
COMMUN. MATH. SCI. © 2025 International Press

Vol. 23, No. 7, pp. 1881–1907

FINITE ELEMENT AND INTEGRAL EQUATION METHODS
TO CONICAL DIFFRACTION BY IMPERFECTLY CONDUCTING

GRATINGS∗

GUANGHUI HU† , JIAYI ZHANG‡ , AND LINLIN ZHU§

Abstract. This paper is concerned with the variational and integral equation methods for a
conical diffraction problem (which is also called oblique incidence) for imperfectly conducting gratings
modeled by the impedance boundary value problem of the Helmholtz equation in periodic structures.
We prove new mapping properties of the Dirichlet-to-Neumann map, justify the strong ellipticity of
the sesquilinear form corresponding to the variational formulation and obtain well-posedness of weak
solutions if the wavenumber does not coincide with the third component of the wave vector. Convergence
of the finite element method with the transparent boundary condition is verified. We also derive
equivalent boundary integral equations based on the quasi-periodic Green’s function and prove the
unique solvability result for piecewise smooth grating profiles with a finite number of corner points.
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finite element analysis; well-posedness.
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1. Introduction
Optical gratings are widely used in semi-conductor industry and grating diffrac-

tion problems have been extensively studied over the last thirty years in the literature
via variational and integral equation methods. We refer to [1,2,8,9,14,16–18,22–24,28]
and references therein for mathematical analysis of time-harmonic Maxwell’s and Navier
equations in periodic structures and also under TE and TM polarization cases. Concern-
ing the numerical treatment, we refer to [3,4,6,7,9–11,27] for finite element method and
boundary element method. In the polarization cases, the diffraction grating material is
supposed to be periodic in one direction (x1-direction), invariant in another direction
(x3-direction) and the incident direction of a time-harmonic electromagnetic plane wave
is supposed to be orthogonal to the x3-axis. In the TE (resp. TM) polarization case, the
electric (resp. magnetic) field is parallel to the x3-direction. In this paper we suppose
that a time-harmonic plane wave is incident obliquely onto an imperfectly conducting
grating, leading to the so-called conical diffraction problems in periodic structures with
the impedance boundary condition. Such kind of boundary value problem doesn’t seem
to be studied in the literature for diffraction gratings, but can be used efficiently to
model the interface behavior of the wave fields between a highly conducting material
and an isotropic and homogeneous background medium. We note that the impedance
boundary condition can be also used to overcome numerical difficulties caused by a large
ratio period over thickness of a thin coated layer.

To the best of our knowledge, conical diffraction problems in periodic structures
have been studied only with transmission conditions, where the full time-harmonic
Maxwell system can be reduced to two coupled Helmholtz equations. Elschner, Hinder,
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Penzel and Schmidit [15] proved the well-posedness and regularity of the conical diffrac-
tion problem via the variational method. Elschner and Schmidt [19] studied stability
of the conical diffraction problem with respect to variation of the grating profile and
obtained explicit formulas for the derivatives of reflection and transmission coefficients
with respect to perturbations of interfaces. We refer to [29] for the analysis of the
integral equation method for coated conical gratings modeled by transmission condi-
tions. If the scattering object is an infinitely long cylinder, the conical diffraction is
also referred to as oblique scattering. In [30], Wang and Nakamura applied the integral
equation method to prove the well-posedness for impedance cylinders embedded in a
homogeneous medium. In an inhomogeneous medium, the uniqueness and existence of
the oblique problem were also proved through the Lax-Phillips method; see [26]. We
note that our diffraction problem corresponds to the model of electromagnetic scatter-
ing problems in chiral media when the chirality admittance is zero. We refer to Feng
et al. [20] and Bao & Zhang [12] for the analysis and numerics of electromagnetic scat-
tering problems with oblique plane wave incidence in non-periodic chiral media where
the classical Sommerfeld radiation is used in place of the Rayleigh expansion radiation
condition. The contribution of this paper is to study the conical diffraction problem in
periodic structures under the impedance boundary condition and investigate both finite
element and boundary integral equation methods. We complement the work of [15]
by deriving new mapping properties of the Dirichlet-to-Neumann map. Moreover, we
justify the strong ellipticity of the sesquilinear form corresponding to the variational
formulation and obtain well-posedness of weak solutions if the wavenumber does not co-
incide with the third component of the wave vector. Convergence of the finite element
method with the transparent boundary condition is verified. We also derive equivalent
boundary integral equations based on the quasi-periodic Green’s function and prove the
unique solvability result for piecewise smooth grating profiles with a finite number of
corner points.

The outline of the remaining part of the paper is organized as follows. In Section
2, we formulate the conical diffraction problem by deriving a coupled Helmholtz system
with the impedance boundary condition from Maxwell’s system. In Section 3, we state
the variational formulation in one periodic cell with the DtN operator imposed on
the artificial boundary. An energy formula is verified to prove the uniqueness of the
truncated boundary value problem. The strong ellipticity of the variational formulation
is shown and the well-posedness of the diffraction problem follows from the Fredholm
theory. In Section 4, we show the convergence of the finite element method based on the
variational formulation. Finally, the solvability of an integral equation will be presented
in Section 5.

2. Conical diffraction problem
Assume an incoming time-harmonic plane wave of the form

(E in,Hin)=(peiαx1−iβx2+iγx3 ,qeiαx1−iβx2+iγx3)e−iωt=: (Ein,Hin)e−iωt, (2.1)

is incident onto an imperfectly conducting grating with a high conductivity embedded
in an isotropic homogeneous medium in R3. Denote by Γ̃ the grating profile and Ω̃ the
unbounded domain above Γ̃. The diffraction problem can be modeled by the reduced
Maxwell’s system

∇×E= iωµH, ∇×H=−iωϵE in Ω̃, (2.2)

where the total fields (E,H) are the sum of the incident waves (Ein,Hin) and the
outgoing scattered waves (Esc,Hsc) in Ω̃ and ω denotes the angular frequency. The
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dielectric coefficient ϵ and the magnetic permeability µ of the homogeneous medium in
Ω̃ are both assumed to be positive constants. Set k=ω

√
ϵµ as the wavenumber of the

background medium. We enforce the impedance boundary condition on Γ̃:

ν×E×ν=λ (ν×H) on Γ̃, (2.3)

where ν=(ν1,ν2,ν3)∈S2 :={x∈R3 : |x|=1} is normal to Γ̃ directed into the exterior of
Ω̃ and λ<0 is the impedance coefficient which is assumed to be a constant (If ν is
normal to Γ̃ directed into the interior of Ω̃ , then the constant λ should be a positive
real number). The problem (2.1)–(2.3) is called a conical diffraction problem if the
incident direction k=: (α,−β,γ) is not orthogonal to the x3-direction, i.e., γ ̸=0. For
conical diffraction problems, the wave vectors of the reflected or transmitted propagating
modes lie on the surface of a cone whose axis is parallel to the x3-direction [29]. We
refer to Figure 2.1 for an illustration of the grating conical diffraction problem.

x1

x2

x3

x1

x2

x3

(Ein,Hin)

Ω̃

Γ̃

ϵ,µ

. . .. . .

θ
ϕ

Fig. 2.1. Geometry of the three-dimensional conical diffraction problem in one periodic cell. ϕ is
the angle between incident direction k and (x1,x2)-plane. θ denotes the angle between (α,−β,0) and
the x2-axis.

In order for (Ein,Hin) given in (2.1) to satisfy (2.2), the constant amplitude vector
p must be perpendicular to the wave vector k=(α,−β,γ), that is p ·k=0. Furthermore
k ·k=k2=ω2ϵµ and q=(ωµ)−1k×p. We can express the wave vector k as

k=(α,−β,γ) :=k(sinθcosϕ,−cosθcosϕ,sinϕ)∈R3,

in terms of the angles of incidence θ,ϕ∈ (−π/2,π/2).
Assume that Γ̃ remains invariant in x3 and is 2π-periodic in x1. If the incoming

wave is of the form (2.1), we make an ansatz on the total field

(E,H)(x1,x2,x3)=(E(x1,x2),H(x1,x2))e
iγx3 ,

with E=(E1,E2,E3),H=(H1,H2,H3) :R2→C3. The Maxwell equations (2.2) can be
reduced to two Helmholtz equations for the total fields u=E3 and v=H3 (see [15]):

∆u+κ2u=0, ∆v+κ2v=0 in Ω, κ2=k2−γ2.
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Here Ω denotes the restriction of the cross-section of Ω̃ by the (x1,x2)-plane to one
periodic cell (0,2π). Analogously, Γ denotes the counter part of Γ̃ in the periodic cell
(0,2π). The reduced geometry of the conical diffraction problem is shown in Figure 2.2.
Next, we turn to the reduction of the boundary condition (2.3) in R2. Obviously, we

Ω

Γ

ϵ, µ

x2

x1

Fig. 2.2. Geometry of the conical diffraction problem in R2.

have ν3=0 and

(ν×E)×ν=(−ν2(ν1E2−ν2E1),−ν1(ν1E2−ν2E1), E3), (2.4)

ν×H=(ν2H3,−ν1H3, ν1H2−ν2H1).

Moreover, there holds (see [15])

ν1E2−ν2E1=
iγ

κ2
∂E3

∂τ
− iωµ

κ2
∂H3

∂n
, ν1H2−ν2H1=

iγ

κ2
∂H3

∂τ
+
iωϵ

κ2
∂E3

∂n
, (2.5)

with

n=(ν1,ν2), τ =(−ν2,ν1), ∂n=ν1∂1+ν2∂2, ∂τ =−ν2∂1+ν1∂2, ∂j =
∂

∂xj
.

Meanwhile, for the reduced Helmholtz equation, the incoming time-harmonic plane wave
(2.1) takes the form

ui=p3e
iαx1−iβx2 , vi= q3e

iαx1−iβx2 .

Combining (2.4)-(2.5) and the impedance boundary condition (2.3), we get

− iγ

κ2
∂E3

∂τ
+
iωµ

κ2
∂H3

∂n
=λH3, E3=λ

(
iγ

κ2
∂H3

∂τ
+
iωϵ

κ2
∂E3

∂n

)
,

which, for u=E3 and v=H3, is equivalent to the boundary conditions

λ
∂u

∂n
+
iκ2

ωϵ
u+

λγ

ωϵ

∂v

∂τ
=0,

∂v

∂n
+
iλκ2

ωµ
v− γ

ωµ

∂u

∂τ
=0 on Γ. (2.6)

Using γ=ω
√
ϵµsinϕ and κ2=k2 cos2ϕ=ω2µϵcos2ϕ, the previous boundary conditions

can be written as λ ∂u
∂n + iωµcos2ϕu+λsinϕ

√
µ
ϵ
∂v
∂τ = 0,

∂v
∂n + iλωϵcos2ϕv−sinϕ

√
ϵ
µ

∂u
∂τ = 0,

on Γ. (2.7)
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Remark 2.1. If λ=0, then the boundary conditions in (2.6) (or (2.7)) reduce to
∂v
∂n =u=0, which correspond to the TE or TM polarization of the electromagnetic scat-
tering by perfectly conducting gratings. If ϕ=0, both u and v satisfy the standard
impedance/Robin boundary condition for the Helmholtz equation, that is,

∂u

∂n
+ iωµ/λu=0,

∂v

∂n
+ iλωϵv=0 on Γ.

3. Radiation condition and variational formulation
In this section we adapt the variational framework of [15] to the case of the

impedance boundary condition and derive new mapping properties of the transpar-
ent boundary operator. Well-posedness of the grating diffraction problem will be
justified for any κ2>0 (that is, k2>γ2) by applying the Fredholm alternative. For
b>Γmax :=maxx∈Γ{x2}, define

Γb :={(x1,b) : 0<x1<2π}, Ωb :={x∈Ω:x2<b}.

A function u(x1,x2) is called α-quasiperiodic if e−iαx1u(x1,x2) is 2π-periodic in x1, or
equivalently,

u(x1+2π,x2)=e
2iαπu(x1,x2).

Since the incident field is α-quasiperiodic, the scattered fields us, vs are also assumed
to be α-quasiperiodic. Then the functions us(x1,x2)e

−iαx1 , vs(x1,x2)e
−iαx1 can be ex-

panded as a Fourier series. Inserting these series into the Helmholtz equation, we can
express us and vs as a sum of plane waves. Physically, the scattered fields (us,vs)
remain bounded as x2→+∞, leading to the well-known Rayleigh expansion condition:

us(x)=
∑
n∈Z

une
iαnx1+iβnx2 , vs(x)=

∑
n∈Z

vne
iαnx1+iβnx2 , x2>Γmax, (3.1)

with the Rayleigh coefficients un,vn∈C, where

αn :=n+α, βn :=

{√
κ2−|αn|2, |αn|≤κ,

i
√

|αn|2−κ2, |αn|>κ,

with i=
√
−1. It is clear that (us,vs) in (3.1) can be split into the finite sum

∑
|αn|≤k

of outgoing plane waves and the infinite sum
∑

|αn|>k of exponentially decaying waves,
which are called surface or evanescent waves. We summarize our conical diffraction
problem as follows:

∆u+κ2u=0, ∆v+κ2v=0 in Ω,

λ ∂u
∂n + iκ2

ωϵ u+
λγ
ωϵ

∂v
∂τ =0, ∂v

∂n + iλκ2

ωµ v− γ
ωµ

∂u
∂τ =0 on Γ,

us and vs fulfill the Rayleigh expansion (3.1).

(3.2)

Then we introduce the function spaces

Hk
α(Ωb)={u∈Hk(Ωb) :u is α-quasiperiodic},

X={(u,v)∈H1(Ωb)
2 :u, v are α-quasiperiodic}.
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In order to derive the variational formula, we will need Green’s formula for functions in
H1

α(Ωb).

Lemma 3.1. Assume f ∈H2
α(Ωb) and g∈H1

α(Ωb). Then∫
Ωb

∇f ·∇g+∆fḡdx=

∫
∂Ωb

∂nfgds,

∫
Ωb

∇f ·∇⊥gdx=−
∫
∂Ωb

∂τfgds,

where ∇=(∂1,∂2) and ∇⊥=(−∂2,∂1).

Let u,v∈H1
α(Ωb) solve the conical diffraction problem (3.2). Applying Green’s

formula to the Helmholtz equations yields

0=

∫
Ωb

(∆u+κ2u)φdx=

∫
Ωb

−∇u ·∇φ+κ2uφ̄dx+
∫
∂Ωb

∂nuφds, (3.3)

∫
Ωb

∇v ·∇⊥φdx=−
∫
∂Ωb

∂τvφds (3.4)

for all φ∈H1
α(Ωb). Multiplying the equations (3.3) and (3.4) by the constant factors ωϵ

κ2

and γ
κ2 , respectively, and taking the difference of the resulting formulas, we get∫

∂Ωb

ωϵ

κ2
∂nuφ+

γ

κ2
∂τvφds=

∫
Ωb

[ωϵ
κ2

∇u ·∇φ− γ

κ2
∇v ·∇⊥φ−ωϵuφ

]
dx. (3.5)

Similarly, we get

0=

∫
Ωb

(∆v+κ2v)ψdx=

∫
Ωb

−∇v ·∇ψ+κ2vψ̄dx+

∫
∂Ωb

∂nvψds, (3.6)

∫
Ωb

∇u ·∇⊥ψdx=−
∫
∂Ωb

∂τuψds, (3.7)

for all ψ∈H1
α(Ωb). Multiplying the equations (3.6) and (3.7) by the constant factors

ωµ
κ2 and γ

κ2 , respectively, and taking the sum of the two formulas, we get∫
∂Ωb

ωµ

κ2
∂nvψ− γ

κ2
∂τuψds=

∫
Ωb

[ωµ
κ2

∇v ·∇ψ+
γ

κ2
∇u ·∇⊥ψ−ωµvψ

]
dx. (3.8)

Recalling the boundary conditions (2.6) on Γ, the left-hand terms of (3.5) and (3.8) over
the integral Γ can be reformulated as∫

Γ

ωϵ

κ2
∂nuφ+

γ

κ2
∂τvφds=

∫
Γ

ωϵ

λκ2

(
− iκ

2

ωϵ
u

)
φds=− i

λ

∫
Γ

uφds,∫
Γ

ωµ

κ2
∂nvψ− γ

κ2
∂τuψds=

∫
Γ

ωµ

κ2

(
− iλκ

2

ωµ
v

)
ψds=−iλ

∫
Γ

vψds.

Therefore, we need to find (u,v)∈X such that for all (φ,ψ)∈X,

0=
i

λ

∫
Γ

uφds+

∫
Ωb

[ωϵ
κ2

∇u ·∇φ− γ

κ2
∇v ·∇⊥φ−ωϵuφ

]
dx

−
∫
Γb

[ωϵ
κ2
∂nuφ+

γ

κ2
∂τvφ

]
ds, (3.9)
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0= iλ

∫
Γ

vψds+

∫
Ωb

[ωµ
κ2

∇v ·∇ψ+
γ

κ2
∇u ·∇⊥ψ−ωµvψ

]
dx

−
∫
Γb

[ωµ
κ2
∂nvψ− γ

κ2
∂τuψ

]
ds. (3.10)

Combining (3.9) and (3.10), we get∫
Γ

i

λ
uφ+ iλvψds+

∫
Ωb

[ωϵ
κ2

∇u ·∇φ− γ

κ2
∇v ·∇⊥φ−ωϵuφ+ ωµ

κ2
∇v ·∇ψ

+
γ

κ2
∇u ·∇⊥ψ−ωµvψ

]
dx−

∫
Γb

1

κ2

(
ωϵ∂nu+γ∂τv
ωµ∂nv−γ∂τu

)
·
(
φ

ψ

)
ds=0. (3.11)

Definition 3.1 (DtN map). The Dirichlet-to-Neumann (DtN) map T is defined by

T : (g1,g2)
⊤→−

(ωϵ
κ2
∂nw1+

γ

κ2
∂τw2,

ωµ

κ2
∂nw2−

γ

κ2
∂τw1

)⊤
on Γb,

where wj(j=1,2) is the unique radiation solution to the Helmholtz equation ∆wj+
κ2wj =0 in x2>b with the Dirichlet boundary condition wj =gj on Γb.

Now we want to derive an analytical expression of the DtN map T . For the α-

quasiperiodic vector function g=(g1,g2)
⊤∈H1/2

α (Γb)
2, its Fourier expansion takes the

form g(x1)=
∑

n∈Z ĝne
iαnx1 , where ĝn=(ĝn,1, ĝn,2)

⊤. It is easy to deduce that

wj(x)=
∑
n∈Z

ĝn,je
iαnx1+iβn(x2−b), x2>b, j=1,2,

where wj is the function specified in the Definition 3.1. Direct calculations show

−
(ωϵ
κ2
∂nw1+

γ

κ2
∂τw2,

ωµ

κ2
∂nw2−

γ

κ2
∂τw1

)⊤ ∣∣∣∣
Γb

=− 1

κ2

(
ωϵ
∑
n∈Z

iβnĝn,1e
iαnx1 +γ

∑
n∈Z

(−iαn)ĝn,2e
iαnx1 ,

ωµ
∑
n∈Z

iβnĝn,2e
iαnx1 −γ

∑
n∈Z

(−iαn)ĝn,1e
iαnx1

)⊤

=
∑
n∈Z

Mnĝne
iαnx1 ,

where

Mn=
1

κ2

(
−iωϵβn iγαn

−iγαn −iωµβn

)
. (3.12)

Hence, the operator T acting on the α-quasiperiodic vector function w∈H1/2
α (Γb)

2
can

be expressed as

(Tw)(x)=
∑
n∈Z

Mnŵne
iαnx, ŵn=

1

2π

∫ 2π

0

w(x)e−iαnxdx∈C2.
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Lemma 3.2 (see [15]). The DtN operator T :H
1/2
α (Γb)

2→H
−1/2
α (Γb)

2 is continuous,
i.e., there exists a positive constant C such that

∥Tw∥
H

−1/2
α (Γb)2

≤C∥w∥
H

1/2
α (Γb)2

for all w∈H1/2
α (Γb)

2.

Then we return back to the last term of the left-hand side of (3.11). Direct calcu-
lations show

T

(
us|Γb

vs|Γb

)
=
∑
n∈Z

Mn

(
un
vn

)
eiαnx1+iβnb=

∑
n∈Z

1

κ2

(
−iωϵβnun+ iγαnvn
−iγαnun− iωµβnvn

)
eiαnx1+iβnb,

T

(
ui|Γb

vi|Γb

)
=M0

(
p3
q3

)
eiαx1−iβb=− 1

κ2

(
iωϵβp3− iγαq3
iγαp3+ iωµβq3

)
eiαx1−iβb.

For x2>Γmax, (u,v) are given by

u=p3e
iαx1−iβx2 +

∑
n∈Z

une
iαnx1+iβnx2 , v= q3e

iαx1−iβx2 +
∑
n∈Z

vne
iαnx1+iβnx2 .

Then we have

1

κ2

(
ωϵ∂νu+γ∂τv
ωµ∂νv−γ∂τu

)∣∣∣∣
Γb

= −T
(
u|Γb

v|Γb

)
− 2

κ2

(
iωϵβp3
iωµβq3

)
eiαx1−iβb. (3.13)

Inserting (3.13) into (3.11), we get the variational formulation

B(u,v;φ,ψ)=F (φ,ψ) for all (φ,ψ)∈X, (3.14)

where

B(u,v;φ,ψ) :=

∫
Γ

i

λ
uφ+ iλvψds+

∫
Ωb

[ωϵ
κ2

∇u ·∇φ− γ

κ2
∇v ·∇⊥φ+

ωµ

κ2
∇v ·∇ψ

+
γ

κ2
∇u ·∇⊥ψ−ωϵuφ−ωµvψ

]
dx+

∫
Γb

T

(
u
v

)
·
(
φ

ψ

)
ds, (3.15)

F (φ,ψ) :=−2iωβe−iβb

κ2

∫
Γb

(ϵp3φ+µq3ψ)e
iαx1 ds. (3.16)

Below we prove an energy formula under the impedance boundary condition.

Lemma 3.3. Let u,v∈H1
α(Ωb) be the total fields to our conical diffraction problem.

We have the energy formula

2πω

κ2

∑
|αn|≤κ

βn(ϵ|un|2+µ|vn|2)=
∫
Γ

1

λ
|u|2+λ|v|2ds+ 2πωβ

κ2
(ϵ|p3|2+µ|q3|2). (3.17)

Proof. Choosing φ=u and ψ=v in (3.11), we have

0=

∫
Γ

i

λ
|u|2+ iλ|v|2ds− 1

κ2

∫
Γb

(
ωϵ∂nu+γ∂τv
ωµ∂nv−γ∂τu

)
·
(
u
v

)
ds

+

∫
Ωb

[ωϵ
κ2

|∇u|2− γ

κ2
∇v ·∇⊥u−ωϵ|u|2+ ωµ

κ2
|∇v|2+ γ

κ2
∇u ·∇⊥v−ωµ|v|2

]
dx.

(3.18)
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For the total fields u and v, we can easily get the imaginary part of the integral over Γb,

Im

∫
Γb

(
ωϵ∂nu+γ∂τv
ωµ∂nv−γ∂τu

)
·
(
u
v

)
ds

=Im

∫ 2π

0

(
ωϵ∂2u−γ∂1v
ωµ∂2v+γ∂1u

)∣∣∣∣
Γb

·
(
u
v

)∣∣∣∣
Γb

dx1

=Im2π

[
ωϵ

(
−iβ|p3|2+

∑
n∈Z

iβn|un|2
)
−γ

(
iαq3p̄3+

∑
n∈Z

iαnvnūn

)

+ ωµ

(
−iβ|q3|2+

∑
n∈Z

iβn|vn|2
)
+γ

(
iαp3q̄3+

∑
n∈Z

iαnunv̄n

)]
.

Therefore,

Im

∫
Γb

(
ωϵ∂nu+γ∂τv
ωµ∂nv−γ∂τu

)
·
(
u
v

)
ds

=−2πωβ
(
ϵ|p3|2+µ|q3|2

)
+2π

∑
|αn|≤κ

ωβn
(
ϵ|un|2+µ|vn|2

)
. (3.19)

In addition,

Im

∫
Γb

∇v ·∇⊥u−∇u ·∇⊥v dx

=Im

∫
Γb

−∂1v∂2ū+∂2v∂1ū−(−∂1u∂2v̄+∂2u∂1v̄)dx

=Im

∫
Γb

−(∂1v∂2ū+∂2u∂1v̄)+(∂2v∂1ū+∂1u∂2v̄)dx=0. (3.20)

Taking the imaginary part of (3.18) and using (3.19) and (3.20), we obtain

0=

∫
Γ

1

λ
|u|2+λ|v|2ds− Im

1

κ2

∫ 2π

0

(
ωϵ∂2u−γ∂1v
ωµ∂2v+γ∂1u

)∣∣∣∣
Γb

·
(
u
v

)∣∣∣∣
Γb

dx1

=

∫
Γ

1

λ
|u|2+λ|v|2ds+ 2πωβ

κ2
(
ϵ|p3|2+µ|q3|2

)
− 2πω

κ2

∑
|αn|≤κ

βn
(
ϵ|un|2+µ|vn|2

)
,

which completes the proof.

Theorem 3.1. Suppose that Γ is a Lipschitz curve, k2 ̸=γ2 and the impedance
coefficient λ<0. Then, the variational problem (3.14) has at most one solution (u,v)∈
X.

Proof. To prove uniqueness, we assume ui=vi=0, i.e. p3= q3=0. Choosing
φ=u,ψ=v in (3.14) and taking the imaginary part, we have∫

Γ

1

λ
|u|2+λ|v|2ds+Im

∫
Γb

T

(
u
v

)
·
(
u
v

)
ds=0. (3.21)

By the definition of T , we have that for w=(u,v)⊤,

Im

∫
Γb

Tw ·wds=Im

∫
Γb

∑
n∈Z

Mnŵne
iαnx ·

∑
m∈Z

ŵmeiαmxds
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=Im2π
∑
n∈Z

Mnŵn · ŵn

=2π
∑
n∈Z

(ImMn)ŵn · ŵn,

where ŵn=(ŵn,1,ŵn,2)=(un,vn). Recalling the expression of Mn, we have

ImMn=
1

2i
(Mn−M∗

n)

=
1

2i

1

κ2

[(
−iωϵβn iγαn

−iγαn −iωµβn

)
−
(
iωϵβn iγαn

−iγαn iωµβn

)]
=

1

κ2

(
Im(−iωϵβn) 0

0 Im(−iωµβn)

)

=


1
κ2

(
−ωϵβn 0

0 −ωµβn

)
, |αn|≤κ,

0, |αn|>κ.

Therefore,

Im

∫
Γb

Tw ·wds=2π
∑

|αn|≤κ

1

κ2

(
−ωϵβn 0

0 −ωµβn

)(
ŵn1

ŵn2

)
·
(
ŵn1

ŵn2

)
=−2πω

κ2

∑
|αn|≤κ

βn(ϵ|ŵn1|2+µ|ŵn2|2)≤0.

Inserting these results into (3.21), we have∫
Γ

1

λ
|u|2+λ|v|2ds− 2πω

κ2

∑
|αn|≤κ

βn(ϵ|un|2+µ|vn|2)=0.

Noting that λ<0, we have u=v=0 on Γ. By the impedance boundary condition (2.6),
we have ∂nu=∂nv=0 on Γ. We get u=v=0 in Ω as the consequence of the Holmgren
theorem.

Remark 3.1. The proof of Theorem 3.1 provides an alternative approach to the proof
of the energy formula (3.17) via matrix operations. One can also prove the uniqueness
result by taking the imaginary part of the energy formula (3.17) with p3= q3=0.

Definition 3.2 (Strong ellipticity). We call a bounded sesquilinear form B(·, ·) given
on some Hilbert space X strongly elliptic if there exists a complex number θ, |θ|=1 and
a compact form q(·, ·) such that

Re(θB(u,u))≥ c∥u∥2X −q(u,u) for all u∈X,

for some constant c>0.

The following theorem establishes the strong ellipticity of the form (3.15) and leads,
together with Theorem 3.1 or Remark 3.1, to the solvability results for the conical
diffraction problem.

Theorem 3.2. The sesquilinear form B defined in (3.14) is strongly elliptic over X.
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Before proving this theorem, we need to make some preparations. It is convenient
to reformulate the variational form (3.15) as follows (see [15]):

B(u,v;φ,ψ)=A(u,v;φ,ψ)+B1(u,v;φ,ψ)+C(u,v;φ,ψ)+D(u,v;φ,ψ),

where

A(u,v;φ,ψ) :=

∫
Γ

i

λ
uφ+ iλvψds,

C(u,v;φ,ψ) :=

∫
Ωb

ωϵuφ+ωµvψ dx,

D(u,v;φ,ψ) :=

∫
Γb

T

(
u
v

)
·
(
φ

ψ

)
ds,

and

B1(u,v;φ,ψ) :=

∫
Ωb

[ωϵ
κ2

∇u ·∇φ− γ

κ2
∇v ·∇⊥φ+

ωµ

κ2
∇v ·∇ψ+

γ

κ2
∇u ·∇⊥ψ

]
dx

=

∫
Ωb

D(∂1u,∂1v,∂2u,∂2v)
T ·(∂1φ,∂1ψ,∂2φ,∂2ψ)T dx,

with the matrix D∈R4×4 given by (see [15])

D=
1

κ2


ωϵ 0 0 −γ
0 ωµ γ 0
0 γ ωϵ 0
−γ 0 0 ωµ

 .
We can further write B1 into the matrix form

B1(u,v;φ,ψ)=

∫
Ωb

N+∂+
(
u
v

)
·∂+

(
φ
ψ

)
+N−∂−

(
u
v

)
·∂−

(
φ
ψ

)
ds (3.22)

where

N±=
1

κ2

(
ωϵ ±iγ
∓iγ ωµ

)
, ∂+ :=

1√
2
(−i∂1+∂2), ∂− :=

1√
2
(∂1− i∂2).

To study the form B, we need the following lemma.

Lemma 3.4. Choose θ= i+δ
|i+δ| with δ>0 sufficiently small.

(i) For any ξ∈C2, we have Re(θN±ξ · ξ̄)≥CN |ξ|2, where

CN =
1

2ωϵµcos2ϕ
Reθ

[
(ϵ+µ)−

√
(ϵ−µ)2+4ϵµsin2ϕ

]
⩾0. (3.23)

(ii) Let Mn∈C2×2 be defined by (3.12). It holds that Re(θMn)≥0 for all n∈Z\A,
where the index set A is defined by

A={n∈Z :−k(1+sinθcosϕ)<n≤−kcosϕ(1+sinθ)

or kcosϕ(1−sinθ)≤n<k(1−sinθcosϕ)}. (3.24)
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Proof.
(i) By the definition of N±, we have

Re(θN±)=
θN±+(θN±)∗

2
=

1

κ2

(
ωϵReθ ±iγReθ
∓iγReθ ωµReθ

)
,

which is a Hermitian matrix. Recalling that γ=ksinϕ=ω
√
ϵµsinϕ and κ2=k2cos2ϕ,

we compute the eigenvalues of Re(θN±) as following

λ1=
1

2ωϵµcos2ϕ
Reθ

[
(ϵ+µ)+

√
(ϵ−µ)2+4ϵµsin2ϕ

]
>0,

λ2=
1

2ωϵµcos2ϕ
Reθ

[
[(ϵ+µ)−

√
(ϵ−µ)2+4ϵµsin2ϕ

]
≥0.

Defining CN =λ2<λ1 and applying [21, Theorem 4.2.2], we complete the first part of
the proof.

(ii) Recalling the definition of Mn, we have

θMn=
1

κ2

(
−iωϵβnθ iγαnθ
−iγαnθ −iωµβnθ

)
=

1

κ2

(
−i(ωµ)−1k2βnθ iγαnθ

−iγαnθ −iωµβnθ

)
.

Case 1. |αn|<κ, i.e., βn∈R is a real number. We have

(θMn)
∗=

1

κ2

(
i(ωµ)−1k2βnθ̄ iγαnθ̄

−iγαnθ̄ iωµβnθ̄

)
.

Therefore,

Re(θMn)=
θMn+(θMn)

∗

2
=

1

κ2

(
(ωµ)−1k2βnImθ iγαnReθ

−iγαnReθ ωµβnImθ

)
.

In this case, Re(θMn)≥0 if and only if the following two conditions are satisfied:

Imθ≥0,

det(Re(θMn))=
1

κ4
[
(ωµ)−1k2βnImθωµβnImθ−γ2α2

n(Reθ)
2
]

=
1

κ4
[
k2β2

n−γ2α2
nδ

2
]
(Imθ)2≥0. (3.25)

The conditions in (3.25) obviously hold due to the definition of θ with a small δ>0.

Case 2. |αn|≥κ, i.e., βn is a pure imaginary number. We have

(θMn)
∗=

1

κ2

(
(ωµ)−1k2|βn|θ̄ iγαnθ̄

−iγαnθ̄ ωµ|βn|θ̄

)
.

Therefore,

Re(θMn)=
θMn+(θMn)

∗

2
=

1

κ2

(
(ωµ)−1k2|βn|Reθ iγαnReθ

−iγαnReθ ωµ|βn|Reθ

)
.

In this case, Re(θMn)≥0 if and only if the following two conditions are satisfied:

Reθ≥0,
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det(Re(θMn))=
1

κ4
[
(ωµ)−1k2|βn|(Reθ)ωµ|βn|Reθ−γ2α2

n(Reθ)
2
]

=
1

κ4
[
k2|βn|2−γ2α2

n

]
(Reθ)2≥0.

The first condition is obvious. The second condition can be fulfilled if k2|βn|2−γ2α2
n≥0.

Recalling that |βn|2=α2
n−(k2−γ2), we have α2

n≥k2. Combining the above two cases,
we find that the matrix Re(θMn) is not positive definite only when

n∈B :={n∈Z :k2−γ2≤α2
n<k

2}.

We should point out that n∈B if βn=0 (i.e. |αn|=κ). Recalling that α=ksinθcosϕ
and αn=n+α, the set B coincides with the set A given by (3.24).

Remark 3.2. The set A consists of a finite number of indexes only.

From the Rayleigh expansion, we can rewrite the restriction of (u, v) to Γb as

u|Γb
=
∑
n∈Z

ũne
iαnx1 , v|Γb

=
∑
n∈Z

ṽne
iαnx1 ,

where

ũn :=

{
une

iβnb, n ̸=0,
u0e

iβb+p3e
−iβb, n=0,

ṽn :=

{
vne

iβnb, n ̸=0,
v0e

iβb+q3e
−iβb, n=0.

We define the sesquilinear form

q(u,v;u,v)=2πRe
∑
n∈A

θMn

(
ũn
ṽn

)
·
(
ũn
ṽn

)
, (3.26)

where the set A is defined by (3.24).

Proof. (Proof of Theorem 3.2). Choose θ= i+δ
|i+δ| . By the definition of A,

Re(θA(u,v;u,v))=Re

∫
Γ

i+δ

|i+δ|

(
i

λ
|u|2+ iλ|v|2

)
ds

=−
∫
Γ

1

|i+δ|

(
1

λ
|u|2+λ|v|2

)
ds≥0.

Before calculating Re(θB1(u,v;u,v)), we compute the following relation:

∂+
(
u
v

)
·∂+

(
u
v

)
=

1

2

(
−i∂1u+∂2u
−i∂1v+∂2v

)
·
(
i∂1ū+∂2ū
i∂1v̄+∂2v̄

)
=

1

2

[
|∇u|2+ |∇v|2+ i(∂1ū∂2u+∂1v̄∂2v)− i(∂1u∂2ū+∂1v∂2v̄)

]
.

Similarly,

∂−
(
u
v

)
·∂−

(
u
v

)
=

1

2

[
|∇u|2+ |∇v|2+ i(∂1u∂2ū+∂1v∂2v̄)− i(∂1ū∂2u+∂1v̄∂2v)

]
.
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Therefore,

∂+
(
u
v

)
·∂+

(
u
v

)
+∂−

(
u
v

)
·∂−

(
u
v

)
= |∇u|2+ |∇v|2.

Then, by (3.22) and Lemma 3.4, we have

Re(θB1(u,v;u,v))

= Re

(
θ

∫
Ωb

N+∂+
(
u
v

)
·∂+

(
u
v

)
+N−∂−

(
u
v

)
·∂−

(
u
v

)
dx

)

≥ CN

∫
Ωb

∂+
(
u
v

)
·∂+

(
u
v

)
+∂−

(
u
v

)
·∂−

(
u
v

)
dx

= CN

∫
Ωb

|∇u|2+ |∇v|2dx

= CN

(
∥u∥2H1(Ωb)

+∥v∥2H1(Ωb)

)
−CN

∫
Ωb

|u|2+ |v|2dx,

where CN ≥0 is defined by (3.23). It is obvious that

Re(θC(u,v;u,v))=Re

∫
Ωb

i+δ

|i+δ|
(
ωϵ|u|2+ωµ|v|2

)
dx

=
δ

|i+δ|

∫
Ωb

ωϵ|u|2+ωµ|v|2 dx≥0.

For u|Γb
=
∑

n∈Z ũne
iαnx1 , v|Γb

=
∑

n∈Z ṽne
iαnx1 , we get by using Lemma 3.4 (ii) that

Re(θD(u,v;u,v))=Re

(
θ

∫
Γb

T

(
u
v

)
·
(
u
v

)
ds

)
=2πRe

(∑
n∈Z

θMn

(
ũn
ṽn

)
·
(
ũn
ṽn

))

=2πRe

 ∑
n∈Z/A

θMn

(
ũn
ṽn

)
·
(
ũn
ṽn

)+q(u,v;u,v)

≥ q(u,v;u,v).

Note that q(u,v;u,v) is a compact form, because A is a finite set. Therefore, by Lemma
3.4, we have

Re(θB(u,v;u,v))

= Re(θA(u,v;u,v))+Re(θB1(u,v;u,v))+Re(θC(u,v;u,v))+Re(θD(u,v;u,v))

≥ CN

(
∥u∥2H1(Ωb)

+∥v∥2H1(Ωb)

)
−Q(u,v;u,v),

where CN ≥0 is defined by (3.23) and

Q(u,v;u,v) :=CN

∫
Ωb

|u|2+ |v|2dx− δ

|i+δ|

∫
Ωb

ωϵ|u|2+ωµ|v|2 dx−q(u,v;u,v)
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is a compact form over X×X. By Definition 3.2, we finish the proof.

Theorem 3.3. Suppose that Γ is a Lipschitz curve, k2 ̸=γ2 and that the impedance
coefficient λ<0. Then, the variational problem (3.9)–(3.10) admits a unique solution
(u,v)∈X.

Proof. Under the assumption of Theorem 3.2, the operator defined in (3.15) is a
Fredholm operator with index zero. Using Theorem 3.1, we obtain the existence and
uniqueness result as a consequence of the Fredholm alternative.

4. Finite element analysis and error estimate
In this section we study the finite element approximation of the variational problem

(3.14), following the framework of [6] and [9, Chapter 4]. Let {Xh :h∈ (0,1)} be a family
of finite dimensional subspaces of H1

α(Ωb)
2, where h stands for the maximum mesh size

after partitioning Ωb into simple domains, for example, a regular triangulation of Ωb.
We make the following assumption on the subspace Xh (see [13]): for (φ,ψ)∈Hρ

α(Ωb)
2

with ρ≥2 it holds that

inf
(ξ,η)∈Xh

(
∥(φ,ψ)−(ξ,η)∥L2(Ωb)2 +h∥(∇φ,∇ψ)−(∇ξ,∇η)∥L2(Ωb)2

+h1/2∥(φ,ψ)−(ξ,η)∥L2(Γb)2 +h∥(φ,ψ)−(ξ,η)∥H1/2(Γb)2

+h1/2∥(φ,ψ)−(ξ,η)∥L2(Γb)2 +h∥(φ,ψ)−(ξ,η)∥H1/2(Γ)2

)
≤Chl∥(φ,ψ)∥Hl(Ω)2 , l∈ [2,ρ] (4.1)

where the positive constant C is independent of h and (φ,ψ). The finite element ap-
proximation to the variational formulation (3.14) is to find (uh,vh)∈Xh such that

B(uh,vh;φh,ψh)=F (φh,ψh) for all (φh,ψh)∈Xh, (4.2)

where B is defined by (3.15) and F is defined by (3.16). The finite element method
consists of the following steps to solve (4.2):

(1) Choose a finite set of basis functions {ϕ1,ϕ2, ·· · ,ϕm} of the finite dimensional space
of H1

α(Ω);

(2) Let uh= c1ϕ1+c2ϕ2+ ·· ·+cmϕm, vh=d1ϕ1+d2ϕ2+ ·· ·+dmϕm. Substitute the ex-
pression into (4.2) and choose (φh,ψh)=(ϕi,0), (0,ϕi), i=1,2, ·· · ,m to get a system
of linear equations;

(3) Solve the linear system for the coefficients c1,c2, ·· · ,cm,d1,d2, ·· · ,dm and get the
approximation of (u,v) in Xh.

More precisely, we have

B(uh,vh;ϕi,0)

=

∫
Ωb

ωϵ
κ2

 m∑
j=1

cj∇ϕj

 ·∇ϕi−
γ

κ2

 m∑
j=1

dj∇ϕj

 ·∇⊥ϕi−ωϵ

 m∑
j=1

cjϕj

 ϕi

 dx
+

∫
Γ

i

λ

 m∑
j=1

cjϕj

ϕids+

∫
Γb

T

(∑m
j=1 cjϕj∑m
j=1djϕj

)
·
(
ϕi
0

)
ds,

B(uh,vh;0,ϕi)

=

∫
Ωb

ωµ
κ2

 m∑
j=1

dj∇ϕj

 ·∇ϕi+
γ

κ2

 m∑
j=1

cj∇ϕj

 ·∇⊥ϕi−ωµ

 m∑
j=1

djϕj

 ϕi

 dx
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+

∫
Γ

iλ

 m∑
j=1

djϕj

 ϕids+

∫
Γb

T

(∑m
j=1 cjϕj∑m
j=1djϕj

)
·
(

0

ϕi

)
ds.

In order to deduce the stiffness matrix, we need to define the following inner product

⟨f,g⟩Ωb
=

∫
Ωb

fḡ dx, ⟨f,g⟩Γ=
∫
Γ

fḡ ds, ⟨f,g⟩Γb
=

∫
Γb

fḡ ds.

Let B∈C2m×2m be the stiffness matrix with the entries

Bij =



ωϵ
κ2 ⟨∇ϕj ,∇ϕi⟩Ωb −ωϵ⟨ϕj ,ϕi⟩Ωb

+ i
λ
⟨ϕj ,ϕi⟩Γ+

〈
T

(
ϕj

0

)
,

(
ϕi

0

)〉
Γb

, 1≤ i,j≤m,

γ
κ2 ⟨∇ϕj−m,∇⊥ϕi⟩Ωb +

〈
T

(
0

ϕj−m

)
,

(
ϕi

0

)〉
Γb

, 1≤ i≤m,m+1≤ j≤2m,

γ
κ2 ⟨∇ϕj ,∇⊥ϕi−m⟩Ωb +

〈
T

(
ϕj

0

)
,

(
0

ϕi−m

)〉
Γb

, m+1≤ i≤2m,1≤ j≤m,

ωµ
κ2 ⟨∇ϕj−m,∇ϕi−m⟩Ωb −ωµ⟨ϕj−m,ϕi−m⟩Ωb

+ i
λ
⟨ϕj−m,ϕi−m⟩Γ+

〈
T

(
0

ϕj−m

)
,

(
0

ϕi−m

)〉
Γb

, m+1≤ i,j≤2m,

and let F ∈C2m be a vector whose components are given by

Fi=

− 2iωϵβe−iβb

κ2

∫
Γb
ϵp3ϕie

iαx1 ds, 1≤ i≤m,

− 2iωϵβe−iβb

κ2

∫
Γb
µq3ϕi−me

iαx1 ds, m+1≤ i≤2m.

Then we get the system of linear equations

2m∑
j=1

Bijaj =Fi, 1≤ i≤2m. (4.3)

Having obtained {aj}2mj=1 from (4.3), we can get uh and vh by setting cj =aj , dj =aj+m

for 1≤ j≤m.
Below we prove the well-posedness of the finite element approximation problem

(4.2) and derive an error estimate of the finite element solution. We shall follow the
approach outlined in [9, Chapter 4] for the scalar Helmholtz equation. It is worthy
noting that, the real part of the DtN map for the conical diffraction problem is not
positively definite (due to the presence of the index set A; see Lemma 3.4 (ii)), which is
in big contrast to the scalar case and brings essential difficulties in estimating the error
estimate.

Denote eh := (u−uh,v−vh)⊤. It is obvious that eh is α-quasiperiodic. Define the
projection operator P :L2(Γb)

2→L2(Γb)
2 by

(Pf)(x1)=
∑
n∈A

fne
iαnx1 , f =

∑
n∈Z

fne
iαnx1 ∈L2(Γb)

2,

where the set A is defined by (3.24).
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Lemma 4.1. There exists a constant h1∈ (0,1) such that for h∈ (0,h1) the following
estimate holds:

∥eh∥2H1(Ωb)2
≤C

(
h2ρ−2∥(u,v)∥2Hρ(Ωb)2

+∥eh∥2L2(Ωb)2
+∥Peh∥2L2(Γb)2

)
,

where the constant C depends on ρ but is independent of h and (u,v).

Proof. It follows from the sesquilinear form (4.2) that

B(eh;eh) :=

∫
Ωb

[ωϵ
κ2

|∇(u−uh)|2−
γ

κ2
∇(v−vh) ·∇⊥(u−uh)−ωϵ|u−uh|2

+
ωµ

κ2
|∇(v−vh)|2+

γ

κ2
∇(u−uh) ·∇⊥(v−vh)−ωµ|v−vh|2

]
dx

+

∫
Γ

i

λ
|u−uh|2+ iλ|v−vh|2ds+

∫
Γb

Teh ·ehds. (4.4)

Multiplying both sides of (4.4) by θ= i+δ
|i+δ| and taking the real part, we get

Re[θB(eh;eh)]=Re

{
θ

∫
Ωb

[ωϵ
κ2

|∇(u−uh)|2−
γ

κ2
∇(v−vh) ·∇⊥(u−uh)−ωϵ|u−uh|2

+
ωµ

κ2
|∇(v−vh)|2+

γ

κ2
∇(u−uh) ·∇⊥(v−vh)−ωµ|v−vh|2

]
dx
}

+Re

{
θ

∫
Γ

i

λ
|u−uh|2+ iλ|v−vh|2ds

}
+

{
Reθ

∫
Γb

Teh ·ehds
}
. (4.5)

From the strongly elliptic analysis (see the proof of Theorem 3.2), we can easily get

Re

{
θ

∫
Γ

i

λ
|u−uh|2+ iλ|v−vh|2ds

}
≥0,

and

Re

{
θ

∫
Γb

Teh ·ehds+q(eh;eh)
}
≥0,

where the compact form q is defined by (3.26), that is, for eh=
∑

n∈ZAne
iαnx1 , we have

q(eh;eh)=2πRe
∑
n∈A

θMnAn ·An≤C∥Peh∥2L2(Γb)2
.

Therefore, by (4.5),

Re

{
θ

∫
Ωb

[ωϵ
κ2

|∇(u−uh)|2−
γ

κ2
∇(v−vh) ·∇⊥(u−uh)

+
ωµ

κ2
|∇(v−vh)|2+

γ

κ2
∇(u−uh) ·∇⊥(v−vh)

]
dx
}

=Re(θB(eh;eh))−Re

{
θ

∫
Γ

i

λ
|u−uh|2+ iλ|v−vh|2ds

}
−Re

{
θ

∫
Γb

Teh ·ehds
}

+Re

{
θ

∫
Ωb

ωϵ|u−uh|2+ωµ|v−vh|2 dx
}

≤Re(θB(eh;eh))+Re

{
θ

∫
Ωb

ωϵ|u−uh|2+ωµ|v−vh|2 dx
}
+q(eh;eh).
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Using Lemma 3.4 (i) we get

C1∥eh∥2H1(Ωb)2
≤|B(eh;eh)|+C2∥eh∥2L2(Ωb)2

+C∥Peh∥2L2(Γb)2
. (4.6)

Observing for any (ξ,η)∈Xh that

B(u,v;ξ−uh,η−vh)=F (ξ−uh,η−vh), B(uh,vh;ξ−uh,η−vh)=F (ξ−uh,η−vh),

we obtain

B(u−uh,v−vh;ξ−uh,η−vh)=0. (4.7)

Therefore for any (ξ,η)∈Xh, we have

B(u−uh,v−vh;u−uh,v−vh)=B(u−uh,v−vh;u−ξ,v−η). (4.8)

Since Xh is finite-dimensional, it is complete and therefore closed. Hence, the infimum
in (4.1) is actually attained for (φ,ψ)=(u,v) in (4.1). For any small positive constants
ϵi (i=1,2,3,4), it follows from (4.8) and Young’s inequality that

|B(eh;eh)|= |B(u−uh,v−vh;u−ξ,v−η)|

=

∣∣∣∣∫
Γ

i

λ
(u−uh)(u−ξ)+ iλ(v−vh)(v−η)ds+

∫
Ωb

ωϵ

κ2
∇(u−uh) ·∇(u−ξ)

− γ

κ2
∇(v−vh) ·∇⊥(v−η)−ωϵ(u−uh)(u−ξ)+

ωµ

κ2
∇(v−vh) ·∇(v−η)

+
γ

κ2
∇(u−uh) ·∇⊥(v−η)−ωµ(v−vh)(v−η)dx

+

∫
Γb

T

(
u−uh
v−vh

)
·
(
u−ξ
v−η

)
ds

∣∣∣∣
≤ 1

|λ|

(
h∥u−uh∥2L2(Γ)+

1

h
∥u−ξ∥2L2(Γ)

)
+ |λ|

(
h∥v−vh∥2L2(Γ)+

1

h
∥v−η∥2L2(Γ)

)
+
ωϵ

κ2

(
ϵ1∥∇u−∇uh∥2L2(Ωb)

+
1

4ϵ1
∥∇u−∇ξ∥2L2(Ωb)

)
+
|γ|
κ2

(
ϵ2∥∇v−∇vh∥2L2(Ωb)

+
1

4ϵ2
∥∇u−∇ξ∥2L2(Ωb)

)
+ωϵ

(
h2∥u−uh∥2L2(Ωb)

+h−2∥u−ξ∥2L2(Ωb)

)
+
ωµ

κ2

(
ϵ3∥∇v−∇vh∥2L2(Ωb)

+
1

4ϵ3
∥∇v−∇η∥2L2(Ωb)

)
+
|γ|
κ2

(
ϵ4∥∇u−∇uh∥2L2(Ωb)

+
1

4ϵ4
∥∇v−∇η∥2L2(Ωb)

)
+ωµ

(
h2∥v−vh∥2L2(Ωb)

+h−2∥v−η∥2L2(Ωb)

)
+

∣∣∣∣∫
Γb

T

(
u−uh
v−vh

)
·
(
u−ξ
v−η

)
ds

∣∣∣∣ . (4.9)

Using the continuity of the DtN map T (see Lemma 3.2), trace theorem and Young’s
inequality, we have∣∣∣∣∫

Γb

T

(
u−uh
v−vh

)
·
(
u−ξ
v−η

)
ds

∣∣∣∣≤∥∥∥∥T (u−uhv−vh

)∥∥∥∥
H−1/2(Γb)2

∥∥∥∥(u−ξv−η

)∥∥∥∥
H1/2(Γb)2
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≤C∥eh∥H1/2(Γb)2

∥∥∥∥(u−ξv−η

)∥∥∥∥
H1/2(Γb)2

≤C

(
ϵ5∥eh∥2H1(Ωb)2

+
1

4ϵ5

∥∥∥∥(u−ξv−η

)∥∥∥∥
H1/2(Γb)2

)
. (4.10)

One deduces from (4.1) and (4.9) - (4.10) that

|B(eh;eh)|≤Ch∥eh∥2L2(Γ)2 +σ∥eh∥
2
H1(Ωb)2

+C1h
2∥eh∥2L2(Ωb)2

+C(σ)h2ρ−2∥(u,v)∥2Hρ(Ωb)2
, (4.11)

where σ=σ(ϵ1,·· · ,ϵ5)>0. Combining (4.6) and (4.11) leads to

C1∥eh∥2H1(Ωb)2
≤|B(eh;eh)|+C2∥eh∥2L2(Ωb)2

+ |q(eh;eh)|

≤C3h∥eh∥2L2(Γ)2 +σ∥eh∥
2
H1(Ωb)2

+C4h
2∥eh∥2L2(Ωb)2

+C(σ)h2ρ−2∥(u,v)∥2Hρ(Ωb)2
+C2∥eh∥2L2(Ωb)2

+C5∥Peh∥2L2(Γb)2
. (4.12)

Using the estimate

∥eh∥L2(Γ)2 ≤∥eh∥H1/2(Γ)2 ≤C∥eh∥H1(Ωb)2 , C >0,

we get from (4.12) that

C1∥eh∥2H1(Ωb)2
≤ (CC3h+σ+C4h

2)∥eh∥2H1(Ωb)2
+C(σ)h2ρ−2∥(u,v)∥2Hρ(Ωb)2

+C2∥eh∥2L2(Ωb)2
+C5∥Peh∥2L2(Γb)2

.

Now choose σ sufficienlty small and let h1 be a constant such that σ+CC3h1+C4h
2
1<

C1. Then we obtain the desired estimate of this lemma for all h∈ (0,h1).

We next estimate the L2-norm of eh in Ωb.

Lemma 4.2. There exists a constant h2∈ (0,1) such that

∥eh∥L2(Ωb)2 ≤C(h+C1h
3/2)∥eh∥H1(Ωb)2 for all h∈ (0,h2),

where the constants C, C1 depend on ρ but are independent of h and (u,v).

Proof. We use the duality argument. By the definition

∥eh∥L2(Ωb)2 = sup
(ϕ,ζ)∈C∞

0 (Ωb)2

(eh,(ϕ,ζ))L2(Ωb)2

∥(ϕ,ζ)∥L2(Ωb)2
, (4.13)

where

(eh,(ϕ,ζ))L2(Ωb)2 :=

∫
Ωb

ωϵ

κ2
(u−uh)ϕ̄+

ωµ

κ2
(v−vh)ζ̄ dx. (4.14)

Consider a quasi-periodic solution (w,z) of the following boundary value problem:

∆w+k2w=−ϕ̄ in Ωb,

∆z+k2z=−ζ̄ in Ωb,

λ∂nw− iκ2

ωϵ w+ λγ
ωϵ∂τz=0 on Γ,

∂nz− iλκ2

ωµ z− λ
ωµ∂τw=0 on Γ,

T ∗
(
w
z

)
=
∑

n∈ZM
∗
n

(
ŵn

ẑn

)
eiαnx1 on Γb,

(4.15)
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where T ∗ is the adjoint operator of T . We can easily get the variational formulation of
(4.15) that for all (φ,ψ)∈X,∫

Ωb

[ωϵ
κ2

∇w ·∇φ− γ

κ2
∇z ·∇⊥φ−ωϵwφ+ ωµ

κ2
∇z ·∇ψ +

γ

κ2
∇w ·∇⊥ψ−ωµz ψ

]
dx

+

∫
Γ

i

λ
wφ+ iλzψds−

∫
Γb

T ∗
(
w
z

)
·
(
φ
ψ

)
ds=

∫
Ωb

ωϵ

κ2
ϕ̄φ+

ωµ

κ2
ζ̄ψ. (4.16)

Taking φ=u−uh, ψ=v−vh in (4.16), using the definition of (eh,(ϕ,ζ))L2(Ωb)2 in (4.14)
and recalling the form B(u,v;φ,ψ) in (3.15), we get

B(u−uh,v−vh;w̄, z̄)=(eh,(ϕ,ζ))L2(Ωb)2 . (4.17)

The well-posedness of the problem (4.15) can be established by the same argument as
the proof for the variational problem (3.14). Moreover, we have

∥(w,z)∥H2(Ωb)2 ≤C∥(ϕ,ζ)∥L2(Ωb)2 . (4.18)

Using the orthogonal formula (4.7), we have

B(u−uh,v−vh;w̄−ξ,z̄−η)=B(u−uh,v−vh;w̄, z̄)−B(u−uh,v−vh;ξ,η)
=B(u−uh,v−vh;w̄, z̄). (4.19)

Combining (4.17) and (4.19) gives

|(eh,(ϕ,ζ))L2(Ωb)2 |= |B(eh,(w̄, z̄))|= |B(eh,(w̄, z̄)−(ξ,η))| for all (ξ,η)∈Xh. (4.20)

In particular, (ξ,η) can be chosen in such a way that the infimum is attained for (φ,ψ)=
(w,z) in (4.1). By arguing analogously to the proof of Lemma 4.1, we deduce from (4.9)–
(4.10) that

|B(eh,(w̄, z̄)−(ξ,η))|

=

∣∣∣∣∫
Γ

i

λ
(u−uh)(w̄−ξ)+ iλ(v−vh)(z̄−η)ds+

∫
Ωb

ωϵ

κ2
∇(u−uh) ·∇(w̄−ξ)

− γ

κ2
∇(v−vh) ·∇⊥(w̄−ξ)−ωϵ(u−uh)(w̄−ξ)+ ωµ

κ2
∇(v−vh) ·∇(z̄−η)

+
γ

κ2
∇(u−uh) ·∇⊥(z̄−η)−ωµ(v−vh)(z̄−η)dx

+

∫
Γb

T

(
u−uh
v−vh

)
·
(
w̄−ξ
z̄−η

)
ds

∣∣∣∣ .
Using the Cauchy-Schwarz inequality, we continue to estimate the above equation by

|B(eh,(w̄, z̄)−(ξ,η))|
≤ 1

|λ|
(
h−1/2∥u−uh∥L2(Γ)h

1/2∥w̄−ξ∥L2(Γ)

)
+ |λ|

(
h−1/2∥v−vh∥L2(Γ)h

1/2∥z̄−η∥L2(Γ)

)
+ωϵ

κ2

(
1
h∥∇u−∇uh∥L2(Ωb)h|w̄−ξ|H1(Ωb)

)
+ |γ|

κ2

(
1
h∥∇v−∇vh∥L2(Ωb)h|w̄−ξ|H1(Ωb)

)
+ωϵ

(
∥u−uh∥L2(Ωb)∥w̄−ξ∥L2(Ωb)

)
+
ωµ

κ2

(
1

h
∥∇v−∇vh∥L2(Ωb)h|z̄−η|H1(Ωb)

)
+
|γ|
κ2

(
1

h
∥∇u−∇uh∥L2(Ωb)h|z̄−η|H1(Ωb)

)
+ωµ

(
∥v−vh∥L2(Ωb)∥z̄−η∥L2(Ωb)

)
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+
1

h
∥eh∥H1(Ωb)2h

∥∥∥∥(u−ξv−η

)∥∥∥∥
H1/2(Γb)2

≤C1h∥(w,z)∥H2(Ωb)2

[
h1/2∥eh∥H1(Ωb)2 +C2∥∇eh∥L2(Ωb)2

+C3h∥eh∥L2(Ωb)2 +C4∥eh∥H1(Ωb)2
]
, (4.21)

where the constants Cj (j=1,2,3,4) depend on k but are independent of h. Combining
(4.13) and (4.18), (4.20) and (4.21), we can find a positive constant h2≤1 such that for
all h∈ (0,h2),

∥eh∥L2(Ωb)2 = sup
(ϕ,ζ)∈C∞

0 (Ωb)2

(eh,(ϕ,ζ))L2(Ωb)2

∥(ϕ,ζ)∥L2(Ωb)2

≤ sup
(ϕ,ζ)∈C∞

0 (Ωb)2

C1h∥(w,s)∥H2(Ωb)2
[
h1/2∥eh∥H1(Ωb)2 +C2∥eh∥H1(Ωb)2 +C3h∥eh∥L2(Ωb)2

]
∥(ϕ,ζ)∥L2(Ωb)2

≤ sup
(ϕ,ζ)∈C∞

0 (Ωb)2

C1h∥(ϕ,ζ)∥L2(Ωb)2
[
h1/2∥eh∥H1(Ωb)2 +C2∥eh∥H1(Ωb)2 +C3h∥eh∥L2(Ωb)2

]
∥(ϕ,ζ)∥L2(Ωb)2

=Ch∥eh∥H1(Ωb)2 +C1h
2∥eh∥L2(Ωb)2 +C2h

3/2∥eh∥H1(Ωb)2 .

Now let h2 be a positive constant such that 1−C1h
2
2>0. We then obtain the estimate

of this lemma for all h∈ (0,h2).

We proceed with the estimate of the L2-norm of Peh on Γb.

Lemma 4.3. There exists a constant C>0 such that

∥Peh∥L2(Γb)2 ≤C∥eh∥L2(Ωb)2 ,

where the positive constant C is independent of h and (u,v).

Proof. Define

D={(x1,x2)∈R2 : 0<x1<2π,b−ϵ<x2<b},

where the constant ϵ>0 is chosen to satisfy b−ϵ>maxx∈Γ{x2}. Suppose

eh(x)=
∑
n∈Z

Ane
i(αnx1+βnx2), x∈D.

Then P (eh|Γb
)=
∑

n∈AAne
i(αnx1+βnb). Direct calculations show that

∥eh∥2L2(Ωb)2
≥∥eh∥2L2(D)2 =

∫ 2π

0

∫ b

b−ϵ

|eh|2 dx2dx1

=

∫ 2π

0

∫ b

b−ϵ

∑
n∈Z

Ane
i(αnx1+βnx2) ·

∑
m∈Z

Ame
−iαmx1−iβmx2 dx2dx1

=2π
∑
n∈Z

|An|2
∫ b

b−ϵ

ei(βn−βn)x2 dx2

=2π

 ∑
|αn|≤κ

ϵ|An|2+
∑

|αn|>κ

|An|2Cn

 ,
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where Cn=− ϵ
2|βn|

(
e−2|βn|b−e−2|βn|(b−1)

)
>0. By (3.24) and the proof of Theorem 3.4,

we can easily get that A coincides with the set {n∈Z :κ≤|αn|<k}. Then we have

A⊂C :={n∈Z : |αn|≥κ}.

Therefore,

2π

 ∑
|αn|≤κ

ϵ|An|2+
∑

|αn|>κ

|An|2Cn

≥2πC

(∑
n∈A

|An|2
)
=C∥Peh∥2L2(Γb)2

where C=min{ϵ,minn∈ACn}.

The main result of this section is stated below.

Theorem 4.1. Suppose that (u,v)∈Hρ(Ωb)
2, ρ≥2, satisfies the variational problem

(3.14). Suppose also that the family of finite element spaces {Xh} satisfies the assump-
tion (4.1). Then there exists h0∈ (0,1) such that for h∈ (0,h0), the problem (4.2) admits
a unique solution (uh,vh) with the estimates

∥(u,v)−(uh,vh)∥L2(Ωb)2 ≤C
(
hρ+C1h

ρ+1/2
)
∥(u,v)∥Hρ(Ωb)2 ,

∥(u,v)−(uh,vh)∥H1(Ωb)2 ≤Ch
ρ−1∥(u,v)∥Hρ(Ωb)2 ,

where the positive constant C depends on ρ but is independent of h and (u,v).

Proof. Let h1 and h2 be specified as in Lemmas 4.1 and 4.2 and set h0=
min{h1,h2}. For h∈ (0,h0), we deduce from Lemmas 4.1–4.3 that

∥eh∥2H1(Ωb)2
≤C

(
h2ρ−2∥(u,v)∥2Hρ(Ωb)2

+C∥eh∥2L2(Ωb)2

)
≤C

(
h2ρ−2∥(u,v)∥2Hρ(Ωb)2

+C1(h+C2h
3/2)2∥eh∥2H1(Ωb)2

)
.

Now letting h0 be a constant such that 1−C1

(
h0+C2h

3/2
0

)2
>0, we obtain

∥eh∥H1(Ωb)2 ≤Ch
ρ−1∥(u,v)∥Hρ(Ωb)2 for all h∈ (0,h0).

Therefore, using Lemma 4.2,

∥eh∥L2(Ωb)2 ≤C(h+C1h
3/2)∥eh∥H1(Ωb)2 ≤C

(
hρ+C1h

ρ+1/2
)
∥(u,v)∥Hρ(Ωb)2 ,

which completes the proof.

5. Integral equation methods
The aim of this section is to develop an integral equation method for the conical

diffraction problem (3.2). The case of transmission conditions has been investigated
in [29] for coated gratings. Note that the analysis performed here differs from those
in [26,30] for infinitely long cylinders. We make the following assumption.

Assumption (A): The grating profile Γ is the graph of some 2π-periodic function
x2=f(x1), x1∈R, where f is either C2-smooth or piecewise linear with a finite
number of corner points in one periodic cell.
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Introduce the α-quasiperiodic fundamental solution to the Helmholtz equation (∆+
κ2)u=0 by

G(x,y)=
i

4

∑
n∈Z

exp(−iα2πn)H(1)
0

(
k
√

(x1+2nπ−y1)2+(x2−y2)2
)

=
i

4π

∑
n∈Z

1

βn
exp(iαn(x1−y1)+ iβn|x2−y2|)

for x−y ̸=n(2π,0), with H
(1)
0 (t) being the first kind Hankel function of order zero.

Define the single-layer potential by

(Sg)(x)=2

∫
Γ

G(x,y)g(y)ds(y), x∈Ω,

with the density g. We make the ansatz for the solution (us,vs) in the form

us=Sg1, vs=Sg2.

Further, define the single- and double-layer operators S and K by

(Sρ)(x) :=2

∫
Γ

G(x,y)ρ(y)ds(y), x∈Γ,

(Kρ)(x) :=2

∫
Γ

∂G(x,y)

∂ν(y)
ρ(y)ds(y), x∈Γ,

and the normal and tangential derivative operators K ′ and H ′ by

(K ′ρ)(x) :=2

∫
Γ

∂G(x,y)

∂ν(x)
ρ(y)ds(y), x∈Γ,

(H ′ρ)(x) :=2

∫
Γ

∂G(x,y)

∂τ(x)
ρ(y)ds(y), x∈Γ,

where ν denotes the unit normal vector to the boundary Γ directed into the exterior of
Ω and τ denotes the unit tangential vector to Γ.

Lemma 5.1. Let g1, g2 be the density functions of us, vs, respectively. Then the
following jump relations hold

us(x)=2

∫
Γ

G(x,y)g1(y)ds(y)=Sg1, x∈Γ,

vs(x)=2

∫
Γ

G(x,y)g2(y)ds(y)=Sg2, x∈Γ,

∂us±
∂ν

(x)=2

∫
Γ

∂G(x,y)

∂ν(x)
g1(y)ds(y)±g1(x)=K ′g1(x)±g1(x), x∈Γ,

∂vs±
∂ν

(x)=2

∫
Γ

∂G(x,y)

∂ν(x)
g2(y)ds(y)±g2(x)=K ′g2(x)±g2(x), x∈Γ,

∂us

∂τ
(x)=2

∫
Γ

∂G(x,y)

∂τ(x)
g1(y)ds(y)=H

′g1(x), x∈Γ,

∂vs

∂τ
(x)=2

∫
Γ

∂G(x,y)

∂τ(x)
g2(y)ds(y)=H

′g2(x), x∈Γ,
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where

∂us±
∂ν

(x) := lim
h→+0

ν(x) ·∇us(x±hν(x)),
∂vs±
∂ν

(x) := lim
h→+0

ν(x) ·∇vs(x±hν(x)),

∂us

∂τ
(x) := τ(x) ·∇us(x), ∂vs

∂τ
(x) := τ(x) ·∇vs(x).

Proof. Since the difference of the quasi-periodic fundamental function G and the
free-space fundamental solution is of C∞-smooth (see e.g. [24]), mapping properties
of the single- and double-layer operators follow from standard approach; we refer to
e.g., [3–5, 14, 24, 27, 29] for the details. Note that the continuity of ∂us

∂τ (thus also for
∂vs

∂τ ) on Γ follows from the relation (see e.g., [25])

lim
x→Γ±

∇us(x)=2

∫
Γ

∇xG(x,y)g1(y)ds(y)±g1(y)ν(y),

which implies that

lim
x→Γ±

∂us

∂τ
(x)= lim

x→Γ±
τ(x) ·∇us(x)

= τ(x) ·2
∫
Γ

∇xG(x,y)g1(y)ds(y)±τ(x) ·g1(y)ν(y)

=2

∫
Γ

∂G(x,y)

∂τ(x)
g1(y)ds(y).

From the above jump relations together with the boundary condition (2.7), one can
derive on Γ that

λ
∂us

∂ν
+ iωµcos2ϕus+λsinϕ

√
µ

ϵ

∂vs

∂τ

=λ(K ′g1+g1)+ iωµcos
2ϕSg1+λsinϕ

√
µ

ϵ
H ′g2=h1, (5.1)

∂vs

∂n
+ iλωϵcos2ϕvs−sinϕ

√
ϵ

µ

∂us

∂τ

=(K ′g2+g2)+ iλωϵcos
2ϕSg2−sinϕ

√
ϵ

µ
H ′g1=h2, (5.2)

where

h1 :=−
(
λ
∂ui

∂ν
+ iωµcos2ϕui+λsinϕ

√
µ

ϵ

∂vi

∂τ

)
,

h2 :=−
(
∂vi

∂ν
+ iλωϵcos2ϕvi−sinϕ

√
ϵ

µ

∂ui

∂τ

)
.

Combining (5.1) with (5.2), we obtain the integral equations(
λ(K ′+I) λsinϕ

√
µ/ϵH ′

−sinϕ
√
ϵ/µH ′ K ′+I

)(
g1
g2

)
+

(
iωµcos2ϕS 0

0 iλωϵcos2ϕS

)(
g1
g2

)
=

(
h1
h2

)
.

Therefore, an equivalent system to our conical diffraction problem is

Ag+Bg :=

(
λ(K ′+I) dH ′

−cH ′ K ′+I

)
g+

(
iaS 0
0 ibS

)
g=h, (5.3)
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with g=(g1,g2)
⊤,h=(h1,h2)

⊤∈H−1/2(Γ)2 and

d=λsinϕ
√
µ/ϵ, c=sinϕ

√
ϵ/µ, a=ωµcos2ϕ, b=λωϵcos2ϕ.

Note that under the Assumption (A) the single-layer operator S is invertible from
H−1/2(Γ)→H1/2(Γ).

Theorem 5.1. Suppose that Assumption (A) holds. Then the operator A+B defined
in (5.3) is a Fredholm operator with an index zero. Moreover, the system (5.3) admits
a unique solution if k2 ̸=γ2 and λ<0.

Proof. It suffices to prove the Fredholm property of A+B, since the second
assertion of Theorem 5.1 follows directly from the Fredholm alternative combined with
Theorem 3.1. To do this, we introduce the adjoint operator H of H ′, given by

(Hg)(x) :=2

∫
Γ

∂G(x,y)

∂τ(y)
g(y)ds(y), x∈Γ.

It is known that the adjoint operator of K is just K ′. Since the operator S is compact
fromH−1/2(Γ)→H−1/2(Γ), we only need to justify the Fredholm property of the adjoint
operator A∗ of A, given by

A∗=

(
λ(I+K) −cH
dH I+K

)
: H1/2(Γ)2→H1/2(Γ)2.

It is easy to see that the operator H1=H+j with the rank 1 operator

ju=(u,e)L2(Γ) e, e=1∈C,

is invertible in H1/2(Γ). We will show that the operator

A1 :=

(
λ(I+K) −cH1

dH1 I+K

)
: H1/2(Γ)2→H1/2(Γ)2

is a Fredholm operator with the index zero. Simple calculations show that the operator

B1 :=

(
−(dH1)

−1(I+K) I
I 0

)
=

(
0 I
I (dH1)

−1(I+K)

)−1

,

is invertible, and that

A1B1=

(
−λ(I+K)(dH1)

−1(I+K)−cH1 λ(I+K)
0 dH1

)
. (5.4)

Using the relations HK=−KH and (I+K)e=0 (see [25]), we get

(I+K)H1=H1(I−K)−j(I−K),

and thus

(dH1)
−1(I+K)=d−1(I−K)H−1

1 −(dH1)
−1[j(I−K)]H−1

1 . (5.5)

Inserting (5.5) into (5.4) gives

A1B1=

(
−d−1[λ(I−K2)+cdH2

1 ]H
−1
1 +j1 λ(I+K)

0 dH1

)
,
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with j1 :=λ(I+K)(dH1)
−1[j(I−K)]H−1

1 being a rank one operator. Hence, A1 is Fred-
holm with index zero if this is true for the operator λ(I−K2)+cdH2

1 . Making use of
K2−H2= I and the definitions of c and d, we find

λ(I−K2)+cdH2
1 =(cd−λ)H2

1 +j2=−λ cos2ϕH2
1 +j2, (5.6)

where j2 is some operator with rank one. Since |ϕ|<π/2, we finally conclude that the
operator (5.6) is Fredholm with index zero. Theorem 5.1 is thus proven.
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