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FINITE ELEMENT AND INTEGRAL EQUATION METHODS
TO CONICAL DIFFRACTION BY IMPERFECTLY CONDUCTING
GRATINGS*

GUANGHUI HUt, JIAYI ZHANG?#, AND LINLIN ZHUS$

Abstract. This paper is concerned with the variational and integral equation methods for a
conical diffraction problem (which is also called oblique incidence) for imperfectly conducting gratings
modeled by the impedance boundary value problem of the Helmholtz equation in periodic structures.
We prove new mapping properties of the Dirichlet-to-Neumann map, justify the strong ellipticity of
the sesquilinear form corresponding to the variational formulation and obtain well-posedness of weak
solutions if the wavenumber does not coincide with the third component of the wave vector. Convergence
of the finite element method with the transparent boundary condition is verified. We also derive
equivalent boundary integral equations based on the quasi-periodic Green’s function and prove the
unique solvability result for piecewise smooth grating profiles with a finite number of corner points.
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1. Introduction

Optical gratings are widely used in semi-conductor industry and grating diffrac-
tion problems have been extensively studied over the last thirty years in the literature
via variational and integral equation methods. We refer to [1,2,8,9,14,16-18,22-24,28]
and references therein for mathematical analysis of time-harmonic Maxwell’s and Navier
equations in periodic structures and also under TE and TM polarization cases. Concern-
ing the numerical treatment, we refer to [3,4,6,7,9-11,27] for finite element method and
boundary element method. In the polarization cases, the diffraction grating material is
supposed to be periodic in one direction (z;-direction), invariant in another direction
(x3-direction) and the incident direction of a time-harmonic electromagnetic plane wave
is supposed to be orthogonal to the x3-axis. In the TE (resp. TM) polarization case, the
electric (resp. magnetic) field is parallel to the x3-direction. In this paper we suppose
that a time-harmonic plane wave is incident obliquely onto an imperfectly conducting
grating, leading to the so-called conical diffraction problems in periodic structures with
the impedance boundary condition. Such kind of boundary value problem doesn’t seem
to be studied in the literature for diffraction gratings, but can be used efficiently to
model the interface behavior of the wave fields between a highly conducting material
and an isotropic and homogeneous background medium. We note that the impedance
boundary condition can be also used to overcome numerical difficulties caused by a large
ratio period over thickness of a thin coated layer.

To the best of our knowledge, conical diffraction problems in periodic structures
have been studied only with transmission conditions, where the full time-harmonic
Maxwell system can be reduced to two coupled Helmholtz equations. Elschner, Hinder,
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Penzel and Schmidit [15] proved the well-posedness and regularity of the conical diffrac-
tion problem via the variational method. Elschner and Schmidt [19] studied stability
of the conical diffraction problem with respect to variation of the grating profile and
obtained explicit formulas for the derivatives of reflection and transmission coefficients
with respect to perturbations of interfaces. We refer to [29] for the analysis of the
integral equation method for coated conical gratings modeled by transmission condi-
tions. If the scattering object is an infinitely long cylinder, the conical diffraction is
also referred to as oblique scattering. In [30], Wang and Nakamura applied the integral
equation method to prove the well-posedness for impedance cylinders embedded in a
homogeneous medium. In an inhomogeneous medium, the uniqueness and existence of
the oblique problem were also proved through the Lax-Phillips method; see [26]. We
note that our diffraction problem corresponds to the model of electromagnetic scatter-
ing problems in chiral media when the chirality admittance is zero. We refer to Feng
et al. [20] and Bao & Zhang [12] for the analysis and numerics of electromagnetic scat-
tering problems with oblique plane wave incidence in non-periodic chiral media where
the classical Sommerfeld radiation is used in place of the Rayleigh expansion radiation
condition. The contribution of this paper is to study the conical diffraction problem in
periodic structures under the impedance boundary condition and investigate both finite
element and boundary integral equation methods. We complement the work of [15]
by deriving new mapping properties of the Dirichlet-to-Neumann map. Moreover, we
justify the strong ellipticity of the sesquilinear form corresponding to the variational
formulation and obtain well-posedness of weak solutions if the wavenumber does not co-
incide with the third component of the wave vector. Convergence of the finite element
method with the transparent boundary condition is verified. We also derive equivalent
boundary integral equations based on the quasi-periodic Green’s function and prove the
unique solvability result for piecewise smooth grating profiles with a finite number of
corner points.

The outline of the remaining part of the paper is organized as follows. In Section
2, we formulate the conical diffraction problem by deriving a coupled Helmholtz system
with the impedance boundary condition from Maxwell’s system. In Section 3, we state
the variational formulation in one periodic cell with the DtN operator imposed on
the artificial boundary. An energy formula is verified to prove the uniqueness of the
truncated boundary value problem. The strong ellipticity of the variational formulation
is shown and the well-posedness of the diffraction problem follows from the Fredholm
theory. In Section 4, we show the convergence of the finite element method based on the
variational formulation. Finally, the solvability of an integral equation will be presented
in Section 5.

2. Conical diffraction problem
Assume an incoming time-harmonic plane wave of the form

(gl'n me) (peuxrl—iﬁmg—ki'yzg’qeiazl—i512+iwmg)e—iwt = (Ein7Hin)€—m}t7 (2.1)

is incident onto an imperfectly conducting grating with a high conductivity embedded
in an isotropic homogeneous medium in R3. Denote by T the grating profile and Q the
unbounded domain above I'. The diffraction problem can be modeled by the reduced
Maxwell’s system

VxE=iwpyH, VxH=—iweE inQ, (2.2)

where the total fields (E,H) are the sum of the incident waves (E" ,H™) and the
outgoing scattered waves (E*°,H*¢) in Q and w denotes the angular frequency. The
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dielectric coefficient € and the magnetic permeability p of the homogeneous medium in
) are both assumed to be positive constants. Set k=w,/ei as the wavenumber of the

background medium. We enforce the impedance boundary condition on I':

vxExv=A(rxH) onT, (2.3)

where v = (11,v9,13) €S?:={z € R?: |z| =1} is normal to ' directed into the exterior of
Q and A<0 is the impedance coefficient which is assumed to be a constant (If v is
normal to [ directed into the interior of  , then the constant A should be a positive
real number). The problem (2.1)-(2.3) is called a conical diffraction problem if the
incident direction k=: (a,—f3,7) is not orthogonal to the xs-direction, i.e., 7y#0. For
conical diffraction problems, the wave vectors of the reflected or transmitted propagating
modes lie on the surface of a cone whose axis is parallel to the x3-direction [29]. We
refer to Figure 2.1 for an illustration of the grating conical diffraction problem.

T

Fic. 2.1. Geometry of the three-dimensional conical diffraction problem in one periodic cell. ¢ is
the angle between incident direction k and (x1,z2)-plane. 0 denotes the angle between (a,—/3,0) and
the x2-axis.

In order for (E™,H'™) given in (2.1) to satisfy (2.2), the constant amplitude vector
p must be perpendicular to the wave vector k= («,—0,7), that is p-k=0. Furthermore
k-k=k?>=w?eu and q=(wpu) 'k x p. We can express the wave vector k as

k= (o,—f,7) :=k(sinfcosp, —cosfcosp,sing) € R?,

in terms of the angles of incidence 6,¢ € (—7/2,7/2).
Assume that I" remains invariant in x3 and is 2m-periodic in x;. If the incoming
wave is of the form (2.1), we make an ansatz on the total field

(E,H)(x17$27.%‘3) = (E($17x2)7H(x1,m2)) e?ﬁ’y.’zca7

with E=(FE1,Es,E3),H = (Hy,Hs,Hs3):R? — C3. The Maxwell equations (2.2) can be
reduced to two Helmholtz equations for the total fields u= E3 and v= Hj (see [15]):

Au+r*u=0, Av+r?v=0 inQ, r>=k*>—~%
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Here Q denotes the restriction of the cross-section of ) by the (x1,72)-plane to one
periodic cell (0,27). Analogously, I' denotes the counter part of I" in the periodic cell
(0,27). The reduced geometry of the conical diffraction problem is shown in Figure 2.2.

Next, we turn to the reduction of the boundary condition (2.3) in R%. Obviously, we

€, Q

T

FiG. 2.2. Geometry of the conical diffraction problem in R2.

have v3=0 and

(VX E)xv=(-va(viEy —1aE1), —v1 (11 B — 1o Ey), E3), (2.4)
l/><]‘[:(V2]’137 —Z/1H3, V1H2—V2H1),

Moreover, there holds (see [15])

i’y (9H3 TWeE 3E3

2o T 2D

nky—nk =——=—— viHy—vH =
K2 OT k2 On’

with
1o}

n= (1/171/2)7 T= (—1/271/1), 6n:1/181 +l/282, 8T =—190; +I/182, 6j = %
J

Meanwhile, for the reduced Helmholtz equation, the incoming time-harmonic plane wave
(2.1) takes the form

uz:pgezaxlfzﬁam? Ul:q:ge

iax,—1iBT2

Combining (2.4)-(2.5) and the impedance boundary condition (2.3), we get

iy 0B iwp OHj EBZ)\(WGH?, MGE3>

oms | WHOYHAS vy ot vb3
K2 OT K2 On B k2 Or  K? On

which, for u= F3 and v= Hj3, is equivalent to the boundary conditions

ou k> Ay Ov ov  ilk? v ou
—t—ut——= - = T. 2.
A8n+weu+we or 0 8n+ Wit Y wp 0T 0 on (2:6)

9

Using v =w,/epsing and k2 =k?cos? ¢ =w?pecos? ¢, the previous boundary conditions
can be written as

)\g—z +iwpcos? pu+ )\sin¢\/§% =0,

on I 2.7
%+iAwecosQ¢v—sin¢ﬁ% =0, @7)
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REMARK 2.1.  If A=0, then the boundary conditions in (2.6) (or (2.7)) reduce to
g—z =u=0, which correspond to the TE or TM polarization of the electromagnetic scat-
tering by perfectly conducting gratings. If ¢ =0, both u and v satisfy the standard

impedance/Robin boundary condition for the Helmholtz equation, that is,
0 0

%Jriw,u/)\u:(), a—z+i)\wev:0 on I,

3. Radiation condition and variational formulation

In this section we adapt the variational framework of [15] to the case of the
impedance boundary condition and derive new mapping properties of the transpar-
ent boundary operator. Well-posedness of the grating diffraction problem will be
justified for any k2 >0 (that is, k2 >+2) by applying the Fredholm alternative. For
b>Thax :=maxger{zs}, define

Iy:={(z1,b):0<z1 <27}, Q:={xeQ:zy<b}.

A function u(xy,29) is called a-quasiperiodic if e %1y (z1,25) is 2m-periodic in z1, or
equivalently,

2iam

w(xy +27m,29) = u(1,22).

Since the incident field is a-quasiperiodic, the scattered fields u?®, v® are also assumed
to be a-quasiperiodic. Then the functions u®(x1,22)e %1 v®(z1,22)e” %1 can be ex-
panded as a Fourier series. Inserting these series into the Helmholtz equation, we can
express u® and v® as a sum of plane waves. Physically, the scattered fields (u®,v®)
remain bounded as x5 — +00, leading to the well-known Rayleigh expansion condition:

us(m) _ Zuneianwﬁi,@na:z, v° (x) _ Zvneianzl‘i’iﬁnw2’ 29> Dinax, (31)
nez newL

with the Rayleigh coefficients u,,,v,, € C, where

VK2 — o, |? o <k
api=nta, fpi=1q. L"‘; ol <
iv/|an|2—K2, |an| >k,

with 4=+/—1. It is clear that (u*,v*) in (3.1) can be split into the finite sum 2 lon| <k
of outgoing plane waves and the infinite sum Z\anb i of exponentially decaying waves,
which are called surface or evanescent waves. We summarize our conical diffraction
problem as follows:

Au+r*u=0, Av+rk2v=0 in Q,
.2 - 2
AGu g4 20800, Juidny Lo _(onT, (3.2)

u® and v® fulfill the Rayleigh expansion (3.1).
Then we introduce the function spaces
HY(Qp) = {ue€ H*(%) :uis a-quasiperiodic},

X ={(u,v) € H (Q)?: u, v are a-quasiperiodic}.
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In order to derive the variational formula, we will need Green’s formula for functions in
HY().
LEMMA 3.1. Assume f€ H2(Q) and g€ H: (). Then

Vf-Vg+Afgde= | 0,fgds, Vf-Vigde=— [ 0, fgds,

Qyp o Qp o0y,

where V = (91,02) and V+=(—02,0).

Let u,v€ H:(Q) solve the conical diffraction problem (3.2). Applying Green’s
formula to the Helmholtz equations yields

0:/ (Au+r*u)@pdr= | —Vu-Ve+r updr+ Onupds, (3.3)
Q Q a0

Vo-V+igde=— | 0,vpds (3.4)
Qp oy

for all ¢ € HX(€2). Multiplying the equations (3.3) and (3.4) by the constant factors 5
and X, respectively, and taking the difference of the resulting formulas, we get

/ w—;@,w@—i— %&v@ds:/ {W—EVMVE—%VMVLE—weu@} dz. (3.5)
o0y, K KR Q KR K

Similarly, we get

0:/ (Av+r*v)pde= | —Vu-Vip+rZopde+ Onvipds, (3.6)
Qb Qb aQb
Vu-Vide =— Oruthds, (3.7

Q o0,

for all ¢ € HL(£,). Multiplying the equations (3.6) and (3.7) by the constant factors

“f and -, respectively, and taking the sum of the two formulas, we get

/ %&lv@f%&u@ds:/
) K

[%V%V@+ %val‘ﬂfwuv@} dz. (3.8)
Qp K Q K K

Recalling the boundary conditions (2.6) on T', the left-hand terms of (3.5) and (3.8) over
the integral I" can be reformulated as

. 2 .
we, _ v _ we ik _ { _
/F?@nuw—kﬁivwds:/rw (_weu> @dSZ—X/Fugods,

)2
/%@w—l&uws:/% —MR v EdSZ—i)\/U@ds.
r K2 K2 r K wi r

Therefore, we need to find (u,v) € X such that for all (p,¢) € X,

Ozi/uads—k/ [%V%V@—%V%VLE—weu@} dz
AJr Q LK K

Yo ud+ Lows
_/Fb [/12 Opup+ e 8711@} ds, (3.9)
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O:i)\/vﬂds—k/ {%VU'VE—F%VU'VJ‘a—w[LUE dx
r Qp
P
— | 2o, vp— L . 1
/Fb [FLZ O v e aTuw} ds (3.10)

Combining (3.9) and (3.10), we get

/iué—ki)\vids—k/ {%VU-V@—%V@-VLE—weu¢+ %VU-VE
rA Q, LK K K
Vo, ol — [ 1 [wedutryOv (@ _
+ 5 Vu v w,um/)} dz /pb#(wuc’)nv—wru 2 )ds=0. ()

DEFINITION 3.1 (DtN map). The Dirichlet-to-Neumann (DtN) map T is defined by
we w T
T:(gl,gg)T—>—(—28,111)1—&—128711)2, —g@nwg—lz(lun) on Ty,
K K K K

where w;(j=1,2) is the unique radiation solution to the Helmholtz equation Aw;+

IiQ’LUj =0 in x2>b with the Dirichlet boundary condition w;=g; on I'y.

Now we want to derive an analytical expression of the DtN map 7. For the a-
quasiperiodic vector function g=(g1,92)" € Hg/ 2 (T'y)?, its Fourier expansion takes the
form g(x1) =3,y gne’ ™, where g, = (Gn.1,Gn2) 7. Tt is easy to deduce that

wj(x):Zgn,jeianm1+iﬁn(mz—b)’ $2>b, j:172,
nez

where w; is the function specified in the Definition 3.1. Direct calculations show

we y w y T
- (7287111)1"'72871027 #anuﬁ_iarwl)
K K K K

Iy
1 o -
== (weZzﬂngn,lem"“ +’)’Z(*Zan)gn72€za"zl,
nez nez
T
wuziﬁn‘gnQeianII _'YZ(_iO‘n)gn,leianml)
nez nez
:ZMngneianxla
nez
where
1 [ —iwef, ivyay,
Mn_HQ( —ivay, —iwuBn ) (3.12)

Hence, the operator T" acting on the a-quasiperiodic vector function w € H,i/ 2 (Fb)2 can
be expressed as
1 2T

(Tw)(x):nze;annem"I’ wn:% | w(z)e " dy € C2.
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LEMMA 3.2 (see [15]).  The DtN operator T:H;/Z(Fb)z%Hojl/g(rb)2 is continuous,
.e., there exists a positive constant C' such that

||TwHH(;1/2(Fb)2 SC'||U)||1LI(1¥/2(FE)2 for all we HY?(Ty)2.

Then we return back to the last term of the left-hand side of (3.11). Direct calcu-
lations show

*Ir, B b 1 [ —iwefBpu, +iya,v : i3 b
M, wznwl-HBn _ il X ntn T non i 14180
( |Fb Z Z K2\ —iyanUn —iwp By, ¢ ’

nez
(¥ ‘Ir, — M, [ P3) e —isb _ 1 ?WGﬁps - yaqs i1 —ifb.
v'|r, 43 k2 \ ivaps +iwpfqs

For x5 > T'ax, (u,v) are given by

u:pgeiawlfiﬂwz + § :uneianzﬂriﬁnwz’ U:qgeiamfiﬁmz + E vneianmﬂﬁnwz’
nez nez

Then we have

1 2 (i o
L W€8uu+’yarv - _T U|Fb _“ ’%UJGﬁpg ezaazl—z,@b' (313)
wpdy,v —y0,u T vlr, k2 \iwpBqs
Inserting (3.13) into (3.11), we get the variational formulation
B(u,v;p,0)=F(p,¢)  forall (p,¢)€X, (3.14)

where

B(u,v;gp,w)::/iu¢+i)\vﬂds+/ {ngV@flVU-VJ‘@Jr%Vv-V@
A q, LK2 K2 K2

+ %V%Vl‘a—weuﬁfw;wa} da?Jr/FbT (Z) . (i) ds, (3.15)

2iwPe 0P

F(p,)=—220¢ /F (eps -+ 1) ™™ ds. (3.16)

K

Below we prove an energy formula under the impedance boundary condition.

LEMMA 3.3.  Let u,v€ H:(Qy) be the total fields to our conical diffraction problem.
We have the energy formula

27rw 1
S Bulelunl+ o) = [ Sl

[

Twl
5 (elps +plgsl®).  (3.17)

Proof. Choosing ¢p=u and ¥ =v in (3.11), we have

I B SN S wedpu+y0rv\ (U
_/F)\|u| FiAlvl"ds K2 /Fh (w,uanv—v&u z) %
+/ [%|VU|2—%Vv-vlﬂ—wdu\z—i-w—l;\VvF—i—%Vu-Vli—wMUP dx
Q, LK K K K
(3.18)
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For the total fields v and v, we can easily get the imaginary part of the integral over I'y,
wedpu~+vy0rv u
in (G r0r) ()
Im /27r wedau —yO v (T de
o wpOov +y01u r, T - 1

=Im2n |jad€ <_Zﬁ|p3|2 + Zlﬂn|un|2> - <iaq3ﬁ3 + Zianvnﬂn>

ne”Z neZ

+wp <_i6|QS2 + Zzﬂn|vn2> + (iap?)(i’) +Zianun@n>] .

neEZ nez

Im/ (we@nqu’y&-v)'(u) ds
T WOy v —y0ru v
— 2B (elpsl? +lasl?) 427 3 wB (elunl®+plvnl?). (3.19)

lan|<k

Therefore,

In addition,

Im | Vo -Viu—Vu-Viods

Ty

=Im —01v02U+ o001 U — (—(91u82@—|—82u316) dx
Iy

=Im —(81v82ﬁ+82u(’)117)+ (82v61a+61u8217) dr=0. (320)
Ty

Taking the imaginary part of (3.18) and using (3.19) and (3.20), we obtain

1 L 2™ [ wedou— v u
0= [ <|ul>+A\v|?ds—1I 7/ > ! o
/p)\|u| TP ds 2 o \whdv+yOiu )|\

dxl
Ty

1 2wl 21w
:/X|u|2+)\|v|2ds+ p (e|p3|2+u\q3|2)—72 > Bu(elunl*+pulonl?),
r ‘an‘g’{
which completes the proof. ]
THEOREM 3.1. Suppose that T is a Lipschitz curve, k?#~? and the impedance

coefficient A< 0. Then, the variational problem (3.1/) has at most one solution (u,v) €
X.

Proof.  To prove uniqueness, we assume u'=v'=0, i.e. p3=g3=0. Choosing
p=u,=wv in (3.14) and taking the imaginary part, we have

) _
/X|u\2+/\\v\2ds+1m T<Z>~<5>d50. (3.21)
T Ty

By the definition of 7', we have that for w= (u,v) ',

Im Tw-wds :Im/ E annelanib . § : wmemmmds
Lo Ty nez me7Z
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=Im27 Z My, -y,
nez

= ZWZ(ImMn)wn Wy,

neZ

where Wy, = (Wy,1,Wn,2) = (Un,vn). Recalling the expression of M,,, we have

Im M, = — (M, — M)

1

21

11 —iweP,  iyan, iweBy, iyon,

T %K ( —iyay, iwuﬂn) B (—i’yan iwub’n)]
1 (Im(—iweﬂn) 0 )

T2 0 Im (—iwus,)

1w 0 ) <k,
" 0 —wuby

0, || > k.

Therefore,

—weB, 0 W1 W1
oo 2 L)) B

|oun, |<n

27rw
Z ﬂn |wn1‘ +/J|wn2‘ )

lan | <k

Inserting these results into (3.21), we have

//\\u|2+>\|v|2ds—— 3" Bulelunl* + pulva) =0,

|(1’V‘L‘<"€

Noting that A <0, we have u=v=0 on I'. By the impedance boundary condition (2.6),
we have 0, u=0,v=0 on I'. We get u=v=0 in €2 as the consequence of the Holmgren
theorem. 0

REMARK 3.1. The proof of Theorem 3.1 provides an alternative approach to the proof
of the energy formula (3.17) via matrix operations. One can also prove the uniqueness
result by taking the imaginary part of the energy formula (3.17) with ps=g5=0.

DEFINITION 3.2 (Strong ellipticity). We call a bounded sesquilinear form B(-,-) given
on some Hilbert space X strongly elliptic if there exists a complex number 0, |0]=1 and
a compact form q(-,-) such that

Re(0B(u,u)) > c|lull3 —q(u,u)  for allu€ X,

for some constant ¢> 0.

The following theorem establishes the strong ellipticity of the form (3.15) and leads,
together with Theorem 3.1 or Remark 3.1, to the solvability results for the conical
diffraction problem.

THEOREM 3.2. The sesquilinear form B defined in (3.14) is strongly elliptic over X.
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Before proving this theorem, we need to make some preparations. It is convenient
to reformulate the variational form (3.15) as follows (see [15]):

B(u,v;0,1%) = A(u,v;0,1) + By (u,v;0,%) + C(u,v;0,%) + D(u,v;0,7),

where
A(u7v;w,w)r=/%U¢+Mv@d8,
r
C(u,v;%w)::/ weup+wpvip da,
Qp
u [
D(u,v;p0,1)) := T | = | ds,
woeri= [ 7(5):(5) e
and
Bl(u,v;w,w)::/ [%V%V@—%VU-VJ‘ﬁ—wal;V%VE—F%VU-VJ‘@] dx
o, LK K K K

= D(alu,611}782’u,82’0)1—' (81¢381w782¢362w)T dl‘,
Qp

with the matrix D € R**4 given by (see [15])

D:? 0 v we O

We can further write B into the matrix form

Bl(u,v;go,w)/QbN+3+ (5) ~6+<:Z)+J\78 <5> ~8<i>ds (3.22)

1 [ we +iy 1 ' - 1 '
NE=_—_ (™ o (_ — _ .
/4}2 (:FZ,Y wu) ) a \/5( 'Lal +82)7 8 72 (61 7/82)

To study the form B, we need the following lemma.
LEMMA 3.4. Choose 0= Iéigl with 6 >0 sufficiently small.
(i) For any &£ € C%, we have Re(ON*E-€) > Cn|€|?, where

where

1
 2wepcos2 g

Cn Red {(e—l—u) - \/(e—u)Q +4epsin?p| > 0. (3.23)

(ii) Let M, € C**2 be defined by (3.12). It holds that Re(0M,) >0 for all n € Z\ A,
where the index set A is defined by

A={neZ:—k(1+sinfcos¢) <n<—kcosp(l+sinf)
or kcosp(l—sinf) <n < k(1—sinfcose)}. (3.24)
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Proof.
(i) By the definition of N*, we have

+ +\* 3
Re(aNi):w:i weRed +iyRed ’
k2 \ FiyRef wpReb

which is a Hermitian matrix. Recalling that = ksin¢=w,/esing and k2 = k?cos? ¢,
we compute the eigenvalues of Re(AN*) as following

1

-_——— _ 2 4 . 2
1 2QJ€MCOS2¢R60 |:(€+,u)+\/(€ /J,) —+ €‘usln ¢:| >O7

2= mRe@ [[(6"'#) - \/(G—M)2 +4epsin? 4 >0.

Defining C'y = A2 < A; and applying [21, Theorem 4.2.2], we complete the first part of
the proof.
(ii) Recalling the definition of M,,, we have

oM _ 1 (—iweBnd ivand \ _ 1 —i(wp) T k28,0 iya,b
" R2\ —iyanf —iwpB,0 ) k2 —iya, 0 —iwuBpb )’

Case 1. |a,| <k, i.e., B, €R is a real number. We have

(OM,)" = 1 (i(wu)le_ﬂné iy ) .

K2 —iyonf  iwpfnf

Therefore,

* —17.2 .
Re(oMn):w:i ((wu) k2B, Im6 iva, Red )

K2 —iyanRed  wuB,Imé

In this case, Re(0M,,) >0 if and only if the following two conditions are satisfied:

Im6 >0,
det(Re(0M,)) = % [(wp) ' k2 BplmbwpB,Imb — a2 (Red)?]
_ % (k282 — 720247 (Im6)? > 0. (3.25)

The conditions in (3.25) obviously hold due to the definition of 6 with a small § > 0.

Case 2. |a,| >k, i.e., B, is a pure imaginary number. We have

(HMn)*:1<(wM)—1k2|5n9 iyl )

K2 —iyant o~),u|/6n|§
Therefore,
_OM,+(OM,)* 1 [ (wp) k%8, Red iva,Reb
Re(0Mn) = 2 _Ii2( —iva,Red  wp|B.|Red )

In this case, Re(0M,,) >0 if and only if the following two conditions are satisfied:

Ref >0,
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! [(wu)_lkz2|ﬁn|(Re&)wu|ﬁn|Re9—VQai(ReH)Q]

det(Re(0M,)) = oy
_1
oA

(1218, —7%02] (Ref)> > 0

The first condition is obvious The second condition can be fulfilled if 2|3, |> —v2a2 > 0.
Recalling that |3, |> = a2 — (k? —~?), we have a2 >k?. Combining the above two cases,
we find that the matrix Re((‘)M ) is not positive definite only when

neB:={neZ:k*—*<a? <k?}.

We should point out that n € Bif 5, =0 (i.e. |a,|=k). Recalling that o= ksinfcos¢
and o, =n+a, the set B coincides with the set A given by (3.24). |
REMARK 3.2. The set A consists of a finite number of indexes only.

From the Rayleigh expansion, we can rewrite the restriction of (u,v) to I'y as

u\pb:E Upe" ¥, U\pb:E Up et

nez neZ
where
P Up el n%(), _— vpePnl, n#£0,
") ugePt +pse P n=0, v0€eP 4+ g3e7 P n=0.

We define the sesquilinear form

q(u,v;u,v) =2rRe Z OM,, (g”) . (g") , (3.26)

neA

where the set A is defined by (3.24).

Proof. (Proof of Theorem 3.2). Choose 6= ﬁig‘. By the definition of A,

s [
Re (0 A(u,v;u,v))=Re g |§I5| (;\|u|2—|—i)\|v|2> ds

1 1
——/F o ()\|u2+/\|1}2> ds>0.

Before calculating Re (6B (u,v;u,v)), we compute the following relation:

"ﬁ(:f)‘@*(if)

T2\ —i01v+ v 1010+ 020
1
2

[|V’UJ‘2 + |V1}|2 +i(311182u—|—811782v) —i(@luﬁgﬁ—k@lv@gﬁ)} .

Similarly,

o0~ (u) o (:}L) % [|Vu|2—|—|Vv|2+z(81u82u+8w82v)—z(@luﬁgu—i-awagv)]

v



1894 FEM AND IEM TO CONICAL DIFFRACTION BY ICM

ot (jj) -a+<jj)+a— (;‘) -a—(jj): Vul + Vol

Then, by (3.22) and Lemma 3.4, we have

Therefore,

Re (0B1 (u,v;u,0))
= Re <9 QbN+6+ (f:) -8+(Z>+N‘8‘ (Z) -a—(if)m)
2o o (2o () (2) 0 (1)

=COy [ |Vul?*+|Vo|?dz
Q

= CN (”uHi{l(Qb)+||UH§{1(QZ))) —C’N/Q |u|2—|—‘1}|2d$,
b

where C'y >0 is defined by (3.23). It is obvious that

Re (6C (u,v;u,v)) :Re/ ito

. welul? +wplv]?) do
Qp ‘Z+§| ( )

é
= Tl /ﬂ welu|® +wplv|? dz > 0.
b

For ulr, =3, czUne’ """, v

Re (0D (u,v;u,v)) = Re <H/FbT (";) - ('Z) ds)
=27Re (;e:zaMn (Z:) - (ZZ))

=27Re Z OM,, (g") . (?) +q(u,v;u,v)

Ty =2 ez Un€ ™1, we get by using Lemma 3.4 (ii) that

Note that g(u,v;u,v) is a compact form, because A is a finite set. Therefore, by Lemma
3.4, we have

Re(0B(u,v;u,v))
= Re(0A(u,v;u,v))+Re (0B (u,v;u,v)) +Re(0C (u,v;u,v)) +Re (0D (u,v;u,v))

> v (Il ) + 101l 0 ) — Qusvian,v),

where C >0 is defined by (3.23) and

)
Q(u,v;u,v)::C’N/ |u|2+|v|2dm—‘7/ welul? +wplv|? dz — q(u,v;u,v)
Q i+ Ja,
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is a compact form over X x X. By Definition 3.2, we finish the proof. ]

THEOREM 3.3.  Suppose that T' is a Lipschitz curve, k*>#~2 and that the impedance
coefficient A<0. Then, the variational problem (5.9)-(3.10) admits a unique solution
(u,v) € X.

Proof.  Under the assumption of Theorem 3.2, the operator defined in (3.15) is a
Fredholm operator with index zero. Using Theorem 3.1, we obtain the existence and
uniqueness result as a consequence of the Fredholm alternative. 0

4. Finite element analysis and error estimate

In this section we study the finite element approximation of the variational problem
(3.14), following the framework of [6] and [9, Chapter 4]. Let {X}:h € (0,1)} be a family
of finite dimensional subspaces of H.(£2;)?, where h stands for the maximum mesh size
after partitioning 2, into simple domains, for example, a regular triangulation of €2j.
We make the following assumption on the subspace X, (see [13]): for (p,1) € HP(Qp)?
with p>2 it holds that

inf (”(3071/}) - (5777) HLZ(Qb)2 +h||(V<P»V¢) - (Vf,vﬂ)”L?(Qb)?
(&mEXn

+h'2)(0,0) = (€ z2wyyz +ll(0,9) = €M 2,2
FRY2 | (0,) = (€m) L2y 2 + B9 0) = (Em) vz 2

<CH|l(e, )y L€ 2] (4.1)
where the positive constant C is independent of h and (p,1). The finite element ap-
proximation to the variational formulation (3.14) is to find (up,vp) € X}, such that

B(un,vn;@n,n) =F(pn,vn)  for all (on,vn) € Xn, (4.2)

where B is defined by (3.15) and F is defined by (3.16). The finite element method

consists of the following steps to solve (4.2):

(1) Choose a finite set of basis functions {¢1,¢a, -, } of the finite dimensional space
of HL(Q);

(2) Let up,=c1¢1+codo+-+ +Cmndm, vp =d1¢1 +dodo + -+ dpy¢ry. Substitute the ex-
pression into (4.2) and choose (¢n,¥r) = (¢:,0), (0,¢;),1=1,2,---,;m to get a system
of linear equations;

(3) Solve the linear system for the coefficients cy,c,- - ,¢m,dy1,dao, -+ ,dy and get the
approximation of (u,v) in Xj.
More precisely, we have

B(up,vn;¢4,0)

we [ = T _ m _
:/Qb —~ > eV, Vo~ — D diVe; | Vg —we [ D cid; | b da
j=1 j=1

j=1

i ry Zm_lchbj).(@)
+/FA ;m (bzd”/rbT(Zf?lldm ) as,
B(Uh,’l}h;o,(bi)

w — — o —
:/Q e DAY .v¢i+% D Ve | Ve —wp | D did; | 6| da

j=1 j=1 j=1
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. m__i E1CJ¢J><>
+/FM ;dJQsj ¢st+/ (anl d) 5. ds.

In order to deduce the stiffness matrix, we need to define the following inner product

g = [ fade. {(frg)r= / fads, (g, = [ fgds.
Q r

Ty
Let Be C2m*2m he the stiffness matrix with the entries

§<V¢jav¢i> —wel(d;, di)e,

§<¢J,¢z>r+< ( ) <¢g>> 1<i,j<m,
( ) < )> ) 1<i<m,m+1<j<2m,
Ty
(Vi Vidiom)a, < ( ) <¢ )> , m+1<i<2m,1<j<m,
—m Fb
wp

<v¢j m,v¢z m> ¢] m7¢z m>Qb

X<¢J m’¢¢ m>F+<T<¢]m> (¢im>>rb7 m+1§7/7.]§2m7

and let F'€ C*™ be a vector whose components are given by

l2<v¢g m7v (bz Qy <

Mfr €ps ;e ds, 1<i<m,
F,= i,
Mbeﬂqjqbl m w‘wlds m+1<i<2m.

Then we get the system of linear equations
ZB”a] F,, 1<i<2m. (4.3)

Having obtained {a;}3™ from (4.3), we can get uj, and vy, by setting ¢; =a;, dj =a;m
for 1<j<m.

Below we prove the well-posedness of the finite element approximation problem
(4.2) and derive an error estimate of the finite element solution. We shall follow the
approach outlined in [9, Chapter 4] for the scalar Helmholtz equation. It is worthy
noting that, the real part of the DtN map for the conical diffraction problem is not
positively definite (due to the presence of the index set A; see Lemma 3.4 (ii)), which is
in big contrast to the scalar case and brings essential difficulties in estimating the error
estimate.

Denote ¢p, := (u—uhw—vh)—r. It is obvious that ej is a-quasiperiodic. Define the
projection operator P:L?(T,)% — L?(I',)? by

Pf 581 Z f ewcn:cl7 f:aneianzl €L2(Fb)2;

neA nez

where the set A is defined by (3.24).
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LEMMA 4.1.  There exists a constant hy € (0,1) such that for he€ (0,h1) the following
estimate holds:

len I ape <C (A% 21w, 0) ey yz + lenlFaayye + 1PenlEaqryye )

where the constant C' depends on p but is independent of h and (u,v).
Proof. Tt follows from the sesquilinear form (4.2) that

w —
Blensen) ;:/Q [R—;V(u—uhﬂ?—%V(U—vh)-VJ‘(u—uh)—we|u—uh|2
b

w —_—
+ $|V(U—vh)l2+%V(u—uh).Vl(v_vh)_va_vh‘z} da

+/i|u—uh|2+i)\|v—vh|2ds+/ Tey, -€pds. (4.4)
rA r

b

Multiplying both sides of (4.4) by 6=

\Eigl and taking the real part, we get

Re[0B(en;en)] = Re {9/ [gw(u—uh)ﬁ - %V(v—vh) VA u—un) — welu—un?
Q

b

w .
+ H—'g|V(v—vh)|2+%V(u—uh)~VL(v—vh) —w,u\v—vh|2} dac}

+Re {9/;\|u—uh|2+i)\|v—vh|2ds}+{ReO Teh-ehds}. (4.5)
r

Ty

From the strongly elliptic analysis (see the proof of Theorem 3.2), we can easily get
Re {9/ Z|uuh|2+i)\|vvh|2ds} >0,
A
and

Re {0/ Tehoehderq(eh;eh)} >0,
Ty

where the compact form ¢ is defined by (3.26), that is, for e, = _, A,e'*%1 we have

nez

q(en;en) =2mRe Z OM, A, Tné CHPeh”%z(Fb)z'
neA

Therefore, by (4.5),

we Y vy
Re{&/ﬂb (2519 (=) P~ 9 (0 —vn) 94 Ta )

w

+ g\V(v—vh)F—k%V(u—uh) 'Vl(v—vh)} d:v}

K

_Re(GB(eh;eh))Re{9/§\|uuh|2+i/\|vvh|2ds}Re {0/ Teh.ehds}
r r

b

+Re {9/ weu—uh|2+wu|v—vh|2dx}
Q

<Re(0B(en;en))+Re {9/ welu—up|* +wplv—vp 2 d:z:} +qlensen).
Q

b
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Using Lemma 3.4 (i) we get

Cullenllip (o,)2 <1B(ensen)|+CallenllZa ()2 +CllPenlZr,)2- (4.6)
Observing for any (£,n) € X, that

B(u,v;§ —up,n—vp) =F(§—up,n—op), Blun,vn3§—up,n—vn)=F(§—up,n—vn),
we obtain
B(u—up,v—vp;§ —up,m—vp)=0. (4.7)

Therefore for any (£,n) € X, we have

B(u—up,v—vp;u—up,v—ovp)=B(u—up,v—vp;u—E&v—n). (4.8)

Since X}, is finite-dimensional, it is complete and therefore closed. Hence, the infimum
in (4.1) is actually attained for (¢,%)= (u,v) in (4.1). For any small positive constants
€, (1=1,2,3,4), it follows from (4.8) and Young’s inequality that

|B(ensen)|=|B(u—up,v—vp;u—E&v—n)|

3 G ixe o) st [ V) V69

f%V(vf’uh)oVL(vfn)fwe(ufuh)(uff)Jrc;—'gV(vah)V(vfn)

+%V(u—uh)~VL(v—n)—wﬂ(v—vh)(v—n) dx

U—Up r—f
fr() (=)

1 1 1
< (Allu=unlZaey + Fllu =€l 2y ) + A Al =vall 22y + 7 o =nll72r)
A h h

we

1
+ (ﬂlquVUhllizmb) +461||V“V5||2L2<m>)

el 2 1 2
+3 (@l Vo=Vonliao,) + Ve = Ve,
e (B2 lu—unlBaqy +h a3z,

w 2 1 2
—|—? (€3||VU—VUh||Lz(Qb) +4€3|VU_V77|L2(Q1,)>

el 2 1 2
t 2 64||Vu_vuh|lL2(Qb)J"@HVU_VWHL?(QQ

oop (W20 = wn (g +h 2o =20 )

/T umun) (u=E) g
T V—Up v—n

Using the continuity of the DtN map T (see Lemma 3.2), trace theorem and Young’s

inequality, we have
<HT<u—uh>H (u—f)‘
V—Vp H 1/2(Fb)2 v—n

JrGe) (=)
Ty V—7Up v—n

n (4.9)

H/2(Ty)?
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=l
v=n H/2(T,)?2

1 U —
<C <65€h“%{1(9b)2+465 H <1}—’I€7>‘

One deduces from (4.1) and (4.9) - (4.10) that

<Cllenllg/2(ry)2

. (4.10)
H/2(Ty)?

|B(ensen)| <Chllen| 22y +ollenllzn g,
+C1h?||enl|72 (0,2 + C (@R 72| (w,0) | o)z (4.11)
where 0 =0 (€1, -+ ,€5) >0. Combining (4.6) and (4.11) leads to
Cillenllt a,)2 < 1B(ensen)|+Collenl72(q,2 + lalensen)]
<Cshllenll72(ry +ollenl (a2 +Cab®llenll72(q,)e
+C(0)h* 72| (w,0) 31 ()2 + CollenllTza, 2 + CsllPenll Lo, 2. (4.12)
Using the estimate
lerllzz@yz <llenllgrzryz < Cllenllar @y, C >0,
we get from (4.12) that
CillenlFr(,)2 < (CCsh+o+Cah®)llenlli q,y2 + C(@)* 72| (u, )70 (g, )2
+CallenllZ2(a,)2 + Csll PenllZar,)e-

Now choose o sufficienlty small and let k1 be a constant such that o +CCsh; +Cyh? <
Cy. Then we obtain the desired estimate of this lemma for all h € (0,h). 0

We next estimate the L?-norm of e, in €.
LEMMA 4.2.  There exists a constant hg € (0,1) such that
lenllr2u)z < C(h+Cih*?)|lenll i,z for all he (0,hy),
where the constants C, Cy depend on p but are independent of h and (u,v).
Proof. We use the duality argument. By the definition

(en, (0,0))r2(0,)2
lenllz2,)2= ~ sup : (4.13)
@57 oecs@n 160z,

where
we - w _
(en (@)= | 2w+ (o) (114
b
Consider a quasi-periodic solution (w,z) of the following boundary value problem:
Aw+k*w=—¢ in Qp,
Az+k%z=—( in €,
/\anw—%w%@z:o on T,
Opz— o X g =0 on T, (4.15)
=y W R
« [ W * Wn, 1, T
T<z>—zn€ZMn(A >e "1 on I,
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where T™ is the adjoint operator of T. We can easily get the variational formulation of
(4.15) that for all (p,) € X,

/[wfzevwvso—%Vz-Vlw—wwsDJrui;vz'Vw+lsz'vlw_w’”w]dx
Q, LK k & "

L weti (W (P as= [ ot e
+/F)\wgp+z/\z¢ds—/FbT (Z>-<¢)ds—/ﬂb H2¢<,0+ 2 Ct. (4.16)

Taking ¢ =u—up, ) =v—vy, in (4.16), using the definition of (en,(9,())r2(q,)2 in (4.14)
and recalling the form B(u,v;¢,1) in (3.15), we get

B(ufuhavah;waz):(eh7(¢7C))L2(Qb)2~ (417)

The well-posedness of the problem (4.15) can be established by the same argument as
the proof for the variational problem (3.14). Moreover, we have

1w, 2) [ 122(0,)2 < Cll (@, Ol L2022 (4.18)
Using the orthogonal formula (4.7), we have

B(u—up,v—vp;w—E&,Z—n)=B(u—up,v—vp;w,z) — Bu—up,v—vp;€,n)
= B(u—up,v —vp;0,Z). (4.19)

Combining (4.17) and (4.19) gives
[(ens (6,0 22| = | Blen, (@, 2))| = | Blen, (0,2) = (§,1))] for all (€,n) € Xn. (4.20)

In particular, (£,n) can be chosen in such a way that the infimum is attained for (p,1)=
(w,z) in (4.1). By arguing analogously to the proof of Lemma 4.1, we deduce from (4.9)—
(4.10) that

|B(eha (117,2) - (fﬂ?))

— /F)\(u—uh)(w—g)—l—z)\(v—vh)(z—n)ds—i—/gbHQV(u—uh).V(w—ﬁ)
— V(=) V=8 —welu—w) @6 + 5 V(v—uy)-VE-1)
+5V(u—un)- V=) —wpv— o) E—n) de

Using the Cauchy-Schwarz inequality, we continue to estimate the above equation by

|B(€h,(TI),2) - (5777))|
<y (B2 lu—upll g2 (0yh 2@ =€l L2 (ry) + AL (R Y2 [0 = vnl| L2 oy b2 2 = 1l| 220y

+28 (1| Vu— Vun|| 120, hl® — €| (0y)) + 2 (51 V0 = Voul| 2 (0, h 15— &l 11 ()
_ wp (1 _
rae(lu=unl i [0~ Elen) + 25 (1190 Tonlahlz—nlance

v (1 _ _
+ 2 EIIVU*VuhIILZ‘(Qb)hIZ*TI\HI(Qb) Fwp(llv=wnllL2 @) 12— 1llL2020))
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: )l
+—lle h
h” hHHl(Qb)2 H(U_n H1/2(T)2

S Cth (w,Z)HHQ(Qb)Q |:h1/2||eh||H1(Qb)2 +CQ||V€h||L2(Qb)2
+CshllenllL2(a,)e +C4||ehHH1(Qb)2]v (4.21)

where the constants C; (j=1,2,3,4) depend on k but are independent of h. Combining
(4.13) and (4.18), (4.20) and (4.21), we can find a positive constant he <1 such that for
all he (0,hs),

HehHL2 0,)2 = sup (ehv(¢7C))L2(Qb)2
() b0z [1(0,0)lL2(ay)

Cyhl|(w, s) || z2(0,)2 [ 2 lenll a2 + Callenll a2 + Cshllenll L2y,

<
T ($.0)€05 ()2 (0, Ol 2,2
< C1hll (6,01 L2@,)2 (W2 llenll i @,)2 + Callenll i a,)2 + Cshllenll L2,
T (6:0)€CE ()2 (6,2 ()2

:Ch||€h||Hl(Qb)2 + Clh2 ||€h||L2(Qb)2 +02h3/2||€h||H1(Qb)2.

Now let hy be a positive constant such that 1—C’1h§ >0. We then obtain the estimate
of this lemma for all h e (0,hs). O

We proceed with the estimate of the L?-norm of Pej, on T.

LEMMA 4.3. There exists a constant C >0 such that
[ PerllLz(r,)z < CllenllLz ()2

where the positive constant C is independent of h and (u,v).

Proof. Define
D={(z1,22) eR2:0<z <2m,b—e<xo <b},
where the constant € >0 is chosen to satisfy b—e>max,er{z2}. Suppose

en(z)= Z Apetlonmithne:) e
neZ

Then P(ep|r,)= ZneAAnei(%ﬁ*ﬁnb). Direct calculations show that
27 b
e A
—€

2r pb _
:/ / ZAnei(anzlJrﬁnxz), Z Eefiamzlfiﬁmrz dxoydzy
0 b—e

nez mEZ

:27rZ|An|2/ e Bn=Bn)e2 gy,

b
neEZ b—e

=2r( Y AP+ D [ALPCh ],

‘O‘n‘gﬁ |Otn‘>fi
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where C), = —2|E | (e*2|5"|b —G’QW"'(Z”U) >0. By (3.24) and the proof of Theorem 3.4,
we can easily get that A coincides with the set {n €Z:k <|a,| <k}. Then we have

AcCC:={neZ:|ap|>K}.

Therefore,

om | > AP+ D |AnPC >27rC’(Z|An|2>:C||Peh||iz(pb)z

|on | <k lan | >k neA

where C'=min{e, min,c 4 Cy}. d
The main result of this section is stated below.

THEOREM 4.1.  Suppose that (u,v) € HP (%)%, p>2, satisfies the variational problem
(5.14). Suppose also that the family of finite element spaces {Xp} satisfies the assump-
tion (4.1). Then there exists ho € (0,1) such that for h € (0,hg), the problem (4.2) admits
a unique solution (up,vy) with the estimates

21,0 = Cany o) ey 2 < C (B2 +Crh /%) | 0,0) 12002
I ts0) = Canyon) i 2 < O a0

where the positive constant C' depends on p but is independent of h and (u,v).

Proof. Let h; and hy be specified as in Lemmas 4.1 and 4.2 and set hg=
min{hy,ha}. For he(0,ho), we deduce from Lemmas 4.1-4.3 that

len I @y <€ (B2 720(u0) (@2 + CllenllFz e )

<O (h%2 11,0 310 22+ Cr U+ Coh® P el 32 )

2
Now letting hy be a constant such that 1 —C4 (h0+02h3/2) >0, we obtain

||ehHHl(Qb)2 < Chp_ln(u,v)HHp(Qb)z for all h e (O,ho).

Therefore, using Lemma 4.2,
lenllz2(,)2 < C(h+Cih*?)|lenl i (a,)2 <C (h”+01hp+1/2) ([ (s )l 70 (2,25

which completes the proof. 0

5. Integral equation methods

The aim of this section is to develop an integral equation method for the conical
diffraction problem (3.2). The case of transmission conditions has been investigated
in [29] for coated gratings. Note that the analysis performed here differs from those
in [26,30] for infinitely long cylinders. We make the following assumption.

Assumption (A): The grating profile T" is the graph of some 27-periodic function
1o =f(x1), 21 €R, where f is either C2-smooth or piecewise linear with a finite
number of corner points in one periodic cell.
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Introduce the a-quasiperiodic fundamental solution to the Helmholtz equation (A -+
2
k*)u=0 by

G(z,y)= Zexp za27m)H0 (k\/ (z142nT—11)? —|—(x2—y2)2>
neZ

= In %*GXP i (21 —y1) +iBn|T2 — Y2l
n

for x —y#n(27,0), with Hél)(t) being the first kind Hankel function of order zero.
Define the single-layer potential by

2 / Gz, p)g(y)ds(y), zEQ,

with the density g. We make the ansatz for the solution (u®,v*) in the form
u'=38g1, v'=8gs.

Further, define the single- and double-layer operators S and K by

2):=2 / Ga,y)p(y)ds(y), a€T,

(Kowy=2 [ ZListy), wer.

and the normal and tangential derivative operators K’ and H' by

(o)) =2 [ T st e
r
(Hoe)=2 [ FE p)asta), e,

where v denotes the unit normal vector to the boundary I' directed into the exterior of
Q and 7 denotes the unit tangential vector to T

LEMMA 5.1. Let g1,92 be the density functions of u®,v®, respectively. Then the
following jump relations hold

u () =2 / G(z,9)g1 (v)ds(y) = Sgr, we€T,

Us(x)ZQ/G(CCy)gz() s(y)=Sgs, wel,
8ui /8G y

) y)ds(y)£g1(z) =K'gi(z) £g1(2), z€T,
8Ui(x): 6G( \Y)
ov r Ov(z )

=2 [ T )ast) =Hn (@), weT.

)
Tr@=2 [ T )is) = Hmle). zer

92(y)ds(y) £g2(x) = K'ga(x) £ ga(2), w€T,
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where
Oui (z):= lim v(x) -Vu’(zxthr(z)) Ovi (z):= lim v(x) -Vo*(xLthv(z))
Ov h—+0 ’ Ov " ho+40 ’
ou’ s ov® o R
5 (x):=7(x) - Vu’(z), o (z):=7(x) Vv’ ().

Proof. Since the difference of the quasi-periodic fundamental function G and the
free-space fundamental solution is of C'°°-smooth (see e.g. [24]), mapping properties
of the single- and double-layer operators follow from standard approach; we refer to
e.g., [3-5,14,24,27,29] for the details. Note that the continuity of % (thus also for

%—1’:) on I' follows from the relation (see e.g., [25])

lim Vu'(z)=2 /F V.G(z,y)91(y)ds(y) £ g1(y)v(y),

z—T*

which implies that

lim ou” ()= lim 7(z)-Vu’(z)

=T OT I+

—r(2)-2 / V.G (@)1 (0)ds(y) £ 7(z) - 1 (5)0(w)

_, [ 9G(z,y)
—Q/F&_@gl(y)ds(y)

0
From the above jump relations together with the boundary condition (2.7), one can
derive on I" that

Aau +iwpcos® pu’ +)\sin¢\/ﬁav
€ Ot

ov
=\NK'g1 +g1) +iwpcos® pSg —|—)\sin¢5\/§H’g2:h1, (5.1)
ov® , ou’®
Y +i)\wecos2¢v§—sin¢\/? Y
on w or
:(Klgz+g2)+i)\WGCOSQ¢SgQ—SiH¢\/?H/gl:h27 (5.2)
1

where

i i

hy:=— 2\ +iwpcos® pu’ + Asing nov v
v € OT

h25<

v +idwecos? pv' —sing Eau .
ov w or
Combining (5.1) with (5.2), we obtain the integral equations
MEK'+I)  Asing/p/eH'\ (01 n iwpcosZ pS 0 g1\ _[(m
—singy/e/uH’ K'+1 g2 0 idwecos?dS ) \ga )~ \ha /)"

Therefore, an equivalent system to our conical diffraction problem is

MK'+1) dH' iaS 0
Ag+Bg:< ( ) >g+<2% ibS)gh’ (5.3)

—cH' K'+1
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with g=(g1,92) " ,h=(h1,ho) T € H-Y/?(T")? and

d=\sing/p/e, c=sing/e/p, a=wpcos® ¢, b= Awecos? ¢.
Note that under the Assumption (A) the single-layer operator S is invertible from
H~Y2(I)— HY*(T).

THEOREM 5.1.  Suppose that Assumption (A) holds. Then the operator A+ B defined
in (5.3) is a Fredholm operator with an index zero. Moreover, the system (5.3) admits
a unique solution if k? #~? and A <O0.

Proof. It suffices to prove the Fredholm property of A+ B, since the second
assertion of Theorem 5.1 follows directly from the Fredholm alternative combined with
Theorem 3.1. To do this, we introduce the adjoint operator H of H', given by

(Ho)(w):=2 [ ZZEg)is(y). e

It is known that the adjoint operator of K is just K’. Since the operator S is compact
from H~'/2(I") — H~/2(T"), we only need to justify the Fredholm property of the adjoint
operator A* of A, given by

«_(AI+K) —cH Y\ 1/2/1\2 1/2 12
A—< dH I—i—K)' HY*(I')*— H/=(I')~.
It is easy to see that the operator Hy = H 4 j with the rank 1 operator

ju:(u7e)L2(F) ¢, 621667

is invertible in H'/2(T"). We will show that the operator

_ (M +K) —cHy) 1/2 (12 1/2 12
Al._< g HK). HY2(T)? = HY2(T)

is a Fredholm operator with the index zero. Simple calculations show that the operator

B, = ((dHl)l(I+K) I)_ (o I

I 0)~ I(dHl)‘l(I+K)) ’

is invertible, and that

A By — (—)\(I+K)(dH12)1(I+K) —cH, )\(fi:IIK)) _ (5.4)
Using the relations HK =—KH and (I+K)e=0 (see [25]), we get
(I+K)H,=H,(I-K)—j(I-K),
and thus
(dH)) "I+ K)=d (I - K)H;* — (dH,) "' [§(I - K)|H . (5.5)

Inserting (5.5) into (5.4) gives

AB— (—d‘l[A(I—K2)+cdH12]H11+j1 A(I+K)> ,

0 dH,
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with j := AT+ K)(dH,)"'[j(I — K)]H; " being a rank one operator. Hence, A; is Fred-
holm with index zero if this is true for the operator A(I — K?)+cdH?. Making use of
K?— H? =1 and the definitions of ¢ and d, we find

NI — K +cdH? = (cd— \) H? 4 jo = — A cos> p HE + jo, (5.6)

where jo is some operator with rank one. Since |¢| <7/2, we finally conclude that the
operator (5.6) is Fredholm with index zero. Theorem 5.1 is thus proven. d
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