”’)dxldxgdt
]R3

— ’ Z (—i)ly‘blylxatﬂf(xl,xz, t)e—ib(él-X1+§2-X2+wt) dxidx,dt|.

a+p=y n3
oz,,BeNUO]R

Using b!7l < |y |le? and n = max{R, T}~!, we obtain
187 Fp 1, &2, | <11 F 1 g 177 DV <CUF U2 5y n~ "y It <CMP 0~ Wy 11 (6.20)
Applying Proposition 3.3 to the set O := E(1), we can find a constant « € (0, 1) such that
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G1/62) 7

;\‘: 4 [
—s 0 . | s ®
R
=8
Fig. 9. E3(s) is the shaded area.
1Fpll L) < C e Fy S oo )
Using the fact that f (€) = F,(b™'€), one gets the following estimate
I Fllzoo 80,5y = Il Follzoo(By) < Ceb(l_“)llFbll‘Zoo(o)
< CPU f I oy < CPNTO 1+ b)%e”. (6.21)

Combining (6.16), we know for s € [0, b] that
|1L(9)] < CIE2(B)| 2707 (1 4 b)*
and similarly
|I(s)] < CM? PRo+T+ DIl foral seS.
Thus applying Lemma 4.2, we have
le”PRoAT+s I ()] < CM?(€*)?*  forall s > b.
Consider the set (see Fig. 9)
E3(s) = {1, 5. 0) eR’| 0® + 61 + |8 > 5, & + 8 2 o’).

As done in the estimate of I1(s), applying Parseval’s identity yields

A ) cMm?
I3(s) = / £ 1. 82, o) dE1dErdow < ——. (6.22)
E3(s)

27



C. Liu, S. Si, G. Hu et al. Journal of Differential Equations 461 (2026) 114114

Proof of Theorem 2.4. We assume that € < ¢!

L b3 |Inelt, if |Ine|t > 2753 ((2(Ro + To) + 3)7)3,

s = { (2(Ro+T0)+3)m)3

b, if |Ine|d <2353 ((2(Ro+ To) + 3)7)3.

Case (i): | In€|? > 2953 ((2(Ro + Tp) + 3)7) 3. One can check that
1
s > 24b.
Thus, using Lemma 4.2 we obtain

11(s)] < C M2 e Ro+T0)+3)s 2u
< Ce 2 eI+ (QRo+To)+3)s

=21 (2(Rg+Tp)+3 2 1
_ Lns\(§)2+ (Ro+Tp )lb3llne\4
< CM?e (2(Ry+Tp)+3)m) 3

Q(Ry+Tp)+3)
T

< CM?e 2

L and ((2(R0+T0)+3)2

. _1 1
Noting that %|lne| 7 <5an = )3 > 1, we have

2 1
[I(s)| < CM? =07 Inel?,

Using the elementary inequality

we get

)| < —F—75-
(b%|lne|7)2

Similarly, we have

2

cCM
L) < 515
(b3 |alne|7)

Thus

28

12 1 _1
)3b3|Ine|2 (1—4|lne|"4)

, since if otherwise the estimate is obvious. Let

(6.23)

(6.24)
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11723 = 171725,

— / 1 E )2 dE do + f 1 E )2 dE do

E(s) Ei(s)
+ f G )P dEdo+ / G )P dEdo
Ex(s) E3(s)
=1(s)+ 11 (s) + Ir(s) + I5(s)
( M? M? M? M? )
<C + + + .
(b%|lne|%)2 (b%|lne|%)2 (b%|alne|%)2 (b%|alne|%)2

. 2 1 2 1.2 1 2 1 2 1 2 1
Since b3 |In€|2 > b3|Ine|4, b3 |alne|2 > b3 |alne|4 and b3 |In€|# > b3 |alne|F when b > 1
and |In€| > 1, we obtain

M2

O B (6.25)
(b%|ozlne|%)2

1f1172gs) <€

Case (ii): |1I1€|‘1T > Z%b%((2(Ro + Tp) + 3)71)%. In this case we have from s = b and (6.18)
that

11(s)| = 1(b)] < |E®B)|(1+b)*e.

Combining this estimate and /1 (s), we obtain

f|f<§,w>|2d§dw+ / |fE, ) *dEdw=1(s)+ I1(s)

E(s) Eq(s)

) (6.26)
M
< C(b5€2 + 2712)
(b§ | 1ne|1)
Similarly, we have
|L(s)| = |1 (D)] < |E2(b)|e*1 =0 (1 4 b)>* >
and
/ |fE, 0 dEdw+ / |fE, 0)?dEdw = L(s) + L5(s)
E(s) E3(s) 6.27)

M2
=C(b? U014 py2e ),

(b3 | lnelz)
Combining (6.25), (6.26) and (6.27), we obtain
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A1 2 sy = 1F117 2 e,
=1(0s)+ 11 (s) + I(s) + I3(s)
M2
Sc(b562+b3 eZb(l—a)(1+b)2a62a+ 5 - 2>.
(b§|alne|1)

This completes the proof. O
7. Conclusion

In this work, we have shown increasing stability estimates of the L?-norm of the source
function with respect to interval length of a given parameter. In the first inverse problem (IP1),
this parameter was chosen as the frequency bandwith of the temporal component of the source
function. We are mostly motivated by the increasing analysis for time-harmonic inverse source
problems, and other type of increasing stability estimates for the wave equation might be possi-
ble. Our results are expected to be valid in the two-dimensional case and also for more general
evolutional equations. In three dimensions, the measurement data are taken over a large time in-
terval due to Huygens’ principle. The absence of Huygens’ principle in 2D will create technical
difficulties using a finite time-interval data and a new technique must be developed. Although
zero initial conditions for the wave equation are considered in this work, the mathematical anal-
ysis performed here carries over to non-zero initial conditions naturally. Inverse source problems
with non-zero conditions have appeared in for instance thermoacoustic and photoacoustic tomog-
raphy (TAT/PAT), which are indeed an important research topic. We hope to be able to report the
progress on these problems in the future.
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